The Spectral Theorem

Here we are interested in extending the spectral theorem from some
bounded linear operators to self-adjoint unbounded linear operators.
We are going to give most of the main details to establish the Spectral
Measure Version of the Spectral Theorem. We will also give some
details of the Multiplication Operator Form of the Spectral Theorem.
We follow the notes by Bernard Helffer [1], the books by Reed and
Simon [3, 4] and class notes.



Spectral theory for compact operators

In the case of compact operators the description of the spectrum can
be given precisely.

Theorem 1. LetT € KC(F) where E is an infinite dimensional Banach
space. Then

1. 0 € o(T)
2. a(T)\{0} = a,(T)\{0}
3. We are in one (and only one) of the following cases
e eithero(T) = {0},
e either o(T)\{0} is finite,
e oro(T)\{0} can be described as a sequence of distinct points
tending to 0.
4. Each \ € 0,(T)\{0} is isolated and dimN (T — \I) < oo.



Then we recall the spectral theorem for self-adjoint compact opera-
tors.

Theorem 2. Let H be a separable Hilbert space and T a compact
self-adjoint operator. Then H admits a Hilbertian basis consisting of
the eigenfunctions of T'.

More precisely, we can obtain a decomposition of  in the form

H= &V,
keN
such that

Thus H has been decomposed into a direct sum of orthogonal sub-
spaces V. in which the self-adjoint operator 1" is reduced to multipli-
cation by ;.



Proof. Let {\, }.>1 be a sequence of disjoint eigenvalues of 7', except
0. Their existence comes from Theorem 1. We also observe that the

eigenvalues are real.
We define Ay = 0. Then we define £y = N(T)and E, = N(T' — \,1).
From the Riesz’s Theorem we have that

0 <dmFE, < 0.

Next we show that  is the Hilbertian sum of the { E, },,>0.

(i) The spaces { F, } are mutually orthogonal. If u € F,, andv € E,,
with m # n, we have

(Tu, vy = Ap(u,v) = (u, Tv) = A\, {u,v)

which implies that (u, v) = 0.



(i) Let F' be a linear space spanned by the {E,},>o. Let us verify
that /" is dense in ‘H. Itis clear that T'F" C F. Using that 7' is
self-adjoint we have that TF'+ C F*. The operator T', obtained by
restriction of 1" to FL is a compact self-adjoint operator. But one
shows easily that o (T ) {0} and consequently T" = 0 (prove it!).
But F'* C N(T) C F and hence F*+ = {0}. Thus F'is dense in
H.

(iii) To end the proof, one chooses in each E, and Hilbertian basis.
Taking the union of these bases, one obtains an Hilbertian basis
of H effectively formed with eigenfunctions of 7.



Remark 1. If'T" is a compact self-adjoint operator, we can write any
u € H in the form

U = Zun, with u, € E,,.

n=0

This allows to write

Tu = i)\n Uy,
n=0
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If, for £ € N, we define

k
Tu = E Ap Uy,
n=0

we can see that 7}, is of finite rank and that

IT =T < sup A,

n>k+1

Hence the operator T" appears as the limit in B(#) of the sequence
T, as k — oo.

This decomposition is the inspiration to extend the spectral theorem
for self-adjoint unbounded operators as we will see below.
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We recall that an operator P € B(H) is called an orthogonal projec-
tion if P = P* and P? = P.

If P, denotes the orthogonal projection operator onto V)., we can write

I =) P, (thelimitis in the strong convergence sense)
k

and
k
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Spectral family and resolution of the identity

Definition 1. A family of orthogonal projectors E(\) (or E,), —oo <
A < oo in a Hilbert space H is called a resolution of the identity (or
spectral family) if it satisfies the following conditions:

(i)
E(A)E(p) = E(min(A, p)), (0.1)
(ii)
E(—00) =0, E(+oc0)=1 (0.2)
where E(+o0) is defined by
E(+oo)x = A1_1&1 EMNx forall x € H, (0.3)
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(i)

EA+0)=E(\) (0.4)
where E(\ + 0) is defined by
EA+0)z =limE(u)x. (0.5)
>
U= A

Remark 2. Observe that (0.1) gives the existence of the limit. The
limit in (0.3) is taken in H. We also notice that A — (E(\)x,x) =
| E(N\)z||? is monotonically increasing.
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Example 1 (Spectral family associated to H,). Let

0 if A <0,
GA(EP):{ T
X\s|2<A ! -

Ga(Ho)f = F'\G(Ho)Ff = (Ga(IEDF )Y = Es( N f

o imEy(\)f =0, (lim Ey(\)f=0) Vfe L*(dE)

A—0 A——00

o limEy(N)f=/f VfeL*dE)

A—00

e Fy(\) is an orthonormal projection for any \.
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e Fy(N\)? = Ey(N)

o Ey(\) = Ej())

lose eQuit



We recall first what is a function of bounded variation.

Let f : [a,b] — R be a function and [c, d] a closed subinterval of [a, b].
If the set

S = {i\f(xi) — f(x;_1)| : x; a partition of [c, d]}

is bounded, then variation of f in [c, d] is defined and denoted by
V(f;le,d]) = sup S.

A function f is called of bounded variation in [c,d] if V(f,|c,d]) is
finite.
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Proposition 1. Let E(\) be a resolution of identity; then for all z,y €
‘H, the function

A= (E(N)z,y) (0.6)
is a function of bounded variation whose total variation satisfies
Viz,y) <llz| - [lyll, Va,y€H. (0.7)
where
ny—supz] ]Mazy‘ (0.8)

.....
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Proof. Let Ay < \y < --- < \,. From the assumption (0.1) we deduce
that
Eopg = Es— Ea

is an orthogonal projection. Indeed,
(Es — E,)* = E3yE3 — E3E, — E,E3 + EE,
=FEy—-E,—E,+ E,
=FE; — E,.
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The Cauchy-Schwarz inequality yields

> HEo oz 9 =D HEo g By ogy)|
j=2 j=2

< ZHE()\j—l;)\j]xH ||E()\j—1,)\j]yH

j=2
n 9 n /2
< (ZHE()\jfl»)‘j]x”Q) Y (ZHE(/\jfl,Aj]yHQ) 1
j=2 j=2

1/2

= (| Epugzl®) (|1 Byl
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Then for m > n, we obtain
lz[* = | B azll® = DI Bzl (0.9)
Thus for any finite sequence \; < Ay < --- < A, we have

ZI a9 | < iyl

Using (0.8), the estimate (0.10) follows.
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We have proved that for all = and y in H, the function A — (E(\)x, y)
is with bounded variation and we can then show the existence of
E(A+0)and E(X — 0). Indeed, the following lemma regards this.

Lemma 1. If E()\) is a family of projectors satisfying (0.1) and (0.2),
then for all A € R, the operators

Eyoo= lim E(u) and Ey, o= lim FE(u) (0.10)

U= A, p>A U= A, <A

are well defined when considering the limit for the strong convergence
topology.
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Proof. We prove the existence of the left limit. Using (0.9), we deduce
that for any € > 0, there exists Ay < A such that, VN VA" € [\g, \)
with X < \/

1B wnz]|* < e.

It is not difficult to prove that £, 1z is a Cauchy sequence converging
to a limit and that limit does not depend on the sequence going to .
A similar argument shows the existence of the limit from the right. [
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It is then classical (Stieltjes integrals) that one can define for
any continuous complex valued function A — f(\) the integrals

/ f(A ,y) as a limit of Riemann sumes.

Proposition 2. Let f be a continuous function on R with complex
values and let v € H. Then it is possible to define for o« < 3, the

integral
8
/ f(A) dE\x
as the strong limit in H of the Riemann sum:
> fN) By, — By, (0.11)
j

where o = A\ < XAy < --- < A\, = B, and X, € (Aj, A\j1], when
max ‘)\j—i—l — )\]’ — 0.
J

Proof. The proof uses the uniform continuity of f. Give a sketch! [



Definition 2. For any given x € H and any continuous function f on
R, the integral

/_Z f(A) dE\x

is defined as the strong limit in H, if it exists of | f f(A) dE(XN)x when
a — —oo and 3 — oo.

Remark 3. The theory works more generally for any Borelian function
see [3]. This is important, because we are in particular interested in
the case when f(t) = X(—co-

One possibility for the reader who wants to understand how this can
be made is to look at [5] which gives the following theorem:



Theorem 3 ([5], Theorem 8.14, p. 173).

1. If u is a complex Borel measure on R and if
f(z) = pl((—00,2]), Vo € R, (0.12)

then f is a normalized function with bounded variation (NBV), i.e.
a function with bounded variation, which is continuous from the
right and such that lim f(z) =0.

2. Conversely, to every f € NBYV, there corresponds a unique com-
plex Borel measure 1, such that (0.12) is satisfied.
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Theorem 4. For x given in’H and if f is a complex valued function on
R, the following conditions are equivalent

() )
/ f(N)dE\x exists, (0.13)
(i .
| R dE? < (014
(i) )
v [ SOV d(Bg ) (0.15)

is a continuous linear form.
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Sketch of the Proof.

(i) = (iii) It follows by using repeatedly the Banach-Steinhaus The-
orem and the definition of the integral.

(i) = (ii) Let F’ be a linear form defined in (0.15). Introducing

g___
y = / FON dEyz,

we notice that
y = FEuagy

by using the Riemann integrals.
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It is not difficult to show that
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From (0.15) it follows that

lyl* < [1F 1yl

Thus
lyll < ||FII-

Observe that the right hand side is independent of o and S.
On the other hand, using once more the Riemann sums, we obtain

g
Ioll* = [ TP d) Bl

Therefore 5
[ T dlBsal < 17

Thus, making a — —oo and 8 — oo yield (0.14).
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(i) = (i) Notice that for o/ < a < 8 < 7', we

s 5
|| sdEa ~ [ ) dEal?

= [ 1R diBal + [ 1R dIEe

This implies (0.12).
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Theorem 5. Let A — f(\) be a real-valued continuous function. Let

D= {reH: / FOVPAENz, 2) < ool
Then Dy is dense in H and we define Ty whose domain is defined by
D(Ty) = Dy,

and -
(Troy) = [ SO0 dEW.y)

for all x in D(Ty) andy € H.

The operator Ty is self-adjoint. In addition, 1L, is an extension of
E\T}.

oFirst ®Prev eNext eLast e Go Back eFull Screen eClose eQuit



Proof of Theorem. Property (0.2) gives us, that for any y € H, there
exists a sequence («,, 3,) such that E,, 51y — y asn — oo.

Observe that E, gy € Dy, for any a, 3, th|s yields the density of Dy
in H.

Since f is real-valued and £, is symmetric, it follows that 7' is sym-
metric.

That T} is self-adjoint is deduced by using Theorem 4.
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We notice that, for f, = 1, we get T;, = I and for fi(\) = A, we have
a self-adjoint T, = T.
In this case, it is said that

T - / T NdE)
is a spectral decomposition of 7" and we observe that
7ol = [ dENw ) = [ X dlE0l?
for x € D(T) More generally,
[Talf = [ X d(EWw.a) = [ X a(ENa]
forz € D(Ty) ]

oFirst ®Prev eNext eLast e Go Back eFull Screen eClose eQuit



We have seen so far how one can associate to a spectral family of
projectors a self-adjoint operator.

The Spectral Decomposition Theorem makes explicit that the preced-
ing situation is actually the general one.

Theorem 6. Any self-adjoint operator 1 is a Hilbert space ‘H admits a
spectral decomposition such that

(Ta.y) = [ M(Exz,g)w) (0.16)

and
T.CL'Z/)\d(E)\QC). (0.17)
R
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Sketch of the Proof.

Step 1. It is rather natural to imagine that it is essentially enough to
treat the case when 71" is a bounded selfadjoint operator (or at least a
normal bounded operator, that is satisfying 7" = T'T™*. If A isindeed
a general semibounded self-adjoint operator, one can come back to
the bounded case by considering (A + \y) !, with )\, real, which is
bounded and self-adjoint. In the general case, one can consider (A +
i)~

Step 2. We analize first the spectrum of P(T") where P is a polyno-
mial.

Lemma 2. If P is a polynomial, then

o(P(T)) = {P(\): \ € o(T)}.



Proof of Lemma 2. From the identity P(x) — P(A\) = (z — A) Q,\(x) we
obtain for bounded operators the identity

P(T) = P(A) = (T = A) Q\(T).

This allows us to construct the inverse of (7" — \) if one knows the
inverse of P(T') — P(\).

Reciprocally, notice that if = € C and if \;(z) are the roots of A\ —
(P(A\) — z), then

(P(T) = 2) = CH(T = A(2))-

This allows to construct the inverse of (P(7T')—z) if one has the inverse
of (T — \;(2)) for all j. []
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Lemma 3. Let 1" be a bounded self-adjoint operator. Then using Ex-
ercise 9 we have
[P(T)|| = sup [P(A)]. (0.18)

Aeo(T)

Proof. We first notice that
|P(T)|) = |[P(T) P(T)]|.
From Exercise 10 and Lemma 2 we deduce that

1P| = I(PPYT)]

= sup |y
uea((PP)(T))

= sup [(PP)())]
Xeo(T)
= sup |[P(A)[°

Xeo(T)
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Step 3. We have defined a map ¢ from the set of polynomials into

B(H) by
P~ ®(P)= P(T) (0.19)
which is continuous since
|P(P)|say = sup [P(AN)]. (0.20)
Aeo(T)

The set o(T') is a compact in R and using the Stone-Weierstrass the-
orem (which guarantees the density of the polynomials in C'(a(T))),
the map ® can be uniquely extended to C'(o(7")). We will denote this
extension again using .
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Theorem 7 (Properties of ®). Let T' be a bounded self-adjoint oper-
ator on H. Then there exists a unique map o,

S :Clo(T)) — B(H)

satisfying the following properties:

(1)
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i
v 1P(f) sy = Aig(%\f@ﬂ-
(iii) If f is defined by f(A) = A, then (f) =T.
(iv)
o(®(f) ={f(N): Aea(T)}.
(v) If @ satisfies T = X\, then O(f)p = f(A) .
(vi) If f > 0, then ®(f) > 0.
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Proof. The proof of the properties above follows by showing first the
properties for the polynomials P and then extending the properties by
continuity to continuous functions.

To establish the last item we observe that
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Step 4. Now we introduce the measures.
Let ¢ € H. Define the functional

fe (s f(T) ) = (4, () Y)n- (0.21)

We observe that this is a positive linear functional on C'(¢(7")). From
the Riesz Theorem (Theorem 15 below), there exists a unique mea-
sure (i, on o(7'), such that

(6, D))y = / B F N di (0.22)
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This measure is called the spectral measure associated with the vec-
tor ¢ € H. This measure is a Borel measure. This means that we
can extend the map ¢ and (0.22) to Borelian functions.

Using the standard Hilbert calculus (that is the link between sesquilin-
ear form and the quadratic forms) we can also construct for any x and
y in H a complex measure dy, , such that

(2, O(f)y)n = / TV ) (0.23)

Using the Riesz representation Theorem (Theorem 16 below), this
gives as, when f is bounded, an operator f(71'). If f = (oo, WE
recover the operator £, = f(71') which permits to construct indeed
the spectral family announced in Theorem 6.



Remarks 8. For any measurable (real or complex valued) function f
on R, the unique operator f(T) satisfying (0.22) is defined. Its domain
is the set{h : [~ |f|?du, < oo}, dense inH.

Forany h € D(f(T))

o

IR = [ 1SV (). (0.24)

—0

The equation (0.24) can be easily verified for the case when f is a
nonnegative measurable function.
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We have
I f(T)R||* = lm || f An - X (TR

n—oo

= T ([f An - Xpnn(T)] By h)
=t [0 An X i)

=/ f2d,uh

where f An - xpn = Inf{f,n - X0}
In case f is any measurable function, f = fi — fo + (g3 — ¢4) and

1fI> = f2+ f2+ g2+ ¢2. In this situation equation (0.24) can be seen
to hold.
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Exercise 9. Let A be a bounded linear operator in a Hilbert space H.

Show that

IA"AJl = [JA|".
Exercise 10. Let A € B(H) be a self-adjoint operator. Show that the
spectrum of A is contained in [n, M| with m = inf <ﬁz|’|g>. Moreover

m and M belong to the spectrum of T'.
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Another version of the Spectral Theorem

In this section our goal is to present a multiplication form of the Spec-
tral Theorem. Our plan is to sketch the main points of the proof of the
theorem. We will ask the reader to complete some details by proving
some proposed exercises.

The Spectral Theorem reads as follows.

Theorem 11 (Multiplication Operator Form of the Spectral Theorem).
LetT’ be a self-adjoint operator in a Hilbert space H. There exists then
a measure space (X, A, 1), a unitary operator U : H — L*(X, u),
and a measurable function ' on X which is real a.e. such that

(i) h € D(T) if and only if F'(-)Uh(-) is in L*(X, ).
and
(i) it f € U(D(T)), then (UTU-f)(-) = F(-)£(-)



To prove this theorem we need of some preparation.

Definition 3. Let T' : H — H be a continuous linear operator with
adjoint T™.

T is called normal if and only if T 1" = T'T™.
T Is called unitary if and only if T*T =TT" = I.

The proof of Theorem 11 uses the following Spectral Theorem for
bounded normal linear operators. The proof can be found for instance
in the appendix of [2].
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Theorem 12. LetI' = 17 + 115 be a bounded normal operator on ‘H.
Then there exists a family of finite measures (1) jc; on o(11) x o(13)
and a unitary operator

U:H— &L(o(Th) x o(Ty), 1)

jel
such that
(UTU f)j(x,y) = (x +iy) f;(z,y) ae.
where f = (f;);es is in gL%a(T), ;) and o(-) stands for the spec-
trum of the operator -.
Proof. See Theorem A.6 in [2]. ]
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A readily consequence of this theorem we have.

Corollary 1. LetT' be a bounded normal operator on a Hilbert space
H.Then there exists a measure space (X, A, 1), a bounded complex
function G on X, and a unitary map U : H — L*(X, i) so that

(UTUf)(N) = G\ f(N) ae.

Exercise 13. Show that if T' is a closed linear operator in H densely

defined and \ € p(T), then (T — \I)~! is a bounded linear operator
onH.



Exercise 14. Let T be a self-adjoint operator in H. Prove that p(T)
contains all complex number with nonzero imaginary part. Moreover,
ifIm\ # 0, then

(T — \I) (0.25)

1
I = |Im)\||
and

Im((T — Ak, h) = Im(—\)|[R||*> forall h € D(T).  (0.26)
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Proof. We will need the results in Corollary 1 for bounded normal op-
erators applying to the operator (T +4)".

We first show that (7" + i)' is a bounded normal operator. From the
Exercises (13) and (14) we conclude that (7' + i)' exist as bounded
linear operator in 4. In particular, R(T' +i) = H and T' + i are one-
to-one operators. Since T is self-adjoint, for any ¢ and ) in D(T), we
have

(T = )¢, (T +i) (T +i)p) = (T — i) (T — i), (T +)).

This implies that ((T'+:¢) )" = (T'—4)'. Since (T+i) 'and (T —i)*
commute by the resolvent formula, we have

(T+) T+ =(T+i) (T —i) ' =T+ H(T+4i),

which tells us that (T + ¢)! is a normal operator.



Using Corollary 1, there is measure space (X, A, 1), a unitary opera-
tor U : H — L*(X, i), and a bounded, measurable complex function
G on X such that

(U(T +4)7'U " f)(x) =G(z)f(x) ae (0.27)

forall f € L*(X, ).

Since Ker(T+1i)"' = {0}, G(x) # 0 a.e. Therefore if we define F'(x)
as G(x) '—iforeachx € X, |F(x)|is finite a.e. Nowif f € U(D(T)),
then there exists a function g € L*(X, u) such that f(-) = G(-)g(-) in
L?. This is true because of

UDT) cUT+i) (H) cUT+4)'UNL*(X,u). (0.28)
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Noticing that U (T + ¢)'U ! is an injection, for any g in the range of
U(T +i)"'U~* we have from (0.27) that

1

T +0)707 o) = g - (@) € LX)
In particular for f in the set U(D(T)),
T+ U @) = g Fe) € LX)
or 1
UT +)U~ (@) = G- 1@ € LX)
or
UTU f(0) = g - 11o) = if (@) = Fl@)f (@) € LX)
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This proves (i) and the necessity of (i) provided F' is real-valued,
which we show below. For the converse of (i), if F'(z)Uh(z) is in
L*(X, u), then there exists k € H so that Uk = [F(x) + iuh(x).

Thus
G(x)Uk(z) = G(2) [F(z) +i]Uh(x) = Uh(z),
soh = (T +1i)"!, whereby h € D(T).
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To finish the proof it must be established that F' is real-valued a.e.

Observe that the operator in L*( X, 1) defined by multiplication by F
is self-adjoint since by (ii) it is unitarily equivalent to 7'. Hence for all
X, M a measurable subset of X, (xar, Fxar) is real. However, if
Im F' > 0 on a set of positive measure, then there exists a bounded
set B in the plane so that M = f~!(B) has nonzero measure. Clearly
Fxyrisin L*(X, ) since B is bounded and Im (s, F'xas) > 0. This
contradiction shows that Im ' = 0 a.e. ]



Example 2 (Examples of functions of a self-adjoint operator).
The following are common examples in spectral theory.

1. f is the characteristic function of (—oo, A|, X(—son; ®(f) = f(T) is
then ®(f) = E()).

2. [ is the characteristic function of (—00, A), X(—«o); f(T) is then
O(f) = EAN-0).

3. f is a compactly supported continuous function. f(T) will be an
operator whose spectrum is localized in the support of f.
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1. fi(A) = exp(itA) with ¢ real. f,(T) is then a solution of the func-
tional equation

(0, —4T)(f(t,T)) =0,
£(0,T) = 1.

We notice that, for all real ¢, f;(T") = exp(itT') is a bounded unitary
operator.

2. g:(\) = exp(—tA) with ¢ real positive. g,(T") is the a solution of the
functional equation

(0, +T)(g(t, T)) =0, fort >0,
g(0,T) = 1.
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Application of the Spectral Theorem in solving the Schrédinger
equation

The time-dependent Schrdédinger equation arises in quantum me-

chanics. It is given by

du

— = Au(t

i = Ault),
where u(t) is an element of a Hilbert space H, A is a self-adjoint
operator in #, antd ¢ is a time variable with u(t) € D(A). An initial

condition is u(0) = uy € D(A). The derivative of u is given as

i u(t+ A) — u(t)
A—0 A

in the strong topology of H.
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The Spectral Theorem allows us to solve the Schrodinger equation.
Let ¢4 be the bounded operator on H given by

e—itA — / e—it)\ dP()\),

o

where A = /)\dP. We would like to prove that

d . .
a(e_”Ah) =i A(e "h) (0.29)

for every h € D(A).
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To show this, we compute the following limit:

—(t+At)A —itA " 2
i (% +ie 1 A)n
e~ (AN _ itk L
- Aliino B N +ie A‘ d(E(\)h, h)
' 00 e—iAt)\ _ - 9
=lm | T—H)\’ d(E(\)h, h).
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&

2
+ z‘ , the integrand above is bounded by

Letting M = max _121_1
M X?, which is integrable since h € D(A). It follows then by using
the Lebesgue Dominated Convergence theorem that the limit is zero.
Hence g

%(e_it“‘h) = —i(e " Ah) (0.30)
for every h € D(A).

The identity (0.29) follows from (0.30) since for h € D(A)
e "M Ah = Ae ™h.  (exercise) (0.31)

This follows from the fact that if 1 € D(A), then e ™} is in D(A)
since by the equation (0.24) we have

IEQDE I = [ e FABN) = [ xudE) = [EQDAE
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The solution u(t) = e, of the Schrédinger equation is unique. To
show this, suppose that v(¢) in D(A) is a solution. Then forany ¢ € H

i (7O o5 4+ As), 6) — (¢ IM(s), )
o —i(t—s)A — 1 7 7
ds(e v(s), 9) = Ahsrilo As
| p—ilt=(s+At))A _ —i(t—s)A
(e a)
: _i(t_s)AU<3 + AS) - U<S)
+ (Ahsgloe As ,gb)

(= e el 0) + (e 2°)
(e 0(5),6) + (¢~ M [iAv(s)] 6) = 0.
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Therefore for all ¢ € H

d

0= / (e (), 6) ds = (e u(t), 6) — (" 0(0), ),

and since v(0) = uy and e 4 = T we have
v(t) = e .

This yields the uniqueness.
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Riesz representation Theorem
We start by introducing some notations and definitions.

e Given a locally compact Hausdorff space X we denote Cj(X) as
the set of continuous functions on X which vanish at infinity.

e We say that v is a regular measure if every Borel set in X is both
outer regular and inner regular.

e We denote by |v| the total variation of v or the total variation mea-
sure.

e A complex Borel measure i on X is called regular if || is regular.
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If 11 is a complex Borel measure on X, it is not difficult to see that the
mapping
fo [ fn
X

is a bounded linear functional on Cy(X'), whose norm is not longer
than |u|(X).

The Riesz theorem guarantees that all bounded linear functionals on
Co(X) are obtained in this way.
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Theorem 15. If X is a locally compact Hausdorff space, then every
bounded linear functional ® on Cy(X) is represented by a unique
regular complex Borel measure 1, in the sense that

o f :/ fdu forevery f € Cy(X).
X
Moreover, the norm of ® is the total variation of ji:

]| = [ (X).
Proof. See Theorem 6.19 in [5]. []
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In Hilbert spaces we have the well known Riesz theorem.

Theorem 16. Let u — F(u) a linear continuous form on ‘H. Then
there exists a unique w € ‘H such that

F(u) = (u,w)y, Yue H. (0.32)

oFirst ®Prev eNext eLast e Go Back eFull Screen eClose eQuit



[1] B. Helffer, Spectral theory and applications. An elementary intro-
ductory course. https://www.imo.universite-paris-saclay.fr/ helf-
fer/m2bucarest2010.pdf

[2] A. Mukherjea and K. Pothoven, Real and Functional Analysis,
Mathematical Concepts and Methods in Science and Engineer-
ing, Vol 10, Springer Science+ Business Media New York (1978).

[8] M. Reed and B. Simon, Methods of modern mathematical
Physics. |. Functional analysis. Academic Press, (1972).

[4] M. Reed and B. Simon, Methods of modern mathematical
Physics. Il. Fourier analysis, selfadjointness. Academic Press,
(1975).

[5] W. Rudin, Real and Complex Analysis. Mc Graw Hill, New York
(1974).



