6

Condensation in Zero-range dynamics

Fix a finite state space S of cardinality L > 2 and consider a continuous-time
Markov chain X; on S. Denote by A(z), € S, the holding rates, by p(z,y),
x, y € S, the jump probabilities, and by R(z,y) the jump rates:

p(a:,y) >0, p(l‘,l‘) =0, Zp(xay) =1, R(x,y) = A(l‘)p(x,y) :
yeS

Assume that the Markov chain is #rreducible and that the uniform measure
on S, denoted by m, m(z) = 1/L, x € S, is stationary.
Fix a function g : N — R such that

g(0) =0, gk) >0, k>1.

The zero range process associated to the jump rates R and the rate function g
is the Markov dynamics which describes the evolution of interacting particles
on the the set S in which a particle jumps from a site x € S occupied by k
particles to a site y at rate g(k)R(z,y).

To define the evolution and its generator, denote by the Greek letters
n, € and ¢ the elements of the configuration space E = N¥. Hereafter, 7,
represents the number of particles at site z € S for the configuration 7, and
o®YE, x # y € S, the configuration obtained from a configuration £ with at
least one particle at x, by moving a particle from x to y:

& —lforz=x
(0%Y€), = ¢ & +1lforz=y
&, otherwise .

Consider the Markov generator L on E given by

(LH) = > g(na) R(z, ) {f(0™n) — f(n)} (0.1)

yeS

for every function f : E — R. Hence, in the notation introduced in Chapter
1

)
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114 6 Condensation in Zero-range dynamics

9(nz)R(,y)
Am) = D g)A@)  p(n,€) = § Xees9(1:) A(2)

z€S 0 otherwise.

if &€ = ooy |

The zero-range process on FE is clearly not irreducible because the total
number of particles is conserved by the dynamics. Denote by Eg y the con-
figurations with N particles:

Esny = {n€E:Y n,=N}.
zeS

Since the underlying Markov chain X, is irreducible, if n and £ are configu-
rations in Eg n, there exists m > 1 and a path n = (o,(1,...,Gn = € such
that p(;, Gi4+1) > 0, 0 <4 < m. The sets Eg n represent therefore the ergodic
components of the dynamics. Since each set Eg y is finite, restricted to Eg n,
the zero-range process is irreducible and positive reccurent. There exists, in
particular, a unique stationary probability measure, denoted by p . Since the
total number of particles is fixed, in statistical mechanics the measure uy is
called the canonical stationary state.
The probability measure uy is given by

() = —— [[ = (0.2)

ZsN g9 (ne)

where ¢!(0) =1 and g!(k) = g(1)--- g(k), k > 1, and Zg n is the normalizing

factor 1
ZS,N == Z H W (0.3)

neEs Ny x€S g:

Since the set S is fixed, most of the times we omit the index S and write Zg n
as Zn.

To prove this assertion let R*(z,y) the adjoint jump rates of R(z,y).
Since we assumed the uniform measure to be invariant, by xxx, R*(z,y) =
R(y,x). Denote by Lg- the generator defined in (0.1) with R* replacing R.
An elementary computation using the fact that ) o R(x,y) = A(y), which
holds because the uniform measure is stationary for the jump rates R, shows
that for every function f, h: Eg y — R,

<Lf7 h>HN = <f7 LR*h>,uN .

This proves the assertion, actually, the stronger statement that the adjoint of
Lin L?(uy) is Lp«.

If we allow the total number of particles to fluctuate, a simple one-
parameter family of stationary states emerges, the grand canonical stationary
states. Let Z(p) denote the partition function:

k
Z(g) = > fk) 7

k>0 g:
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6 Condensation in Zero-range dynamics 115

The parameter ¢ > 0 is called the fugacity. Let ¢* be the radius of convergence
of this series. For ¢ < ¢*, denote by 7, the probability measure on E defined
by
R ]_ SO”]J;
V‘P (77) = L H | .
Z(p)t e 91 (e)

A computation, similar to the one performed for the canonical measure, shows
that 7, is also stationary.

The canonical measure is obtained by conditioning the grand canonical
measure on the total number of particles:

uv(m) = 25 (n] Ym =N).

z€eS

Note that the right hand side does not depend on the fugacity .
Denote by R(¢) the mean number of particles under the stationary state

Vp!

k !
R(p) = Ep [no] = Z(lgo)kzxkgzp(k) = SOZZ(;S)D) = ¢ (0,10g Z)(¢p) .

Clearly, R(0) = 0 and the derivative ¢ R'(¢) is equal to the variance of ny:

Y R(p) = Ep, ) — Es,[m]* .
In particular, R is strictly increasing, and if we denote by p* the limit

p* = lim R(yp),

p—re*

R :[0,¢*) — [0, p*) is a bijection. Denote by @ : [0, p*) — [0, p*) its inverse
and define v,, 0 < p < p* by

Vp = Va(p) -

The stationary measures for the zero-range dynamics, v,, are now index by
the conserved quantity, the density of particles,

El’ﬂ[n(ﬂ = El)@(p) [770] = R(¢(p)) = pP-

Phase transition

Fix a real number o > 0 and let g : N — R be given by

g(0)=0, g(1)=1, and g(n)z(nil)a,HZQ,

so that g!(n) = n®, n > 1. In particular,
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116 6 Condensation in Zero-range dynamics

k

@
Z(p) = Y =
() T

k>0

and the radius of convergence ¢* = 1. Figure 0.1 below presents the graph of
log Z(p) in the cases 0 < a < 1, 1 < @ < 2, a > 2. In the first case log Z(p)
and its derivative diverges as ¢ — ¢* = 1 so that p* = c0. If 1 < a < 2,
log Z () converges to a finite limit as ¢ — ¢* = 1, but its derivative diverges.
Hence, also in this case p* = oo. Finally, if o > 2, both log Z(¢) and its
derivative converge to a finite limit as ¢ — ¢* =1 so that p* < oco.

a<l l1<a<?2 a>2

Fig. 0.1. The graph of log Z(p) in the cases 0 < a < 1,1 < a <2 and a > 2.

Equivalence of Ensembles

The equivalence of ensembles asserts that in the thermodynamical limit the
canonical stationary state converges to the grand canonical state. More pre-
cisely, let Ty, = {0,...,L — 1} be the one-dimensional discrete torus with L
sites and let r : Z — R, be a non-negative function with finite support. The
continuous-time random walk in Tz, which jumps from z to y at rate r(y — x)
is translation invariant. If it is also irreducible, its unique stationary state is
the uniform probability measure my,.

Consider the zero-range process on N'Z in which a particle jumps from
a site = to a site y at rate g(n,)r(y — «). The unique stationary state on
Ern={neNT: > wer, M = N}, denoted by pr n, is given by (0.2) with
S replaced by Tp.

For p < p*, denote by v, the product measure on the infinite space NZ
whose marginals are given by

Vp{n Mo = k} = %g'(lﬂ) ’ where Y= Q(p)
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6 Condensation in Zero-range dynamics 117

The equivalence of ensembles states that for every p < p* and every
bounded function f : NT- — R which depends on 7 only through a finite
number of variables 7,

lim E,, ([f] = E,[f].

L—oo
N/L—p

This means that for very large L, the canonical measure py, v with density
p = N/L < p* is locally very similar to the grand canonical measure with
density p.

The proof of the equivalence of ensembles relies on the local central limit
theorem and can be found in ?. A natural question is what happens in the
thermodynamical limit when the average density of the canonical measure,
N/L, is larger than the critical density p*. To present what has been proved,
denote by Ky, : Er, v = Upr<nEr—1,0 the function which consists in remov-
ing the site with the greatest number of particles. If there are two or more sites
with this property, we choose at random one of them. ? and ? proved that
the measure pr, NKzl converges to v,-: for every p > p* and every bounded
function f : N2 — R which depends on 7 only through a finite number of
variables 7,

lim E,, [f] = E,.[f].

L—oo

N/L—p
Hence, when the density N/L is larger than the critical density p*, if we dis-
regard the site which concentrates the larger number of particles, we observe
in the other ones a distribution which is very close to the criticial distribution
V,+. The site with the largest number of particles accomodates a macroscopic
number of particles, since N — (L — 1)p* ~ L(p — p*). This phenomenon is
called condensation.

We prove in Proposition 6.2 and in Lemma 6.6 below that even when the
total number of sites L is fixed, in the canonical stationary state pr n, when
N 1 oo, all particles concentrate on a single site, while in all the other sites
particles are distributed according to the grand canonical measure at critical
density.

These results characterize the canonical stationary state above the critical
density. Fix L and denote by X the site occupied by the greatest number
of particles, called the condensate. By symmetry, X is uniformly distributed.
It is natural to examine the time evolution of the condensate. Assume, for
instance, that we start from a configuration in which all particles are placed
on a site € Tr. Denote by H the first time in which all particles occupy the
same site y # x. One would like to derive the distribution of the position of
the condensate at time H and to estimate the order of magnitude of H. This
is the subject of this chapter.
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118 6 Condensation in Zero-range dynamics

1 The evolution of the condensate

Assume from now on that the random walk X; is reversible with respect to the
uniform measure m on S. For z in S, denote by P, the probability measure on
the path space D(R4,S) induced by the random walk {X; : t > 0} starting
from z.

For two disjoint subsets A, B of S, denote by capg(A, B) the capacity
between A and B for the random walk X;. When A = {2} and B = {y} are
singletons, we represent capg({z},{y}) by capg(x,y). Let C(x,y) be the set
of all functions f : S — R such that f(z) =1 and f(y) = 0, and denote by
Dg the Dirichlet form associated to the random walk:

Ds(f) = 5 3 mla) Rla,y) 1)~ F@)) (1)

z,yeS

for f: S — R. By the Dirichlet principle xxx,

capg(z,y) = feicr(lg ” Ds(f) - (1.2)

For each n € E, let P, represent the probability on the path space
D(R4, E) induced by the zero range process {n(t) : ¢ > 0} starting from
7n. Expectation with respect to P, is denoted by E,,.

Fix a sequence {{y : N > 1} such that 1 < {y < N:

lim {y = oo, lim {y/N = 0. (1.3)
N —o0

N—oc0

For z in S, let
8‘};\/ = {UGES,N5772: ZN*EN} .

Obviously, €%, # @ for all z € S and every N large enough.

Condition x5 /N — 0 is required to guarantee that on each set €% the
proportion of particles at = € S, n,/N, is almost one. As a consequence, for
N sufficiently large, the subsets €%, € S, are pairwise disjoint. From now
on, we assume that NV is large enough so that the partition

ES’NZENUAN, En = ngf\/
€S

is well defined, where Ay = Ag n is the set of configurations which do not
belong to any set €%, € S, i.e., the subset of configurations with at most
N — ¢ particles per site:

Ayn = {UEES,N:’I]Q;<N—£N,VJZES}.

The assumptions that £y 1 oo is sufficient to prove that un(Ayx) — 0, as
we shall see in Proposition 6.2, and to deduce the limit of the capacities stated
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1 The evolution of the condensate 119

in Theorem 6.7 below. We need, however, further restrictions on the growth
of /)y to prove the tunneling behaviour of the zero range processes presented
in Theorem 6.1 below.

Denote by ¢ (t) the trace of n(t) on €. Let Wy : €y +— S be the order

parameter
=) zl{ne&y},
zeS

and let XV (¢) := Wn(n®~(t)) be the value of the order parameter at time ¢.

Theorem 6.1 below asserts that the speeded up non-Markovian process
XN (tNe*1) converges to the random walk X(¢) on S whose generator £g is
given by

(£1)@) = Frarp S caps(ann) {f6) = @)}
« yeS

where . )
g(— /0 u*(l—u)du . (1.4)

For z in S, denote by 3, the probability measure on the path space D(R,.S)
induced by the random walk {X(¢) : ¢ > 0} starting from z.

Theorem 6.1. Assume that L > 2, that (1.3) holds and that

€1+a(L—1)
. N _
A}gnoo NI 0. (1.5)
Then, for each x € S,
(M1) For any sequence &x € €%, N > 1, the law of the stochastic process
{XNjai1 1t >0} under Pey converges to B, as N 1 oo;
(M2) For every T > 0,

T
lim sup E [/ 1{nN(sNa+1)€AN}ds} =0.
0

N—oo 681
Moreover,
li f P, |H H:. | =1, 1.6
i inf Py Hig < Hg | (1.6)
where
& = J ek
yFT

In order to fulfill conditions (1.3) and (1.5), we can take, for instance,

Iy = NY@-

if L >3, and {y = NVIE=U/2]4f [ = 9.
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120 6 Condensation in Zero-range dynamics

Property (M2) states that in the time scale Nt at almost every time
there is one site occupied by at least N — £y particles. Property (M1) de-
scribes the evolution in the time scale N®*! of the condensate. It evolves
asymptotically as a Markov process on S which jumps from z to y at a rate
proportional to the capacity between = and y for the underlying random walk
X (t). Property (1.6) guarantees that the process starting in a metastable set

% thermalizes therein before reaching another metastable set.

In the case where S is the one-dimensional torus with L sites, S = T,
and X (t) the nearest-neighbor, symmetric random walk, R(z,z + 1) = 1,
R(z,y) = 01if |y — x| > 1, the jump probabilities of the condensate are neither
nearest-neighbor nor uniform as one would first guess. By Theorem 6.1, the
rate at which the condensate jumps from z to y is proportional do the capacity
between x and y, which decreases as the inverse of the distance between x and

Y.

2 Condensation

The main result of this section, Proposition 6.2 below, states that conden-
sation occurs in the stationary state, i.e., that all particles, but a negligible
fraction of them, sit on the same site.

Since the stationary measure ppy is invariant by permutation of the site
and since several arguments in this section are inductive in L, we denote in
this section Eg y and Zg ny by Er n and Zp v, respectively.

Proposition 6.2. For every a > 1,
lim /J,N(AN) =0.
N —o00

This result follows from Lemma 6.4 which presents a uniform bound for
the stationary measure of the set Ay. Let a(0) = 1, a(n) = n® for n > 1 so
that a(n) = g!(n), and let

a(n) = H a(ng) .
zeS

Before providing an estimate on the stationary measure of Ay, we show that
the sequence N“Zp, v is bounded below by a strictly positive constant and is
bounded above by a finite constant.

Lemma 6.3. For each L > 2, there exists a constant Ay, > 0, which only
depends on o and L, such that

1 < N*Zpny < Ap.
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2 Condensation 121

Proof. Choose = in S and denote by ¢ the configuration in Ep n such that
&(z) = N, &(y) = 0 for y # x. By definition, Z; y > 1/a(§) = 1/N®, which
proves the lower bound.

We proceed by induction to prove the upper bound. The estimate clearly
holds for L = 2. Assume that it is in force for 2 < L < M. The identity

N—-1 .

1 (N*])O‘ZMN_j

N Zyqpin = NO‘{* + - - }
o Ne 2 a(fa(N )

permits to extend it to L=M +1. O

Next lemma shows that the measure py, n is concentrated on configura-
tions in which all particles but a finite number accumulate at one site. Let
Ap n(0), £ > 1, be the subset of of all configurations with at most N — ¢
particles per site:

AL,N(é) = {T]EEL7NZ’I7ISN—€,VJ?ES}. (21)

Lemma 6.4. There exists a constant Cp, > 0, which only depends on a and
L, such that for every integer £ > 0,

sup pr,n(Ar,n(f)) < a1
N>

Proof. In view of the previous lemma, it is enough to show that
1 CL
sup {N“ —} < = 2.2
N>¢ Z a(n) gt 22)
n€AL, n(£)

We proceed by induction on L. For L = 2 the statement is easily checked.
Now, suppose the claim holds for 2 < L. < M. Fix some point z in Sp;41. The
expression inside braces in the left hand side of (2.2) can be written as

Z Ne (N —n,)" .

nEArr11.n(0) a(nm)(l(N - 77:1:) Hy;éx a(ny)
This sum is equal to

Ne (N —i)a
>+ X }a(i)a(N—i) > @ 0 @Y

OSZSZ/Q [/2<Z§N*Z §€AM,N—1(271)

where the second sum is equal to zero if {i : £/2 < i < N—/{} is empty. Observe
that the configurations in Ay y—_;(¢—17) are such that n, < (N —i)—({—1i) =
N — ¢, as required. We examine the two terms of this expression separately.
By the induction assumption, the first sum is bounded above by
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/2 Ne CM
2 a(i)a(N —i) (€ —di)—T "

By the previous lemma, this sum is less than or equal to

2ach€/ZQ N« < 2aichNaZ21N < 2afchA2 )
T Zeaa(N—i) = fa1 S T

On the other hand, by Lemma 6.3 and by the induction assumption for L = 2,
the second term in (2.3) is less than or equal to

N—¢ No
Z W(N - i>aZM,N7i < Ay Gy (2/€)a—1 ’
i=(£/2)+1

This concludes the proof of the lemma. 0O

For N >2,0<{¢{ <N,z €S, denote by E% (¢) the set of configurations
in Er n with at least N — /£ particles at site x:

ENU) = {neErn:n.>N—1(}.

If ¢ < N/2, the sets {E€%(£) : ¢ € S} are pairwise disjoint and

Ern\ U ENW) = Apn(l+1).

zeS
By symmetry, pr, n(EF(¢)) does not depend on z so that for N > 2¢,
1 = Lprn(ENW)) + prn(Arn(+1)) .

Hence, by Lemmas 6.4 and 6.3,

1 N*Z

sup ’Na E ) - LL,N < gff1 ) (2.4)
a

N>2¢ ) n

for some finite constant C' which depends only on a and L, and which may
change from line to line.
Let
Zr(a) == LI(a)*71. (2.5)

Lemma 6.5. For every L > 2,

lim N¢ ZL,N = ZL(a) .

N—oc0
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2 Condensation 123

Proof. Fix a site z in S. By (2.4),

NeZ 1
lim — 25N — Jim lim N® Z _
N—o0 £—o00 N—o0 a(n)
neER (€)

The previous sum is equal to

As N 1 oo and £ 1 oo, this expression converges to

1 1 1 Bt L-1
2 2 @ - Z@Z(Z@) = Ie)™.

j>0€€EL_1 £eNL—1 j=0
This concludes the proof of the lemma. 0O

We conclude this section with an observation which shall not be used in the
sequel. We proved in Lemma 6.4 that with a probability close to 1 all particles
but a finite number accumulate at one site. Lemma 6.6 below states that given
that almost all particles occupy the same site x, in the remaining sites the
particles are distributed according to the critical grand canonical measure.
Note, by the way, that the critical grand canonical measure v, = D~ satisfies

1 1
vp-{n:my =k} = m@'
Lemma 6.6. For every x € S and sequence {n satisfying conditions (1.3),
lim sup uN(nz:CZ,Z7éx|8fv)7HL 1 — 0,
N=o0 cegz, e ACORC(S)

where G% := {¢ € NSMeb . 5™ ¢ < iy}

Proof. Fix x € S and ¢ € §5,. Since the canonical measure p is concentrated
on configurations with N particles,
1
pn(1n: =Ch 2 # EX :ﬁMan:CZaz#x :
( ) = e )
By symmetry, un(E%) = un(EX), ¥y # @, so that Lun (%) =1 — un(An).
On the other hand,

1 1
#N(nzzczvz#x) = ZLNCL(N—CDJ‘;IIG(CZ) ’

where || =, ¢y Hence, the difference inside the absolute values in the
statement of the lemma is equal to
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1 L 1
g G(Cz){ZL,N a(N=[¢)[1 - pn(AN)] F(Q)L’l}

Since a(-) is bounded below by 1, the result follows from Lemmas 6.4 and 6.5.
O

3 Proof of Theorem 6.1

The main step in the proof of Theorem 6.1 consists in computing the asymp-
totic value of the capacities between Ugye €% and Uye €Y, for a non-empty
proper subset A of S.

For disjoint subsets A, B of Egny denote by capy(A,B) the capacity
between A and B. Denote, furthermore, by Cn(A,B) the set of functions
F: Fgny — R which are equal to 1 on A and which vanish on B:

CN(A,B) == {F:F(n)=1VneAand F(§) =0V e B}.

Let Dy be the Dirichlet form associated to the generator L acting on the
space of configurations Eg n. An elementary computation shows that

D(F) = 5 3 S unln) glne) Rw,y) (F(0™n) ~ Fn))”
z,yeSNELs N
TH#Y !

for every F': Es n — R. By the Dirichlet principle,
capy(A,B) = inf{DN(F) :FGCN(A,B)} . (3.1)

Theorem 6.7. Assume that L > 2. Fiz a nonempty, proper subset S' C S
and let S? = S\ S, EN(S') = Uzes/ €%, S' = S, S2. Then,

1
Nli_lznDO N1+acapN(8N(Sl)78N(52)> = T L. Z capg(z,y) .
zeSt yes?

To prove Theorem 6.7, we derive in the enxt two sections a lower and an
upper bound for the capacity. In the first part, we need to obtain a lower
bound for the Dirichlet form of functions in Cx (€ x5 (S'), En(S?)). To our ad-
vantage, since it is a lower bound, we may neglect some bonds in the Dirichlet
form we believe to be irrelevant. On the other hand, and this is the main dif-
ficulty, the estimate must be uniform over Cn(En(S1), En(5?)). As we shall
see below, the proof of a sharp lower bound gives a clear indication of the
qualitative behavior of the optimal function for the variational problem (3.1).
With this information, we may propose a candidate for the upper bound.
Here, in contrast with the first part, we have to estimate the Dirichlet form
of a specific function, our elected candidate, but we need to estimate all the
Dirichlet form and we can not neglect any bond.
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3 Proof of Theorem 6.1 125

Remark 6.8. By xxx, the equilibrium potential
FS1752(77) = Pn |:H8N(Sl) < HEN(S2)

solves the variational problem (3.1) for the capacity. The candidate proposed
in the proof of the upper bound provides, therefore, an approximation, in the
Dirichlet sense, of the function equilibrium potential Fg1 g2.

We now turn to the proof of Theorem 6.1. In the case where L = 2 this
result has been proved in Chapter xxx. We may therefore assume that L >
3. In Chapter xxx, we reduced the proof of the metastability of reversible
processes to the verification of three conditions, denoted by (HO), (H1) and
(H2).

Condition (H2) follows immediately from Proposition 6.2 since un(E%) —
1/L for every x € S:

lim 7MN(AN)

=0, Vzxes. H2
N—oo iy (E) (H2)

We turn to the proof of condition (H1). For each = € S, let £% € Eg N
be the configuration with N particles at x. Fix a configuration 7 in €%;. Since
Zy;éw ny < £n, by the explicit form of yx and Lemma 6.3,

1 Co
Co ] ) 2 AED (3.2)
yesS\{z} Y N

v

o (n)

Here and below, Cj stands for a constant which does not depend on NV > 1
and whose value may change from line to line. To estimate the capacity,
capy (1, €%), consider a path nU), 0 < j < p, from (@ = 5 to P = €%
obtained by moving to x, one by one, each particle. Since there are at most
£y particles to move, we can take a path such that p < L{y. Let F' be an
arbitrary function in Cy({n}, {¢%}). By Cauchy-Schwarz inequality and the
explicit expression of the Dirichlet form, since g(k) > 1, k > 1,

1 = { Z[F(nuﬂ)),p(n(j) N }2 < CyDy(F) Zm

Therefore, by (3.2),
Co
capy (1:€N) 2 oy -
Cy
The extra factor £ comes from the length of the path. Condition (H1) follows
now from this estimate, Theorem 6.7 and condition (1.5):

lim supwzo, Ve esS. (H1)

N=oo peex capy(n,E5)
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Condition (HO) follows from Theorem 6.7. Denote by Re,, (+,+) the jump
rates of the trace process {n°~(¢) : t > 0}. For z # y in S, let

> un() Reyy (n,6) -
neey
ceey,

N 1
TN ( Nag'?v) = m

By Lemma xxx,

1 1 r oz o
,UN(S?V)TN(E?V)((:JN) = i{capN(ENv 8N) + CaPN(S?V, 3?\;)

— capy (Ex({z.y}), En(S\ {z,y}1) }
Therefore, by Theorem 6.7, since puy(€%) converges to L= for all x in S,

L
lim N1 ( N, EX) = 763@5(96’3/)

Jim T, Ve,ye S, x#y. (Ho)

This concludes the proof of Theorem 6.1 in view of Theorem xxx.

4 A lower bound for capy(En(S?), En(S?))

We prove in this section a lower bound for the capacity appearinf in Theorem
6.7. For £ > 3 and z, y in S, = # y, consider the tube Ly? defined by

Ly = {neByim+n2N-t}.

Clearly, LY = L%" for any z,y € S. We claim that for each z € S and every
N sufficiently large

L3VNLy® c &Y yze S\ {z}.

Indeed, let n € LY N LY". Clearly, n. < ¢ because 7 belongs to LY. Hence,
ne > N —20 as n belongs to L;". Since £y — oo, this shows that 7, > N —{y,
for N large enough and we conclude that n € €%;. Moreover, it follows from
this argument that, for N sufficiently large,

LYWNLY #2 ifandonly if {z,y}N{z,w}#o. (4.1)

Proposition 6.9. Fiz a nonempty subset S* C S and let S* = S\ S'. Then,

o o 1
1}\1521;10le+ capy (En(SY), En(S?)) > Tl ESIZ:ESfapS(x,y).
vesty
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4 A lower bound for capy (En(S*), En(S?)) 127

Proof. Fix a function F in Cx(En(S1), En(S?)). By definition,

D(F) = 3 30 3 i) (e w) g(n:) {F o™ ) — F(n)?

z,weESNEEN

We may bound from below the Dirichlet form Dy (F) by

LYY Y S i) glne) (Fo7 ) — F))?

z€St yeS? z,weS neLyY

In this inequality, we are neglecting several terms corresponding to configu-
rations 1 which do not belong to Uzest yes2 LY. On the other hand, some
configurations are counted more than once because the sets {L3Y : x € S Lye

52} are not disjoints. However, by (4.1), if LY and L;’j\;’y/ are different strips

and 7 belongs to LY N Lf\;’y/ then, without loss of generality, z = z’ and
y # y'. In consequence, 1, > N — 2¢. In particular, for N large enough, n and
o*¥n belong to €% for all z,w € S, so that F(c*¥n) = F(n) because F is
constant on £%;.

The proof of the lower bound has two steps. We first use the underlying
random walk to estimate the Dirichlet form Dy (F) by the capacity of the
random walk multiplied by the Dirichlet form of a zero range process on
two sites. Then, we bound by explicit computations the remaining two sites
Dirichlet form.

Fix 2 € S*, y € S2. Denote by 0, € S, the configuration with a unique
particle at x, summation of configurations is performed componentwise. The
change of variables £ = 1 — 0, shows that

LYY avm) etz g {F (o) - FG)Y?
2

z,weS nGL”IL;;y

1 1 ,
T 27y > X @T<z’w){F(§+aw)—F(§+az)} .

z,w€S EEEN_1
E+o. €LY

This sum is clearly bounded below by

1 1
— — F W) —F N2
7 2 X a@ "W FE+20) — Fg +2.)}
z,weS E€EN_1
Sat&y=2N—L

Fix a configuration § in Ex_ such that F'({ +0,) # F(§ +9,) and consider
the function f : S — R given by f(v) = {F({ +0,) — F(§+0,)}/{F({+
9,) — F(€ 4+ 0,)}. Note that f(x) = 1, f(y) = 0. Moreover, if we recall the
expression (1.1) of the Dirichlet form of the underlying random walk,

LS s P - Pl

zZ,weS

= LDs(f){F(€+0:) — F(E+0,)}* .
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128 6 Condensation in Zero-range dynamics

Since f(z) =1, f(y) = 0, the previous expression is bounded below by

Leapg(w,y) {F(E+0.) — F(E+,)} .

Up to this point we proved that the Dirichlet form of F' is bounded below
by

L 1
7o > capg(zy) Y @{F(f—i—ax)—F(f—i—Dy)}Q :
z€Sl,yes? EEEN_1
EatEy=N—L

Note that the second sum is very close to the Dirichlet form of a zero-range
process on two sites.

Fix z € S, y € 52 and let S, := S\ {z,y}. For each k > 0. Recall that
we denote by Es,_ x the set of configurations given by

Es, 5 = {geNSw: 3 (v:k}.

VESyzy

For ¢ in Es,, x, let G¢ : {0,...,N —k — 1} — R be defined as G¢(i) = F(),
where { € Ey_; is the configuration given by &, = (v, v € Syy, & = @ and
&y = N — k — 1. With this notation, for z € Sty € S? fixed, we may rewrite
the second sum in the previous formula as

- — ! i —Ge(i)}?
ZN;;)CEJ%M aQ & a@a(N-1—F—q el =Gy

Note that G¢ is equal to 0 on the set {0,...,¢x — k}, and equal to 1 on the
set {N—{y,...,N—k}. We may therefore restrict the sum over ¢ to a subset.
It is easy to derive a lower bound for

N*ZNfl

2 v —11 — ) (Gl 1) = G}

i={n—k

The function G which minimizes this expression is given by G(N — {x) = 1,

1

G(i+1) = Gl) = 7—a@)a(N-1—k—i), Iy—k<i<N—fy—1,
N

where Ky is a normalizing constant to ensure the boundary condition G (¢ —
k) = 0. The respective lower bound is

N—4n—1

En(z,y) ::{ 3 a(i)a(N—l—k—i)}il.

i=ln—k

This expression depends on the configuration ¢ only through its number of
particles. Moreover, for every fixed k, N'T2*Zy(z,y) converges to I, ! as
N 71 o0.
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5 An upper bound for capy (Enx(S'), En(S?)) 129

In conclusion,

Nt ' Dy(F) > L Z capg(z,y) NG—HZ Z L

zeSt yes? k=0C€Es,, kK (c)

By Lemma 6.5 and by the asymptotic behavior of En(z,y), as N 1 oo, the
right hand side converges to

L 1
Tz 2 @ps@y) Z 2. WO
a “LA) pest yese k=0CEEs,, .«

Recall that £ is a free parameter introduced in the definition of the strip L.
Thus, letting ¢ T co, by the definition (1.4) of I'(«), the second sum in the
last expression converges to

1 _
> > .- U Z I(a)"*.
k>0 CEEs,, k €8,y 120 ¢

By (2.5), Zp(a) = LI'(a)*~!, which concludes the proof of the proposition.
O

5 An upper bound for capy(En(S?), En(S?))

We prove in this section an upper bound for the capacity between € 5(A) and
En(A°) for a proper, non-empty subset A of S.

Proposition 6.10. Fiz a nonempty subset S* C S and let S?> = S\ S*. Then,

1

limsup N' T ! ) < :

im sup capy (En(SY), En(S?)) < (o). 6551 GSQCaps(x,y)
x sY

In view of the variational formula for the capacity, to obtain an upper
bound for cap (En(ST), En(S?)), we need to choose a suitable function be-
longing to Cn(En(S1), En(S?)) and to compute its Dirichlet form. Recalling
the proof of the lower bound, we expect this candidate to depend on the func-
tion which solves the variational problem for the capacity of the underlying
random walk and on the optimal function for the zero range process on two
sites.

To introduce the candidate, fix z € S', y € S? and recall the definition of
the tube LY. In view of the proof of the lower bound, the optimal function
F e Cn(En(SY),En(5?)) on the tube LYY should satisfy

FE+04,) = F(E+0:) = {fiy(w) = iy (2)H{EF(E +02) = F(E+0y)}
= {by (W) — By ()} {G (& +1) = G(&)}
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130 6 Condensation in Zero-range dynamics

where fy y is the function which solves the variational problem (1.2) in C(z,y)
for the capacity of the underlying random walk, and G is the optimal function
for the two-sites zero-range process, which already appeared in the proof of
the lower bound.

Since, on the tube L3, > osey & < €y and G is a smooth function, by
paying a small cost we may replace &, in the previous formula by .+ 4 €.
for any suitable set A C S\ {x,y}. Therefore, on the strip L}¥ a reasonable
candidate to solve the optimal problem for the capacity is

L—-1
me(&) = Z{fxy(zj) - fxy(ZjJrl)} G<£z1 +F gz]) )
j=1

where © = z1,22,...,2;, = y is an enumeration of S such that fy,(z;) >
fuy(2zj41) for 1 < j < L. A calculation shows that this function has the
properties listed in the previous paragraph.

Since the tubes LY, z € S1 y € S2, are essentially disjoints, the candidate
F should be equal to Fzy on each tube LYY and equal to some appropriate
convex combination of these functions on the complement.

We hope that this informal exposition will help the reader to understand
the definition of the candidate we now present. We first define an approxima-
tion of the optimal function for the Dirichlet problem in a two sites zero-range
process.

Fix 0 < e < 1/8. Let H : [0,1] — [0, 1] be the smooth function given by

1 #(t)
H(t) := i /0 u*(1 —u)*du,

where I, is the constant defined in (1.4) and ¢ : [0,1] — [0,1] is a smooth
bijective function such that

o) + d(1 —t) =1 for every t € [0,1] and ¢(s) = 0 Vs € [0, 4e].
It can be easily checked that
Ht)+H1—t)=1, Vtelo,1], (5.1)

Hlj0,4q =0 and H|;;_4c,1) = 1. The function H is a smooth approximation of
the function G which appeared in the proof of the lower bound.

At the end of the proof of the upper bound, we also need ¢(t) to satisfy
the following bounds:

sup{¢'(v) :ue0,1]} < 1+ /e. (5.2)

It follows from this assumption, the fact that ¢(¢) = 0 and the mean value
theorem that
¢ (u)

sup{r:ue[Qe,l]}Sl—F\/E. (5.3)
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5 An upper bound for capy (Enx(S'), En(S?)) 131

Assumption (5.2) can easily be accomplished since (1 + 1/€) times the length
of the interval [4e, 1 — 4e] is strictly greater than 1 for € small enough.
The function H is an approximation of the optimal function for the Dirich-
let problem of a zero-range process on two sites. To obain from H a solution
of the Dirichlet problem for the zero-range process in many sites, we need
to incorporate to H the geometry in S created by the random walk. This is
achieved below with the help of the optimal functions fy, of the Dirichlet
problem associated to the random walk. fuy
For each pair x # y € S, consider the function fxy : S — [0,1] in C(z,y)
such that

Ds(fxy) = capg(z,y) .

By xxx, fxy (2) is equal to the probability that the random walk with generator
Ls reaches = before y when it starts from z: fyy (2) = P,[H, < H,]. Fix an
enumeration

T =21, Z2, --., ZL =Y (5.4)

of S satisfying fxy(2;) > fuy(zj41) for 1 < j < L — 1. This enumeration
depends on the pair (z,y). To stress this dependence we sometimes denote z;
by 257%. Since fyy (2) = P,[H, < H,] = 1-P.[H, < H,| = 1—fyx(2), once the

enumeration x = 2y, ..., 27"¥ = y has been fixed, we may set 2/ = 27"/, ;
to obtain an enumeration for the pair (y,z), y = 2", ..., 2}" = x, satisfying
fyx(2;) > fyx(zj41) for 1 < j <L —1.

Let D C R be the compact subset

D = {ueRf_:Zule}.

zeS

For  #y € S and 6 > 0, let £5, L% be the closed subsets of D defined by £

L3V = {ueD:ug+uy,>1-6}, L = U[ng.
yF#

Note that £3¥ = L. Define F, : D — [0, 1] as the smooth function

L—1 j
Fuy(u) i= Y {fy(25) = iy () H( D e, ) -
j=1 i=1
Actually, we will only be interested in the value of Fj, in the band £57. The
identities (5.1), fxy(2) = 1 — fyx(2), and 2} = 27"/, ; yield that
Fioy(u) + Fyzp(u) = 1 forall u e D. (5.5)
On the other hand, since H vanishes on [0, 4¢] and is identical to 1 on [1—4e, 1],

Foy(u) =1 if uy > (1 —4e) and Fyy(u) = 0 if u, < 26, u € L37. F,
Define F, : £3. — [0,1] by
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132 6 Condensation in Zero-range dynamics
Fy(u) := Fyy(u) ifuel?. (5.6)

The function F, is well defined: if u belongs to £57 NL3Z, u, < 2¢ as u € L7
Hence, u, > 1 — 4e so that Fy,(u) = F;,(u) = 1. Moreover, since F, = Fy,,
on £5Y, and since Fyy(u) = 1 if u, > (1 — 4e),

Fo(u) =1 ifu,>1-—2e. (5.7)

On the other hand, we have seen that F,(u) = 0 if u, < 2¢, u € £357. We
may therefore extend F, to the set B, (2¢) = {u € D : u, < 2¢} setting

F.(u) = 0 ifu, <2e. (5.8)

Up to this point we have defined F, on the compact space £3. U B, (2¢).
Since F, is Lipschitz continuous on £3. U B,(2¢), we may extend F, to D
keeping this property: There exists a finite constant C, such that for all wu,
veD

|Fp(u) — Fp(v)] < Colu—v]. (5.9)

We are finally in a position to define the approximation of the solution

of the Dirichlet problem. Fix a nonempty proper subset S! C S and let
S? = 8\ S'. We define the function Fg1 : D — R as

Fsi(u) = Z F.(u) .

zeS?t

Herafter, Fis1(n), Fi(n) and Fy,,(n) stand for Fg1(n/N), F,(n/N) and Fy,(n/N),
respectively.
Let
DY = {n€eEnx:n,>N-3ly}, z€S5,

so that €% C D%. It follows from (5.7), (5.8) that if n € D%, for some = € S
then
Fo(n) = 1{z € 8} = Fa(o™) (5.10)

for every z,w € S and every N large enough. In particular,

Fgi € CN( U p%. U DJ?(,).

zeST y€eS?

Now that we have a candidate, we need to estimate its Dirichlet form. This
is done in two steps. We first estimate the pieces outside the tubes £¥¥, which
should not contribute to the total Dirichlet form, and then the pieces in the
tubes which are the important ones. For each subset A C Ex and function
F:Ey— R, let

NEA) = 23 S gz w){Flo™n) — Fn)}*

neA z,weSs
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5 An upper bound for capy (Enx(S'), En(S?)) 133

For z #y € S, let I3} be a miscroscopic approximation of the band £¥V:
IW = {ne€Ex:n,+n,>N—Iyn}.
Clearly, 33/ = %, z, y € S and, for every N large enough, n/N € LV if
n e j}LVy Let I, == UygS\{x}jﬁ!-

Lemma 6.11. There exists a finite constant C¢, independent of N, such that
for every N > 1 large enough,

z CC
Dn(Fs1; En \ UzesnTy) < Nt
Proof. By Cauchy-Schwarz inequality,
Dn(Fs1; En \ Uzes19%) < [S'] Y Dn(Fai En \ UsesiT3)
zeS?t

<|S' ) Dn(Fus En\ %) -
reSt

It remains to estimate

LYY mnmgln ) ) { B ) - Ean))

n€EEN\I% z,wES

for each z € S*.

By properties (5.7) and (5.8), we can restrict the previous sum to config-
urations n € En \ J% satisfying eN < n, < (1 —¢)N. Hence, by (5.9), the last
expression is bounded above by

(1—e)N
C. C. 1 1
N 2 MmO SzEe Y a2 g
n€EEN\I% i=eN EEES\ (2}, N—i
eN<n,<(1—€e)N §y<SN—i—LN

In this formula and below, C. is a finite constant whose value may change
from line to line, but which never depends on N.
By definition (2.1) of Ar n(¥), this expression can be written as

o, ULy 1 _ 1
Zy N2 2 a(i)a(N—z’){(N_Z) 2 @}

i=eN CEAS\ {2}, N—i(fN)

By Lemmas 6.4 and 6.5, this sum is bounded above by

C. “iN 1
Zy N205 = a(i)a(N 1)

To conclude the proof it remains to recall Lemma 6.5. 0O
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134 6 Condensation in Zero-range dynamics
Since £ T 0o, by Lemma 6.11,

lim N Dy (Fs1; Ex \ Uses19%) = 0. (5.11)

N—00

It remains to estimate Dy (Fs1;U,c51J%). The contribution to the total
Dirichlet form of the tubes J3Y, from a site z € S to another site y € S?,
vanishes because Fg1 is equal to 1 on these strips: for any NV large enough,

Fsi(0"¥n) = 1 = Fsi(n) forallne U J¥ and z,w € S.
z,yeSt

Indeed, for z # y in S, by (5.8), (5.6), for n/N € L£5?,

Fsl(ﬂ) = FLy(n) + wa(n),
and by (5.5) this last sum is equal to 1. Therefore, by definition of J%,
DN(Fsl; U Jf\,) - DN(Fsl; U vay) = 33 Du(Feu:0%).
zeSt zeSt zeS! yes?

yeSs?

The last identity follows from (5.10) and the relation

IV NI C U D% for all 1,25 € S* and y;,2 € S* .
z€eS

Therefore, by (5.6) and (5.8) we finally conclude that
Dy (Fsl; U :va) = 3 3 Du(Fy 7). (5.12)
z€St reSt yeS2

Lemma 6.12. For any x,y € S, x # v,

(1+ et

limsup NN Dy (Fp,; I%) < ~—Y 1 capo(z,y) .
N_mop N(Foy; IY) < I.T(a) ps(z,y)
Proof. Fix x, y in S, x # y. Let © = 21, 29,...,21 = y be the enumeration

established in the definition of F,, so that fxy (2,) > fxy (2n41), 1 <n < L—1.
Fix two different sites z; # z; in S with 1 <7 < j < L. By definition of Fj,

j—1

ny(o'Zizjn) _Fwy(n) = Z [fxy(zn) - fxy(zn+1)] {H(mn - N_l) - H(mn)} )

n=t

where m, = N~='>°" _ 1., . The definition of m, will be affected by the
change of variables performed during the proof. These modifications will be
pointed out. Thus, by the Cauchy-Schwarz inequality, the sum
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5 An upper bound for capy (Enx(S'), En(S?)) 135

Z MN z’HZ] {Fwy = ZJ77) Fwy(n)}2 (513)
neIy

is bounded above by {fiy (i) — fxy(2;)} times

7j—1

Z(fxy(zn) Xy Zn+1 Z NN (Z’sz {H mn N_l)_H(mn)}

n=1i qej”‘

2

Performing the change of variables £ = n — 9,,, the second sum above is less
than

1 1
r(2i, 25) = Z —{H(mn—i-N_l)—H(mn)}z»
Zn L, al8)
N
where AY = {{ € Esn-1 : & + & > N — 20y} and now m, =
N-Ly o &.... So far, we have shown that (5.13) is bounded above by
r(2i21) 2y {fxy (21) — fxy (7))} times

j—1

Z (fxy(Zn) — fxy(Zn+1)) Z %{H(mn + Nﬁl) — H(mn)}2 .

n=t fEAny
Fix some i < n < j. The second sum in the above expression may be re-written
as

20N (1-2¢)N 1 )

1 N
2 2 g 2 e gy N~ HemE

m=0 (€Es,,.m k=2eN

(5.14)
where m,, is now N~'(k + Y ;_,(.,). The sum in k is carried over the set
{2eN,...,(1 —2¢)N} because H is constant in the intervals [0, 4€], [1 — 4e, 1]
an there are at most 20y (-particles. Let ¢ = ¢(N 1 (k + >, (5,)). With
this notation, we may bound the last expression by N ~2%I;2 times

2N A=29N 4, ., st (1 — u)®
/ “(1—u) du/ = e du .
S o ()1 )«

> ¥y L'y

m=0 CGEsxy m k=2eN

k

The last integral is bounded above by

¢?+1(1 B ¢k)a
(5 e

Since Yy (., = m < 20y and ¢ = G(N~H(k + m)), in view of (5.3),
i1 < (14++/€) [N Hk+14+m)—€ < (1++/€) (k/N) for N large enough. On
the other hand, since 1—¢(t) = ¢(1—t), by (5.3) 1—¢, = 1—d(N "1 (k+m)) =

$(1=N"Hk+m)) < (1+/e) [1-N"Hk+m)—e] < (1+/€) [1-N"1(k+m)].
By (5.2), ¢x+1 — ¢r < (14 /e)N~L. In conclusion, the previous displayed

{br4+1 — o}
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136 6 Condensation in Zero-range dynamics

formula is bounded above by (1 + 1/€)?**!N~1 and (5.14) is less than or
equal to.

1 6201-‘,—1 2N 1 1 2a+1 1
(1+Ve) Z Z < (1+Ve) Z Z B

2a+1 - 20+1
I.N ¢) I,N = CEESW —a(Q)

(1+Ve)*** ()™
IaN2a+1

m=0 CEESzy m

Up to this point we have shown that (5.13) is bounded above by

Qa L—2 € 2a+1
’I”(Zi,Zj){fxy(Zi) - fxy(Zj)}Q(F( )ZN I{S;QLCE - ) :

The same upper bound for (5.13) holds for j < 4. To conclude the proof of
the lemma, it remains to sum over ¢, j and to recall the statement of Lemma
6.5 and the definition of fyy,. O

Proof (of Proposition 6.10). Fix a nonempty subset S! C S and let S? =
S\ S!. By xxx, the capacity is monotone in each variable. Therefore, since
EN(S?) C Uzegi D%, and since Fgi belongs to C(Ues1 D%y, Uyes2 DY),

capy (En(SY), En(S?)) < capN( U & U Dyv) < Dy(Fg1) .
zeSt yeSs?
It follows from (5.11), (5.12) and Lemma 6.12 that

. o 1
limsup N Heapy (En(S1), En(S?)) < ) eSZGSZcaps(:v,y),
€Sty

as claimed. 0O

6 Comments and References

2
Condensation has been observed and investigated in shaken granular sys-
tems, growing and rewiring networks, traffic flows and wealth condensation in
macroeconomics. We refer to the recent review by Evans and Hanney 7.
Several aspects of the condensation phenomenon for zero range dynamics
have been examined. Let the condensate be the site with the maximal occu-
pancy. Precise estimates on the number of particles at the condensated, as well
as its fluctuations, have been obtained in ?7?7?. The equivalence of ensembles
has been proved by Groflkinsky, Schiitz and Spohn ?. Ferrari, Landim and
Sisko ? proved that if the number of sites is kept fixed, as the total number
of particles N 1 oo, the distribution of particles outside the condensated con-
verges to the grand canonical distribution with critical density. Armendariz
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6 Comments and References 137

and Loulakis 7 generalized this result showing that if the number of sites L
grows with the number of particles N in such a way that the density N/L
converges to a value greater than the critical density, the distribution of the
particles outside the condensate converges to the grand canonical distribution
with critical density.

This article leaves two interesting open questions. The techniques used here
rely strongly on the reversibility of the process. It is quite natural to examine
the same problem for asymmetric zero range processes where new techniques
are required. On the other hand, the number of sites is kept fixed. It is quite
tempting to let the number of sites grow with the number of particles. In this
case, in the nearest neighbor, symmetric model, for instance, the condensate
jumps from one site to another at rate proportional to the inverse of the
distance. The rates are therefore not summable and it is not clear if a scaling
limit exists.

Simulations for the evolution of the condensated have been performed by
Godreche and Luck 7. The authors predicted the time scale, obtained here, in
which the condensate evolves and claimed that the time scale should be the
same for non reversible dynamics.

Remark 6.13. In 7, it is shown that, in the case the number of sites increases
with the number of particles, the highest occupied site contains a nonzero
fraction of the particles in the system. This result includes the case 1 < o < 2.
In contrast, when the number of sites is kept fixed, it seems to have been
unnoticed in the literature that the condensation phenomenon appears also
for 1 < a < 2. More precisely, if 1 < {n < N, then

lim py(n. >N—{n) = 1/L, VYzeS.
N—oo

Moreover, given that particles concentrate on x € S, the distribution of the
configuration on S\ {z} is asymptotically given by the grand-canonical mea-
sure determined by m: For any z in S,

Gz
=G 2l > - 0) = T 2
z#xT z z

lim sup
N—oco CGQ}‘\}

where G% = {¢ € NSM=} © 3~ ¢, < fy}. There is just a small difference
between the cases 1 < o < 2 and o > 2. While in the former, the variables
{n. : z € S} do not have finite expectation under the critical grand-canonical
measure, they do have finite expectation in the latter case.
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