
Teoria Espectral Homework 10
Due 1/06/2021

(1) Show that a linear combination of functionsR→ C

x 7→ 1

x− λ
where λ ∈ C\R, is dense in the space C0(R) of continuous functions in R with limit 0 at
±∞ with the sup norm.

Hint: Use Stone-Weierstrass theorem.

(2) Show that E0(λ) = F−1ξ{|ξ|2≤λ}F is the spectral family associated to H0.

(3) Let (M,µ) be a measurable space with measure µ finite. Suppose that f is measurable,
real in M which is finite a.e.[µ]. Prove that the operator

ϕ
Tf7→ fϕ in L2(M,dµ)

with domain

D(Tf ) = {ϕ| fϕ ∈ L2(M,dµ)}
is self-adjoint and σ(Tf ) is the essential image of f .

(4) Let H be a Hilbert space and T : D(T ) ⊂ H→ H. Show that there exists a unique map{
L∞(R)→ B(H)

f 7→ f(T )

continuous with norm ≤ 1, with the following properties:
(i) The map is a ring homomorphism;
(ii) f(T )∗ = f̄(T ) for all f ;

(iii) f(T ) > 0 if f > 0;
(iv) If fn converges pointwise to f ∈ L∞(R) and ‖fn‖ is bounded, then fn(T ) → f(T )

strongly;
(v) If fn ∈ L∞ converges pointwise to the identity function x 7→ x, and |fn(x)| ≤ |x|,

we have
fn(T )v → Tv

for all v ∈ D(T ).

We recall de definition of ring homomorphism:

Let R and S be rings. Then φ : R→ S is a ring homomorphism if
(a) φ is homomorphism of additive groups: φ(a+ b) = φ(a) + φ(b) and
(b) φ preserves multiplication: φ(a · b) = φ(a) · φ(b).
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