Teoria Espectral Homework 6
Due on 27/04/2021

We denote by X and Y Banach spaces.

(1) Let M be a subspace of X x Y. Prove that M is the graph of a linear operator if and
only if M does not contain points of the form (0,v), v # 0.

(2) Let T : D(T) C X — Y be a linear operator. Prove that if 7" is a closable operator then
D(T)={ue X : uj(e D(T)) % u and {Tu;} is a Cauchy sequence in Y'}.
(3) Consider the operators A;, j =0, 1,2, defined by
D(4o) = H'([~m, ),
D(A1) ={¢ € D(Ao) /¢(—7) = &(m)},
)

D(Az) ={¢ € D(A1) / ¢(—7) = ¢(m) = 0},
and »
Aj=-—,j=012

(i) Prove that A; is closed for j = 0,1, 2.
(ii) Show that o(Ap) = 0(A2) = C and o(A;) = Z.

(4) (Operator with empty spectrum) We Define A* by
D(A%) = {¢ € D(Ap) : ¢(£m) =0},
AEg = Agp = .
i

Show that o(A*) = ().

(5) (An operator without eigenvalues)
Let D(M) = L*([~,n]) = L?

per:®
M : D(M) — L?

per
feoMf(zx)=zf(x) ae x€|[-7mr.

Prove that

(i) M € B(L*([~m,7]));
(i) Mp=X¢p = ¢ =0;
(iii) o(M) = [-m, 7).



