Teoria Espectral

The idea of these notes is to complement Section 1.3 in the notes regard-
ing Fourier Transform. The material presented here was taking from the
book of Jeffrey Rauch, Partial Differential Equations, Graduate Texts in
Mathematics, Springer-Verlag (see [1]).

1. DISTRIBUTIONS

The distribution theory arises in several contexts. One is the treatment
of impulsive forces. Newton’s second law affirms that the rate of change of

d
momentum is equal to the force applied, dit? = F. Consider an intense force

which acts over a very short interval of time tg < t < tg + At. An example
is the force applied by the strike of a hammer. The impulse, I, is defined as
I:= [ F(t)dt thus

p(to + At) = p(to) + I.

In the limit, as At tends to zero, one arrives to an idealized force which acts
instantaneously to produce a jump I in the momentum p. Formally, the
force law satisfies

(1.1) F=0 fort#0 and /F(t)dtz].

This idealized force is denoted 16y, and 6, is called Dirac’s delta function
though no function can satisfy (1.1). The idealized equation of motion is

% = 04,. The solution satisfies p(t+) — p(t—) = I. Such idealizations have

shown to be useful in a variety of problems of mechanics and electricity.

The mathematical framework was developed by Lawrence Schwartz in the
1940’s.

We introduce some notation next. Let €2 C R™ an open subset. The set
of all infinitely differentiable functions with compact support C§°(£2) will be
denoted by D(Q2) and C°(Q2) the set of all infinitely differentiable functions
on Q will be denoted by €(€2). These sets of functions are referred as test
functions.

Definition 1.1. A distribution on an open @ C R™ is a linear map [ :
D(Q) — C, which is continuous in the sense that {pn} C D(Q) satisfies

(i) there is a compact K C Q such that for all n, supp(en) C K
and

(ii) there is a ¢ € D() such that for all a« € N", 0%, converges
uniformly to 0%y,

then I(¢n) — (). The set of all distributions on Q is denoted by D'(Q).
When @n, ¢ satisfy (i) and (ii) we say that ¢, converges to ¢ in D(QQ).
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The action of a distribution [ € D’(Q) on a test function ¢ € D(w) is
usually denoted (f, ¢). The set D'() is a complex vector space.

Example 1.2. If f € L] (), then there is a natural distribution l; defined
by

(l,p) = /f(:ﬂ)gp(m) dx.

In this sense, the distributions are generalizations of functions and are some-
times called generalized functions. Two locally integrable functions define
the same distribution if and only if the functions are equal almost every-
where. We say that a distribution | is a locally integrable function and write
L€ LL () ifl =1 fora f € LL (Q). Similarly, we say that | is continuous
(resp. C°(Q2)) if l =y, for a f € C(Q) (resp. C>(Q)).

Example 1.3. If zg € Q, then (I, ) = @(x0) is a distribution denoted dg,
and called the Dirac delta at xg. When xg is not mentioned it is assumed to
be the origin. More generally, (I, ) = 0%¢(x0) is a distribution.

The following proposition characterizes the distributions. More precisely.

Proposition 1.4. A linear map | : D(Q2) — C belongs to D'(Q) if and only
if for every compact subset K C ) there is an integer N(K, 1) and a constant
¢ € R such that for all ¢ € D(Q) with support in K

(1.2) (L) <clellon,  llelloy = Y max]d%|.
la|<N

Proof. If I € D'(Q) then is clear that (1.2) holds.
Suppose now that (1.2) does not hold for a compact K. For each integer
n, choose ¢, € D(Q) with support in K such that

1
(1.3) (L)l >1 and, Jlolloy < .

Then ¢, satisfy (i) and (ii) with ¢ = 0, but (, ¢) does not converge to zero
thus [ is not a distribution. O

Definition 1.5. A sequence of distributions 1, € D'(2) converges to | €
D'(Q) if and only if for every test function ¢ € D(Q), l,(¢) — U(p). This
convergence s denoted l, — 1 or l, g l.

Example 1.6. If j € D(Q) with [ j(x)dz =1, let jo(x) = € "j(x/€). Then
Je — do-
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1.1. Operations with distributions. The great utility of distributions
lies on the fact that the standard operations of calculus extend to D'(Q).
For instance, one can differentiate distributions. This is quite important in
the study of differential equations.

The recipe for defining operations on distributions is basically the same:
pass the operator onto the test function.

Example 1.7. We recall the translation operator 7,f = f(xz —y), y € R".
Let 1 € D'(R™), the translate of I by the vector y, T,l, is defined as follows.
If | were equal to the function f, then

(r L) = / f(@ — y)ole) de = / F(2)p(z +y)dz = (L, 7_yg), @ € D(RY).

This motivates the definition, (Tpl, ) = (I, T_pp). It is easy to check that 131
defined as above is a distribution and that definition agrees with m,f when
l=1y.

Example 1.8. To differentiate a distribution I on R™, we form the differ-

ol )
ence quotients which could converge to —. Let e; be the vector with jth

Ox;

coordinate equals 1 and 0 in the others. The difference quotients are given
by

(1.4) <”hl_l¢> = (1 W) o € D(R™).

0
The test functions on the right converge to —8—@, so the continuity of | im-

Ly
plies that the right hand side of (1.4) converges to (I, —3;0) This suggests
J
that
ol dp
1.5 — =({,—=).
(1.5) <axj""> b,

This defines a distribution and if f € C*(Q) and | = ly, the derivatives of
I are equal to the distributions | oy . Thus the operator 0/0,; on D’ is an
Oz
extension of 0/0y; on D.
Let us apply the above procedure to find the derivative in distributions
sense of the Heaviside function H(x) = X|o0)(7) defined on R. The differ-

ence quotient

TnH—H =
converges to 0 in the sense of distributions. Thus % = . Observe that

the difference quotient converge to zero almost everywhere. Since H is not
constant, zero should not be the desired derivative. The pointwise limit gives
the wrong answer and the distribution derivative is the right answer.



The operations on distributions discussed so far are particular cases of a
general algorithm.

Proposition 1.9 (P.D. Lax). Suppose that L is a linear map from D(€)
to D(g), which is sequentially continuous in the sense that @, — ¢ implies
L(¢n) — L(p). Suppose, in addition, that there is an operator L', sequen-
tially continuous from D(Qa) to D(Qy), which is the transpose of | in the
sense that

<L(90>71/}> = <907L/(w)> fOT‘ all wE ®(Ql)7w € D(QQ)

Then the operator L extends to a sequentially continuous map of D'(Qs) to
D'(Q1) given by

(1.6) (L(1),4) = (I, L'(¢))) for all L € D' (1), and 3 € D(Qa).

Proof. The sequential continuity of L’ shows that L(I) defined in (1.6) is a
distribution. If I = I, for some ¢ € D(£21), then

(L7) (L), 4) = (1, I'(W)) = / (@)L () (@) dz = / L(p)(@)(z) dz,

Q1 Qo
the last equality from the hypothesis that L’ is the transpose of L. Thus
L(1) is the distribution associated to L(y) which proves that L defined by
(1.6) extends L|y,.

Finally, if [,, — [ in D’(€y), it follows immediately from (1.6) that L(l,) —
L(1) proving the sequentially continuity of L.

O

Remark 1.10. The proof of the uniqueness of this extension can be seen in
[1] Appendiz Proposition 8.

Example 1.11. If a(z) € C®(Q), (= &(Q)), then the map L(p) = ap is
equal to its own transpose. That is,

(L), 0) = [ (a@)e@)) dz = [ (o) ala)0) do = (o L))
Thus forl € D'(Q), al is a well-defined distribution given by (al, ) = (I, ap).

Example 1.12. If Qo = y + Q and L, is translation by y, then L' = 1_,,
is sequentially continuous. Therefore for | € D'(Qy) the translates of I are
well defined by (ryl,¢) = (I, 7_yp). The reflection operator ¢(x) = ¢(—x)
is its own transpose, thus I is a well-defined distribution on the reflection of
Q.

Example 1.13. If L = 0% (0% = 0y} ...0¢", a € Z" and |a| = a1 +

oo+ ap). Integration by parts gives L' = (—=1)1*10% which is sequentially
continuous on D. Thus the derivatives of distributions are defined by

(0°1,0) = (L. (=1)9p).
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Once we have defined multiplication and derivatives we can compute a
product rule as being

(0(al), ) = (I, —ady) = (I, =0(ay)) + (I, (a)y) = (adl + (Ja)l, ).

Following this procedure inductively we can define the usual Leibniz for
0%(al).

If P(z,D) = ) aq(x)0“ is a linear partial differential operator with co-
efficients in (), then P maps D’(Q) to itself with (Pl, ¢’ = (I, P'¢) where
the transpose of P is given by

le Z |a\8a )

1.2. Convolution. Suppose that Q2 = R" and ¢ € D'(R™). Ler L be the
operator L(v)) = ¢*1p. The Leibniz rule for differentiating under the integral
implies that L maps D’'(R™) continuously to itself. The Fubini theorem
shows that the transpose of L is convolution with @. Thus ¢ * [ makes sense
for any [ € D'(R™) and it is given by

(ol ) = (I, 09).
Example 1.14. We compute ¢ x §

(px.9) = (6.50) = G 0)0) = [ W) dy = (p.0).
Therefore p x § = ¢
It is not difficult to show that for [ € D'(R™),
(o *1) =p*x 1= (0%) x .

We end this section with the following result whose proof can be see in
[1] Appendix Proposition 3.

Proposition 1.15. Ifl € D'(R™) and ¢ € D(R™), then | * ¢ is equal to the
C* function whose value at x is (I, 7:(p)).

1.3. Tempered distributions. Recall that S(R™) denotes the Schwartz
space, the space of the C'°° functions decaying at infinity, that is,

S(R™) = { € O : [lpllap = 470 p|| oo (ny < 00, for any «, 8 € (Z*)"}.
Definition 1.16. A tempered distribution is a continuous linear func-
tional on 8(R™). The set of all tempered distribution is denoted by 8'(R™).

Proposition 1.17. A linear map T : 8(R™) — C is continuous if and only
if there exist N € N and ¢ € R such that for all ¢ € S(R™)

(1.8) (o)l <e D 1270 L an)-

la|<N, |BI<N
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Corollary 1.18. A distribution T € 8'(R™) extends uniquely to an element
of 8'(R™) if and only if there exist N € N and ¢ € R such that (1.8) holds
for all ¢ € D(RY).
In particular, we have
D(R™) c &'(R™) c §'(R™) c D'(R™).

Example 1.19. If f is a Lebesque measurable function on R™ such that
for some M, (1+ |x|2)~M f € LY(R"), then the distribution defined by f is
tempered since

(fr0) = {1+ [2)~Mf, (1 + [2[1) M)

<N+ A1+ PP el < eparlieharo
Example 1.20. If f € LP(R"), 1 < p < oo, then f € 8 since these
functions satisfy the condition of Example 1.19, if one chooses M so large
that (14 |z|?)™™ € LY(R") and then uses Hélder’s inequality.

Definition 1.21. A sequence T,, € 8'(|r™) converges to 8'(R™) if and only
if for all ¢ € S(R™)

(T, ) = (T, ) as n— oo.

We write T, i T.

In the next we mainly interested in extending to 8 the basic linear oper-
ators of analysis, for instance 9 and &.

Given a continuous linear operator L : § — 8, the transpose L' maps
8§ —= 8. For T € §'(R™), L'T € § is defined by

(1.9) (L'T, @) = (T, Lp) forall ¢ eS8.

The next proposition shows that the identity can sometimes be used to
extend L.

Proposition 1.22. Suppose that L : $(R") — S(R") is a continuous lin-
ear map and that the restriction of the transpose operator to 8§, L' g 1S a

continuous map of 8 to itself. Then L has a unique sequentially continuous
extension to a linear map L : 8'(R™) — 8'(R™) defined by

(LT, ) = (T,L'p), forall Te§, oc8.

Proof. See Proposition 4 page 77 in [1]. O

Remark 1.23. This proposition identifies when passing the operator to the
test function yields a good extension.

For a general L, one will not even have L' € 8 for ¢ € 8. The hy-
pothesis on L' is very restrictive. However, the translation, the dilation,
multiplication by a convenient function M (see Exercise 1.28 below), differ-
entiation 0% and Fourier transform F are operators which are included in
this proposition.



For T € 8 and ¢ € 8, we have
((0%)'T, ) = (T, (0%)¢).
If T € 8, the right-hand side is equal to

[ T@ose@ ds = [(-0.° @) d = (-0°T. )
Thus, for such T, (0%)'T = (—0)T.
Similarly, for T € 8 and ¢ € 8,
(FT, o) = (T, Fp).
For T € §, the duality identity

(Fp, ) = (p,Fp), forall ¢, €S8,
shows that this is equal to (FT, ¢), whence 3""5 =7.

1.4. Applications. First consider the solvability of the equation
(1.10) 1-Au=f
For w, f in 8 this is equivalent to
(1+[g[*)a =5,
hence
(1.11) a= 1+ 1T
Proposition 1.24. For any f € 8'(R™) there exists exactly one solution

u € 8'(R™) to (1.10). The solution is given by formula (1.11). In particular,
if f €S8, thenu € 8. If f € L?, then for all |a| < 2, D € L?>(R").

The second application is a Liouville-type theorem. More precisely.

Theorem 1.25 (Generalized Liouville Theorem). Suppose that P(D) is a
constant coefficient partial differential operator such that P(&) # 0 for £ # 0.
If u € 8'(R™) satisfies Pu =0, then u is a polynomial in .

Proof. Taking Fourier transform of the equation we obtain
F(P(D))u= P(&)u=0.

Since P(&) # 0 if £ # 0 it follows that suppu C {0}.

Thus Fu has to be a finite linear combination of derivatives of the delta
function

U= caD.
Applying the inverse Fourier transform we get
u= anffDaé = an(—x)o‘fﬂ; = an(—aj)a(Zw)_”/2,

a polynomial in x. ([

Corollary 1.26. The only bounded harmonic (resp. holomorphic) functions
on R™ (resp. C) are the constants.



Next we consider the wave equation,
0%u 0%u
o (@1 =g
Both sides of the equation make sense if u is a distribution. If the equality
holds we say that u is weak solution. Recall that u is said a classical solution
if u € C?(R?) and the identity is satisfied.
Consider a traveling wave u(z,t) = f(z —t), f € L] _(R). It is clear that
u € Li (R?) and so it defines a distribution. Is it a weak solution?

(1.12) x,1).

loc

Using the differentiation operator definition we find that

82
<@u,gp> t2g0 //f a2g03: ,t) dadt

<€98;u7(p> = <u, @gp = //f(a: — t)@cp(x,t) dxdt.

82 82

We would to like to show that this is zero. To do so, we make the change of
variables y = x — t, z =z + t, dadt = %dydz. and
0? 0? 0 0

o2 0x2 Oy dz

Hence

Thus,

J[ 16 -0(5s - Zs)etwnaoie =2 [[ 1) 22 ) iy

We claim that integration in z yields zero. Indeed, we observe that

b 0% Oy dp
Y 8yaz(yaz) dz = @(yab) - @(yaa)

Thus
b 52 ©
o Oyoz
since ¢ and g—‘; vanish in a bounded set. Therefore u(x,t) = f(z —t) is a
weak solution of (1.12).

(y,2)dz=0

Next we investigate whether log(z? +?) is a weak solution of the Laplace
equation

0? 0?
(1.13) Au(z,y) = <@ + @)M%Q) =0.

We have to check that

<(88x22 88:) ’SO> < <§;+§;><ﬂ>=0 for allgpe@([[@)_



Employing polar coordinates (r,6) we have that
P 10 10
oz Oy or2  ror  r2062

Then for u(x,y) = log(z? + y?) we would like to know whether

n # 19 1
/ / log 12 ——F;E—i—ﬁw)go(r,ﬁ)rdrdﬁzo

is true. To avoid the singularity of u at the origin we will integrate in r in
(e,00) and then we make € tends to 0.
We first note

and dxdy = rdrdf.

27 1 2 27
(1.14) /0 log 12 T—a— (r,0)r0 = logr2 g(g(r 0) . = 0

0
since a—g is periodic. Therefore this term is always 0.

On the other hand we have
(1.15) / log 7"22@(7“, 0)dr = —/ g(logrz)go(r, 0) dr—log(e2)<p(e,«9).
. or e Or
and

o0 0? d
/6 rlogranp / o (rlogr?) o ©o(r,0)dr

— clog(€) 2 (e, )
(1.16) —/0082(7“10 r2)o(r,6) dr
- . 87”2 g SD bl
— clog(€)p(c, )
clog(€”) - (e,

(€,0).

0 2 2 82 2 0 2 2
Now E(rlogr)zlogr +2, 82(7"10g7") —and E(bgr):*

Gathering together the information in (1.14), (1.15) and (1.16) we obtain
2m  poo 2 2
0 10 190
1 2(— - ——) ,0) rdrdo
/0 /e R R T (r, ) rdr

Z/OQW/EOO(—i+i><p(T,9)drd9

+ / (—loge? + log €? + 2)¢(e, 6) db
0

0
—(rl 2
+—(rlogr®)|

27 8@
—elog €)== .
+/0 ( eoge)ar(e,H)dQ
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Thus

2T 2T 8(,0
— 1 _ 27
(1.17) (Au, @) = lgr(l) 2/0 (e, 0) do /0 eloge r (e,6)do.

Since ¢ is continuous ¢(€,60) — ¢(0,0) as € — 0 and so the first term in
(1.17) approaches to 47 (9, ¢).

In the second term in (1.17), e ¢,0) remains bounded while elog e — 0
0
,

as € — 0. Hence
Alog(z?* + y?) = 4né.
Therefore log(z? + y?) is not a weak solution of Au = 0.

The previous computations allow us to solve the Poisson equation
(1.18) Au=f for any f.

A final remark.

Remark 1.27. It is clear that 8'(R™) C D'(R™). What is not true is that any
distribution in D'(R™) is a tempered distribution. For example the function

f(z) =e* in R defines the distribution

(frp) = /oo e p(x) da.

—0o0

Observe that e=**/% € 8(R) and so we have

)= [t tam [ ot hoo

— 00 — 00

which does not define a tempered distribution.

Exercise 1.28. Prove
(i) If M € C*°(R™) and Yo € (ZT)™, there exist N, c such that

0M] < e(1 + |z]),

then the map f — Mf is a continuous linear transformation of
S(R™) into itself.
(ii) If in addition, there exist vy,c > 0 such that

(M (z)| = (1 + [])77,
then the mapping is one-to-one and onto with continuous inverse.

Exercise 1.29. Verify that if f satisfies

/ 1f(z)|de < cAN as A= oo
|z[<A

for some constants ¢ and N, then

/n F(@)p(@)|de < 00 Vi € S(RY),
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Therefore
[ J@)etw) da

defines a tempered distribution.
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