Teoria Espectral Homework 5
Due on 15/04,/2021.

(1) For a given f € L?(R™) prove that the following statements are equivalent:
(i) g € L?(R") is the partial derivative of f € L?(R") with respect to the kth variable
according to Definition 1.2 (see notes Fourier Transform).
(ii) There exists g € L?(R™) such that
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for any ¢ € C§° (R”) In general, if (0.1) holds for two distributions f, g, then one
says that g is the kth partial derivative of f in the distribution sense.
(iii) There exists {f;} C C§°(R™) such that
1fi = fllz2—=0 as j— oo,
and {9, f;} is a Cauchy sequence in L*(R").
(iv) &f(€) € LAR).

(v)

dr < oo.
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(2) Let p(z) = e 1*l, 2 eR.
(i) Prove that

(0.2) b(z) — "(z) = 2,
(a) in the distribution sense, i.e., Vo € C5°(R),
[ o@et@) - ¢ (@) dz = 2000

(b) by taking the Fourier transform in (0.2).

(ii) Prove that given g € L?(R) (or H*(R)) the equation

d2
(1~ G)f =
has solution f = 1e7I1x g e H3(R) (or HF2(R)).

(3) (a) Let u(z) be the function which is equal to In(z) for x > 0 and 0 for < 0. Then u
du

is locally integrable. Compute the distribution derivative &
(b) Compute the distribution derivative of the function In(|z|) € L{ .(R).
(4) Define f € L>®(R?) by f(z1,22) = % for (z1,x2) # 0. Compute O, f and Oy, s, f-
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