
Teoria Espectral Homework 3
Due on 01/04/2021

(1) (i) A function f ∈ S(Rn) is called homogeneous of degree de a, if

f(λx) = λaf(x), ∀λ > 0, ∀x ∈ Rn.
Let φ ∈ S(Rn), define φλ(x) := λ−nφ(λ−1x), if λ is positive. Prove that∫

Rn

f(x)φλ(x)dx = λa
∫
Rn

f(x)φ(x)dx, ∀λ > 0.

(ii) Let T ∈ S′(Rn), we say that T is homogeneous of degree a if

〈T, φλ〉 = λa〈T, φ〉, ∀φ ∈ S(Rn).

Prove that if T ∈ S′(Rn) is homogeneous of degree a, then T̂ is homogeneous of
degree −n− a.

(iii) Let n
2 < a < n, define f(x) = |x|−a. Prove that

f ∈ L1(Rn) + L2(Rn) ⊆ S′(Rn).

Use (ii) to show that there exists a constant ca,n such that

f̂(ξ) = ca,n|ξ|a−n.
(2) (i) Define

v.p.(
1

x
) : S(R)→ C, φ 7→ lim

ε→0

∫
|x|≥ε

φ(x)

x
dx.

Prove that v.p.( 1x) ∈ S′(R) and(
v.p.(

1

x
)

)∧
(ξ) = −i

(π
2

) 1
2

sgn(ξ).

(ii) Define

(x± i0)−1 : S(R)→ C, φ 7→ lim
ε→0

∫
R

φ(x)

x± iε
dx.

Prove that (x± i0)−1 ∈ S′(R) and

(x± i0)−1 = v.p.(
1

x
)∓ iπδ, in S′(R).

Find the Fourier transform of (x± i0)−1.

(3) (Characterization of the space S′(Rn)) We say that a linear functional

T : S(Rn)→ C, φ 7→ 〈T, φ〉
is continuous if and only if

φn
d→ φ ⇒ 〈T, φn〉 → 〈T, φ〉, ∀ (φn)n ⊂ S(Rn), φ ∈ S(Rn).

We define the space of tempered distributions S′(Rn) as

S′(Rn) := {T : S(Rn)→ C : T linear and continuous}.
Notice that S′(Rn) is the topological dual of S(Rn). Prove that T ∈ S′(Rn) if and only
if there exist C > 0 and k ∈ N such that

|〈T, φ〉| ≤ C
∑

|α|,|β|≤k

‖φ‖α,β, ∀φ ∈ S(Rn).
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