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(1) Let n ≥ 1 and f(x) = e−2π|x|. Show that

f̂(ξ) =
Γ[(n+ 1)/2]

π(n+1)/2

1

(1 + |ξ|2)(n+1)/2
.

(2) (i) Prove that if f ∈ L1(Rn) e g ∈ Lp(Rn), 1 ≤ p ≤ 2, then (̂f ∗ g)(ξ) = f̂(ξ) ĝ(ξ).

(ii) If f ∈ Lp(Rn), g ∈ Lp
′
(Rn) with 1/p + 1/p′ = 1, 1 < p < ∞, prove that

f ∗ g ∈ C∞(Rn). What can we say in the case p = 1,∞?

(iii) If f ∈ L1(Rn), with f continuous at the origin and f̂ ≥ 0, prove that f̂ ∈ L1(Rn).

(3) Let BR := {x ∈ Rn : |x| < R} and χBR
a characteristic function of the set BR. Define

SR : L2(Rn) −→ L2(Rn), f 7−→ (χBR
f̂)∨.

(i) Prove that SR ∈ B(L2(Rn)) and that ‖SR‖B(L2) ≤ 1.

(ii) Show that ∀ f ∈ L2(Rn), SRf −→
R→+∞

f in L2(Rn).

(iii) Deduce that for any f ∈ L2(Rn), there is a sequence Rn −→
n→+∞

+∞ such that

1

(2π)
n
2

∫
BRn

f̂(ξ)eix.ξdξ −→
n→+∞

f(x), q.t.p. x ∈ Rn.

(iv) Prove that for any f ∈ L2(Rn),

: ξ 7→ 1

(2π)
n
2

∫
BR

f(x)e−ix.ξdx −→
R→+∞

f̂ , em L2(Rn).

(4) (Topology on S(Rn)) Define the map

d : S(Rn)× S(Rn) −→ R+,

(φ, ψ) 7−→
∑

α,β∈Nn

2−(|α|+|β|)
‖φ− ψ‖α,β

1 + ‖φ− ψ‖α,β
.

Prove that (S(Rn), d) is a complete metric space and for any sequence (φn)n ⊂ S(Rn)
and φ ∈ S(Rn), it holds

φn
d→ φ ⇐⇒ ‖φn − φ‖α,β → 0, ∀α, β ∈ Nn.

Finally, show that

F : S(Rn)→ S(Rn), φ 7→ φ̂,

is a topological isomorphism.
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