Teoria Espectral

Introduction

Spectral Theory is the branch of analysis concentrated in the study
of properties of linear operators in infinite dimension.
We will start by introducing some definitions and notations.

Definition 1. Let X, Y be Banach spaces (real or complex). A linear
operator is an application A : D(A) C X — Y such that

(i) D(A) is a vector subspace of X .

(i) Alax + By) = aAx + BAy, forall z,y € D(A) and for all o, 5 €
R(or C).



Notation
e The domain of the operator A is denoted by D(A).

e The image or range of the operator A, is defined by
R(A) ={Ax :x € D(A)}.
e The kernel of the operator A, is defined by
Ker(A)=N(A) = A"({0}) ={z € D(A) : Az = 0}.
e The graph of of the operator A is defined by
G(A) = Graph(A) = {(z, Az) :x € D(A)}.
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Remark 1. Notice that R(A) is a subspace of Y, N(a) is a subspace
of X and G(A) is a subspace of X x Y.

Definition 2. Let A be a linear operator. A : D(A) C X — Y is
called bounded if and only if there exists ¢ > 0 such that

|Azx|ly < c||x||x, forallx € D(A). (0.1)
The norm of the operator A is defined as
|A|l = ||A]|xy = inf{c > 0:(0.1) holds}.
The set of all bounded operators from X to'Y is given by
B(X,Y)={A:D(A) C X — Y : Aisbounded}.

In the case X =Y, we use the notation B(X) = B(X, X).



Exercise 1. Show that the following statements are equivalent.
(i) A is bounded.

(i) A is continuous.

(iii) A is continuous at the origin.

Exercise 2. Show that || - | defines a norm on B(X,Y).

Exercise 3. Prove that

Ax
4] = sup || Az] = sup 221
Jol=1 w20 |||

Exercise 4. Show that

|A- B| < ||A|||B]|, forall A,B € B(X,Y).
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Example 1. Let A be the multiplication operator defined as

A L*([0,1]) — L*([0,1])
f=Af:0,1]—C

A e B(L*([0,1])).
In fact,

A7 = [ fer@)de < s jof? [ 1@ de = 1715

z€]0,1]
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Example 2. Let M be the operator defined as

M : L*(R) — L*(R)
f—>Mf:R—C

r — xf(x).
Let )
0, =€ (—o0,l1),
9(x) =9 |
— e (1, :
L zeilog
then p |
xr 00
/\g \2daz—/ —:——]1 = 1.
1 X
Thus g € L*(R
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On the other hand,

( 0, =€ (—o0,1),
Mg(x) = 1 ¢ L*(R).
L z€ (1, 00),

We see that the operator M is not well defined on the space L*(R).
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We shall define the domain of M as follows

D(M) = {f € I*R) : af(z) € L*R)} C L*(R).

—

In addition, M is not bounded in L*(R). Indeed,

Let )
0, z<n,
¢m($):<l, n<x<n+l,
\8:, r>n—+1
Then
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Thus . "

and

n+1
1M |2 = / do=1.

Therefore v, € D(M).
If M € B(L*(R)), then there would exist ¢ > 0 such that

IMfll> < el flle, forall f e LA(R).
But then

1 1/2
HA4¢%HL2::1 §20H¢%HL2:=c:(%;————3) — 0asn — oo.

(n+1

Which is a contradiction!
Thus M ¢ B(LQ(R)).



Remark 2. What we observe in the previous examples that difficulties
come from problems with the domain.

Example 3. Consider two linear operators
A:DA)C X =Y
B:DB)C X =Y.

How can we define the operator A + B?
We can try the natural definition

A+B:DAANDB)C X =Y
r —— Ax + Buz.

However there exist dense subspaces with intersection {0} in L*(R)
for instance. (add example)
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Definition 3. Let A: D(A) C X - Y and B: D(B) C X — Y be
two linear operators. We said that the linear operator B extends the
linear operator A denoted by A C B, if

D(A) Cc D(B) and Bx = Az, forxz € D(A).

We call B an extension of A.
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Theorem 5. Let A : D(A) C X — Y be a bounded linear operator.
Then there exists a unique extension A of A, A : D(A) C X — Y
such that || Al| = || A]l.

In particular, if D(A) = X then A extends over all X.

Proof. Let x € D(A) there exists a sequence {z,} C D(A) suc that
xr, — x and

|Ax, — Az, = ||A(z, — x0) || < |A]|||2n — 20| — 0 as n,m — oo.

Then {Az,} is a Cauchy sequence in the Banach space Y. Hence
there exists y € Y such that Az, — y as n — oc.
We define Ax = .

oFirst ®Prev eNext eLast e Go Back eFull Screen eClose eQuit



Observe that y does not depend on the sequence {z,} such that
r, — x. Indeed, if we have another sequence {z,} such that z, — =
and Az, — v, then

ly =9l < lly = Azl + [|Al[ll2n = Zall + [ AZ0 — 9]l = 0

as n — 00. Thus y =Y.
Hence A]D(A) = A, Aislinearon D(A) andif x € D(A), with z,, — =,
then )

| Aall = tim || A, | < 1Al tim [Jo, | = |A]z]

which implies that A € B(X,Y) and ||A|| < ||A]l.
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On the other hand, since A|D(A) = Aforany x € D(A), it follows that
|Az|| = || Az[| < | A]l]|=]).
This inequality implies that || A|| < ||A||. Therefore ||A|| = ||4]. O
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Example 4. The Fourier transform in L'(R™).
Definition 4. Let f € L*(R"), the Fourier transform of f is defined by

A~

fl&)= [ flx)e ™ dx, forany& € R,
.

wherex - £ = 1§ + -+ + 2,&,-

We use the notation F f = f: EeER" — f(f) to denote the Fourier
transform of f. This map is clearly linear.

Another notation.

NGE (273)”/2 /Rnf(ﬂs)e—m:-s dz, forany ¢ € R
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Proposition 1. If f € L(R"), then f € C°(R") C L*(R") and F €
B(L'(R™), L>=(R")).

Here C (R") denotes the space of continuous functions which vanish
as |z| — oo.

Proof. For any £ € R”

For< [ 1f@lde= (17w

which implies R
1 Mz < ([l
Thus F € B(L'(R™), L=(R")). ]
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AN

Afirmmation f(¢) € C°(R").
Forany &, & € R”,

A~ A~

f&)—fE&)=1, fl (6_2”’“"‘5 — 6_2”’3'5/> dx.
Rn

Then

FO-FeN< [ Y@l —e* < (02
v g(2,6)
We observe that 0 < g(z,&) < 2|f(x)| € L'(R") independently of x
and g(x,&) — 0as ¢ — £'. Then Lebesgue’s dominated convergence
theorem implies that the right hand side of (0.2) tends to zero as £ —
¢'. This gives us that f(£) € CO(R™).
[]
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To complete the proof of Proposition 1 we use the following result
known as the Riemann-Lebesgue lemma. More precisely,

Lemma 1 (Riemann-Lebesgue). If f € L'(R"), then f(ﬁ) — 0, as
& — o0.

Proof. Case n = 1.
Let g(x) = > aXx(a,5,) () be a step function. Then
j=1

b
ij/ e—2mx§ dﬂf
1 a;

1
a .
T _omi€

9(&)

I

<
Il

I

(6‘27”'61'f — 6‘27”"”5) whenever £ # 0.
1

<
Il

Then .
36)| < (Z\% o |€| — 0 as |£| — oo.
j=1

[ ]
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Since the step functions are dense in L'(R), given f € L'(R) and
e > 0, there exists g a step function such that || f — g||;: < e.
Hence

FOI < |(F—9)&)] + 99|
< e+ 1g(8)]-

Letting |£| — oo in the inequality above yields

A~

limsup|f(§)] < €€ > 0.

[l —=00

We conclude that

A~

[f(E)] =0 as [§] = oo.

Case n > 1. Exercise. ]
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Basically, there are three types of linear operators defined on func-
tions spaces.

(i) Integral operators

T.f(x) = [ wla.y) f0)dy.

Q

T, : LP(Q) — LP(Q)
k:QxQ = C, QCR"

r is called the kernel of the operator.
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(ii) Multiplication operators.

F:-QCR'—C

Trf(z) = F(z)f(2),
Ty LP(Q) — L(Q).
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(iii) Differential operators.
For example:

Tf=-Af=—(0;,+0,,+--+0,.)f

These operators are typically unbounded operators.
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0.1. Examples of Integral Operators

Example 5 (Hilbert-Schmidt Operators).

Let k € L*(2 x Q) where Q) C R" is a open set.
Define

T, : [2(Q) — LX(Q)
fo T zeQm / k() () dy.

We can see that T, € B(L?*(12)).
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In fact, using the definition of T, and the Cauchy-Schwarz inequality
we obtain

1) = | [ rle) s dy] < [ sl s @)l dy

< ([ Inte. ol ay) ([ 1rray)”

Then
1Tl < ([ ([ e ) )1y )
K @ = o\ 5 L2(Q)

- HK’”LQ(QXQ)”]C”L%Q)

Exercise 6.
(i) Prove that for any [ € L*(Q), T,.f is a measurable function.

(ii) Show thatT,. f is a compact operator.
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Example 6 (Convolution).
Let f,g : R" — C be mensurable functions, the convolution product
of f and g is defined by

fxg(r)= . fle—y)gly)dy = | fly)glx —y)dy,

Rn
whenever the integral makes sense.

Theorem 7 (Young).
If f e LYR"), g € LP(R"),1 <p < oo, then fxg e LP(R") and

1 glle < Il llgllze-
If f € LY(R"), g € LP(R") with - + > = 1, then

1S gl < 1 f e llgller-

Proof. Exercise. []
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Remark 3. Using Theorem 7 and interpolation theory one can prove
a generalized version of Young’s inequality. More precisely, for 1 <
p,q < oo satisfying >+ > 1, then f x g € L'(R") with

1

1 1
__|__:1_|__
p q r

and

1S * gllz < eln,p. )N fll ol gl 2o
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Example 7 (Fourier Transform). We already defined the Fourier trans-
form for f € L'(R"), i.e.

AN

]-"f(é’) = f({) = o f(a;)e—%ixé d[l?, g c R".

We proved that F € B(L'(R"), L>°(R")) and that if f € L'(R"), then
f € CY (R") (Riemann-Lebesgue lemma).

We will see next examples of integrable functions such that f 7
LY(R™).
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Consider f(z) = x-1.1(x) € L'(R"). The Fourier transform of f is

. 627ri$§ _ 6—2772':1}5 B SiH(Zﬂ'g) .
f(e) =/ ey =0 omie w70
- 2, if ¢ = 0.
Thus f(¢) = Smfgg).

Now we show that f(f) ¢ L'(R). For this we observe that for n > 1
we have that

/m(rnﬂ )] de — /n+1 1511’;‘255 ‘df

(n+1)m . 2
> W/m | sin(27€)| d€ = (n+—1)7r
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Adding we obtain

In_/o(nﬂ (€)] dé = Z/kJrl

>

=1 F

Z——>ooasn—>oo

P?‘
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Exercise 8. Show that

* sinx
/ dx
o0 I
exists in the sense of a generalised Riemann integral, i.e.

00 & T &
sin _ sin @
/ dr = lim dr = .

o I T—00 y xX
Y——00

Hint: Use the residue theorem.
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Remark 4. The Fourier transform spoils the support. We have seen
that for f(x) = x(—1.1)(x) which a compact support function its Fourier

~ sin(27€)

transform f(&) = is not a compact support function. We will

prove the following general fact,

Theorem 9 (Paley-Wiener). If f € D(R") = C°(R"), then f is an
analytic function.
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