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1

Continuous-time Markov Chains

We introduce in this chapter continuous-time Markov chains and present their
main properties. We assume that the reader is familiar with the theory of
discrete-time Markov chains, which can be found, for example, in Chung
[1967], Freedman [1971], or in Norris [1998].

1 Markov Chains

Fix a countable set F endowed with the discrete topology. The elements of E,
called configurations or points, are denoted by the Greek letters 1, £ and (.

Definition 1.1. A set of functions py : E X E — Ry, t > 0, is a transition
probability if for alln,& € E, s,t >0,

(a) po(n, &) = d,.¢, where 6, ¢ represents the delta of Kroenecker;
(b Pt("hf) Z 07 deEPt(U,C) - 1;
(C thrs(nag) :deEpt(naC)ps(Cvg);

(d) For each (n,§) € E x E, the function t — pi(n,&) is right-continuous at
t=0.

)
)
)
)

Property (c) is known as the Chapman-Kolmogorov equations. It follows
from the previous conditions that, for each (n,£) € E x E, the function ¢ —
pt(n, &) is right-continuous at every ¢ > 0. Indeed, by properties (b) and (c),
fort >0,s>0,

Pt+s(777§) - Pt(%f) = Zpe(naC) {pt(Cag) - pt(nag) } .
¢#n

By property (b), the absolute value of this expression is bounded by

2{1 — ps(n,n) },
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4 1 Continuous-time Markov Chains

which, by (d), vanishes as s | 0. In particular, the function ¢ — p(n,§) is
measurable.

A set of functions p; : E x E — R, t > 0, is said to be a substochastic
transition probability if it fulfills all the previous conditions with (b) replaced
by

pt(n,f) 2 07 Zpt(n7<) S 1.

CEE

Let {2 be a nonempty set. Elements off2 are represented by w. Recall that a
filtration on {2 is an increasing sequence of o-algebras of subsets of {2, and that
a probability space is a triple (£2, F,P), where F is a o-algebra of subsets of
2 and P is a probability measure defined on F. In analogy with this definition
we introduce the notion of Markov spaces.

Definition 1.2. A Markov space is a triple (£2,(F; : t > 0),{P,, : n € E}),
where (F; =t > 0) is a filtration on 2 and {P, : n € E} is a family of
probability measures defined on F,, the smallest o-algebra which contains all
sets Fy.

A family (n(t) : t > 0) of E-valued random variables defined on the proba-
bility space ({2, F) is said to be adapted to the filtration F; if for each ¢t > 0
n(t) is Fy-measurable.

Definition 1.3. Let pi(n,€) be a transition probability. A sequence of E-
valued random variables (n(t) : t > 0) defined on a Markov space (§2,(Fs :
t > 0),{P, : n € E}) is a continuous-time Markov chain with transition

probability p.(n, &) if

(a) The family (n(t) : t > 0) is adapted to the filtration Fy;
(b) For alln € E, P,[n(0) =n] =1;

(c
(d) Foralln, E€ E, s,t>0,

For alln € E, the trajectories n(t) are right-continuous, P, -almost surely;

)
)
)
)

Pyln(t+s) =& F] = ps(nt),€) , (1.1)
P,,-almost surely.

We shall abreviated in the sequel continuous-time Markov chain by Markov
chain. Property (c) states that for each n € E, there exists a set A € F, such
that P,[A] = 1 and for each w € A, the function n(-,w) : Ry — E is right-
continuous.

Denote by F/, t > 0, the o-algebra spanned by n(s), 0 < s < t. The
filtration (F;" : ¢ > 0) is called the natural filtration. A collection of E-
valued random variables (n(t) : ¢ > 0) which fulfills (1.1) for some filtration
F: which contains the natural filtration, F; D JF;', and some substochastic
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1 Markov Chains 5

transition probability p; is said to satisfy the Markov property with respect
to the filtration F; and the substochastic transition probability p;.

Markov chains do exist! We construct below a Markov chain from two
parameters: a positive function A : E — (0,00) and a transition matriz p,
which is a function p : F x E — R such that

p(n,€) = 0, Y pn,)=1, n,§ €E. (1.2)

CEE

Consider a probability space (£2, F,P) on which is defined a discrete-time
Markov chain Y = (Y, : n > 0) with transition matrix p(n, £) given by (1.2).
Assume that

(a) Y, is a recurrent chain;

(b)P[Yy =n] > 0 for all n € E;

(c) A sequence (e, : n > 0) of i.i.d. mean-one, exponential random variables
independent of Y is also defined on ({2, F,P).
Define the probability measure P,,, n € E, on (£2,F) by

Pyl-] = P[-|Yo=1].

Expectation with respect to P, P, is denoted by E, E,, respectively.
Fix ( € E. We associate to every sample path of Y the sequence of random
times (7, : n > 0) given by

Jj—1
Ty = e Let So =0, S = Th. (1.3)
k=0

Since Y is recurrent, lim,, o, S, = Zi>0 T; = 00, Pc-almost surely. In partic-
ular, the time-change B

N(t) = min{n >0: iTl >t} (1.4)

is P¢-almost surely finite for every ¢ > 0 and

nt) = Yy

is a right-continuous trajectory with left limits well defined for all ¢ > 0. We
may also express 7(t) in terms of the random times S; and the Markov chain
Y; as

n(t) = Y Y;1{S; <t < S}, (1.5)
>0
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6 1 Continuous-time Markov Chains

where 1{ B} stands for the indicator function of the set B. The right-hand side
is a function of ¢ and of the sequences (Yj : k > 0), (Ty : k > 0), represented
by F: Ry x EN x (0, +00)N — E:

F(t; (e 1k >0);5 (tsk>0)) == > mi1{s; <t <sj}, (1.6)
>0

where 59 = 0, 55 = ZO§i<j t;. Hence, for every £ € E, t > 0,
Peln(t) =€ = Pe[F(t; (Yi: k> 0); (T : k>0)) =¢£] . (1.7)

Note that 7(0) = ¢, Pc.-almost surely. Figure 1.1 illustrates a typical trajectory.

So S1 Sa S3

Fig. 1.1. A trajectory of the continuous-time process 7(t).

Proposition 1.4. Forn, £ € E,t >0, let

pe(n,€) = Pyln(t) = ¢ -

Then, p; is a transition probability and for all s, t >0, n, £ € F,

Pyln(t+s) = | F] = ps(n(t), ) - (1.8)

Moreover, the sequence of random variables (n(t) : t > 0) defined on (£2,(F; :
t > 0),{P, : n € E}) is an E-valued continuous-time Markov chain with
transition probability given by {p; : t > 0}.

Proof. We first prove (1.8). Fix n € E. Since, by definition, n(t) is F}'-
measurable, to prove (1.8) we only have to show that for every event A in
F,
Py[n(t+s) =&, A] = Ey[Pypln(s) = €] 1{A}] .

Since the o-algebra F;' is generated by the variables 7(s), 0 < s < ¢, by
Dynkin’s m — A theorem, it is enough to prove this identity for sets of the form
A={n(s1) =C,...yn(se) = Coum(t) =C} for £ >0,0 <81 < -+ < 80 < L,
C1y...,Ce, ¢ € E. Assuming that A takes this form, we rewrite the left-hand
side of the previous formula as
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1 Markov Chains 7

S Pyn(t+s)=¢, A, 8 <t<S]. (1.9)

J=0

On the set S; <t < S;q1, n(t) = Y;. More generally, on this event, the
set A can be expressed in terms of the variables (Y, ...,Y;, Ty, ..., Tj_1). For
example, the event {n(s;) = (;} can be represented as

J—1

U {{Sk <5 < Sk} Y = Ci}} U {{Sj <sipn{Y; = Ci}} .

k=0

Therefore, the event A can be replaced by a set A’ expressed only in terms of
the variables (Y, ...,Y;, Ty, ..., Tj—1). Moreover, since 1(t) = ¢ on the set A
and n(t) =Y, on the set S; <t < Sj;41,Y; =(on A"

Let Ff’e, j >0, the o-algebra spanned by {Yy,...,Yj,e0,...,¢;_1}. Note
that }“;/’e coincides with the o-algebra spanned by {Yy,...,Y;,To,...,Tj-1}.
In view of the previous paragraph, taking a conditional expectation with re-
spect to Ff’“, we may write the probability appearing in (1.9) as

En |:1{A/, S] < t} Pn[n(t —+ 3) = 57 t < Sj+1 ‘]_-]Y,c] )

Consider the previous conditional probability. Since Sj41 = S; + 1}, we
may rewrite Sj41 > t as T; > t —S; and n(t + s) as F(s;{Yj1p : k >
0};{T; — (t—5;),Tj+k : k > 1}), where the function F has been introduced in
(1.6). The variable S; is measurable with respect to F, jY ¢ and has to be treated
below as a constant. With this notation, the previous conditional probability

becomes

Py [F(s) =&, T; >t—8;| F ™, (1.10)
where we wrote F(s) for F(s;{Yj4r : & > 0};{T; — (t = S;), Tj+x : k > 1}).
Given ]-"jY Y, =Yk, k>0, is a discrete-time Markov chain which starts
from Y; and whose transition matrix p(n, §) is given by (1.2), and ¢}, = ¢4, are

i.i.d. mean one exponential random variables, independent from the sequence
Y). The previous conditional probability is therefore equal to

]P’yj[F(s;{Yk’ k> 05 {T)— (t—S;),Th k> 1}) =&, T} >t—s]} . (1.11)

where T} = ¢, /\(Y}) and S; is treated as a constant and is not integrated.
Note that the probability measure PP, has been replaced by Py, , as the discrete-
time Markov chain Y} starts from Y;. We present at the end of this section,
in (1.13), a detailed derivation of this identity.

By the loss of memory of exponential distributions, for every bounded
function f, mean A\~! exponential random variable ¢, and r > 0,

Blf(e=r)He>r}] = e E[f(e)].
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8 1 Continuous-time Markov Chains

Hence, the probability appearing in the penultimate displayed formula is equal
to
e AYDE=S) Py [F (s {Y) : k> 0} {T} : k > 0}) =¢]
= e~ MY(E=5;) Py, [n(s) = ¢ .

Up to this point, we have shown that (1.9) is equal to

S E, [1{A', S; < t}e MDD Py [(s) = 5]} :

J=20
Since Y; = ( on the set A’, we may replace in the previous expression
Py, [n(s) = &] by P¢[n(s) = ] and drop out this probability from the ex-

pectation. On the other hand, repeating the previous argument based on the
loss of memory of exponential distributions, we obtain that

E,[1{4", S; <t}e DD ] = P [AS; <t < Sjy1] -

Hence, the sum (1.9) is equal to

PC[U(S) :g] ZPU[A/7 Sj <t< Sj+1] .

Jj=0

At this point, we may replace back A’ by A and sum over j to conclude the
proof of (1.8).

We claim that p;(n, ) is a transition probability. Condition (a) of Defini-
tion 1.1 follows from the definition of 7(0) and the one of IP,,, while condition
(b) follows from the fact the sequence S; diverges: for every n € E, t > 0,

dopm€) = D Pylnt) =& = DD Pyn(t) =€, S5 <t < Syl
£€EE (EE EEE j20

On the set {S; < ¢t < Sjy1}, n(t) = Yj and 3 . pPylY; = ¢ = 1. The
previous sum is thus equal to ;P [S; <t < Sj11] = 1. Condition (c) of
Definition 1.1 corresponds to the Markov property (1.8):

Prvs(m,€) = Byln(t+s) =& = D> Pyln(t) = ¢, nt+s) =¢] .

(EE

Taking the conditional expectation with respect to F/, by (1.8), the previous
sum is equal to

D Byn(t) = Pe[n(s) =€ = > pe(n,¢)ps(C,€) -

(eE (EE

Finally, condition (d) of Definition 1.1 can be proven from the non-degeneracy
of the function A. For n, £ € E,
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1 Markov Chains 9

pe(n,€) = Pyln(t) =& = Pyln(t) =&, To > t] + Pyln(t) =&, To < 1]

The first term on the right-hand side is equal to 0, ¢(1 — P, [Ty < t]), while
the second term is bounded by P, [Ty < t]. This shows that the absolute value
of p(n,€) — 8¢ is bounded by P, [Ty < t] = 1 — e~ ™! which vanishes as
t | 0. This proves that p;(n,£) is a transition probability.

It remains to prove that (n(t) : ¢ > 0) is an E-valued continuous-time
Markov chain on (£2,(F/ : t > 0),{P, : n € E}) with transition probability
(pt : t > 0). Conditions (a), (b) and (c) of Definition 1.3 hold by construction,
while conditions (d) has been derived in the first part of the proof. O

Fix a configuration n € E. Denote by 71 the time of the first jump of n(¢):

7 = inf {¢t>0:n(t) #n(0)} . (1.12)

By construction, 7 = S1 = Ty = ¢9/A(Yp). Since, under P,, ¥y = 7 and
¢p is a mean-one exponential random variable, 71 is an exponential random
variable with mean A(n)~!. Hence, the process remains at 7 a random time
exponentially distributed and A(n), introduced in (1.2), represents the param-
eters of the exponential distribution. The parameters A(n), n € E, are called
the holding rates of the Markov chain 7(t).

The variable (71 ) stands for the site visited after the first jump. By con-
struction, n(7T1) = Y;. Since Y,, is a discrete-time Markov chain, P,[n(m) =
& =PyY1 =& = p(n,§). Thus, p(n,&) represents the probability that the
process 7(t) jumps from 7 to £&. The matrices p(7, €), R(n,&) = A(n) p(n, §) are
called, respectively, the jump probabilities and the jump rates of the chain.

Remark 1.5. We only used the assumption that the discrete-time Markov
chain associated to the transition matrix p(n, £) is recurrent to ensure that the
sequence of random times S; defined above (1.4), increases to +oo P,-almost
surely. This assumption could be replaced by the assumption that the holding
rates A(7) are bounded, sup, 5 A(n) < oo.

Remark 1.6. In the above construction, we may assume, without loss of gen-
erality, that the transition matrix p(n, ), introduced in (1.2), vanishes on the
diagonal, p(n,n) = 0. Indeed, assume that this is not the case, p(n,n) > 0 for
some 1 € E. Assume that the discrete-time Markov chain Y,, starts from 7,
Yo = 7. Let M be the time the chain Y;, jumps to E \ {n}:

N = min{n>1:Y, #n},

and let Y] be the first site visited, ¥{ = Yy. The random variable Tj) =
20§j<‘ﬂ T; represents the jump time of 7(t):

) = T; = inf{t >0:n(t) #n},
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10 1 Continuous-time Markov Chains

and Y7 the value of the chain at time T§: Yy = n(T}).

It is clear that P, [Y{ = &] = p(n, £)/[1 — p(n,n)]. We claim that T has an
exponential distribution of parameter A(n)[1—p(n,n)]. To verify this assertion
we compute the Laplace transform of 7. Fix § > 0 and observe that

MN—1 n—1
E, [e‘gTé] = En[exp{—ﬁ Z Tj}} = ZEn[l{‘ﬁ =n} exp{—&ZTj}] .

j=0 n>1 j=0

Denote by G the o-algebra spanned by the Markov chain Y;,. We may rewrite
the previous sum as

> E, {1{91 =n}E, {eXp{—an:lTj} 9 }

n>1 7=0

because 91 is G-measurable. Given G, on the set 91 = n, the random variables
T;, 0 < j < n are iid. mean A(n)~! exponential random variables. The
previous sum is thus equal to

X (245" ] = A

as M is a mean [1 —p(n,n)]~! geometric random variable. Here u = A(n)/[0 +
A(n)]. The previous ratio is equal to

A1 = p(n,n)]
0+ X[ —p(n,n)]’

which is the Laplace transform of an exponential random variable of parameter
A(M[1 — p(n,n)]. Since the Laplace transform characterizes the distribution,
the claim is proved.
This computation indicates that the continuous-time Markov chain {7’ (¢) :
t > 0} constructed from the discrete-time Markov chain Y, , whose transition
matrix p’(n, £) is given by
p(n; )

p'(n,§) = T—pnn) n#¢&, plmn =0,

and holding rates A" : E — Ry by

N(n) = [1=pm,m)]Xn),

has the same distribution as n(¢). This claim can be checked, We leave the
details to the reader. This proves the assertion made at beginning of the
remark because p’(n,n) = 0.
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1 Markov Chains 11

We turn to the identity between (1.10) and (1.11). Recall the notation
introduced in the proof of Proposition 1.4. We claim that for every j > 0 and
r >0,

PW[F(S;{YJ»HC:kzO};{Tj—T,Tj_‘_k:kZl})zﬁ,Tj >7“|.7:;/’e} (113
1.13
= Py, [F(si{Ve k2 05 {Ty — T sk 2 1)) =€, Ty > 7] .

Since the right-hand side is measurable with respect to ]-";/’e, we have just
to show that for every set A in ]-";/’e,

Py | Flsi {Vyn i b2 O3 ATy~ Typp k2 1)) =€, Ty > 7, A]
= B, [1{A} Py, [F(si (Vi kb > 01 {Ty— Ty k= 1}) =€, Ty > 1] |

By Dynkin’s m-A theorem we may assume that the set A is of the form A;NAs,
where A;, As depend only on {Y; : 0 < i < j}, {e¢; : 0 < i < j—1}, respectively.
On the other hand, the set {F(s;{Yj+xr : k > 0}, {7 —r,Tj4s : k > 1}) =
EYN{T; > r} is a function of the variables {(Y;1, ¢;+%) : kK > 0}, denoted by
I

With this notation, the left hand side of the previous displayed equation
becomes

E,[f1{A1}1{42}] . (1.14)
Take the conditional expectation with respect to ]—"JY , the o-algebra spanned
by Yp,...,Y}. Since the sequence ¢;, is independent of the chain Y}, and since

Aj is measurable with respect to .7-'}/ , the previous expectation is equal to

E, LA E, [ £1 7] Bl4e] = E,[1{A} 1{42} B, [£17)] ]

As the sequence ¢y, is independent of the chain Yy, by the Markov property
for the chain Y},

By [ F({Yek s k2 0}, {egea k2 0))| 7]
= Ey, | f({Yi 1k = 0}, {ejin i k2 0})] .
Since the sequence ¢ is independent of the chain Y;, and is identically dis-

tributed, we may replace {¢;4x : £ > 0} by {ex : £ > 0} in this formula. We
have thus proved that (1.14) is equal to

Ey [Ev, [ (¥ ik 2 0}, {2 0h)] 1{A1} 1{42} ]

as claimed.
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12 1 Continuous-time Markov Chains

2 Strong Markov Property

Let E be a countable set. Unless otherwise stated, we consider in this section
an F-valued, continuous-time, right-continuous process (n(t) : ¢ > 0) defined
on a probability space (2, F,P), and adapted to a filtration (F; : t > 0),
where F; C F for all t.

A function T : 2 — [0, 00] is said to be a stopping time with respect to the
filtration Fy if {T" < t} € F; for all ¢ > 0. When it is clear from the context
to which filtration we refer, we simply say that T is a stopping time.

The sets {T < t}, {T =t} belong to F; if T' is a stopping time since

(T<ty = (J{T<t-(/n)} € R, (2.1)

n>1

and {T =t} ={T <t} \ {T < t}.
For a subset A of E, denote by H 4 the hitting time of the set A:

Hy = inf{t >0:n(t) € A},
and by HX the time of the first return to A:

H} = inf{t > :n(t) € A},
where 71 is the time of the first jump, introduced in (1.12).

Lemma 1.7. For every subset A of E, Ha and Hj" are stopping times with
respect to the natural filtration F'.

Proof. Since 7 is right-continuous and E countable, for every t > 0,

{Ha<t} = |J {n(s) €A} U {n(t) e A} € F.
0<s<t
s€Q

By the same reasons,

(H <t} = e A, n@) #nO)} U [{n6s) #n(0)} 0 {n(e) € A}]

0<s<t
seQ
o U [ #n} 0 ) € 4}
0<s<r<t
r,s€Q

The right-hand side clearly belongs to F,'. O

Observe that the denumerability of the set E played an important role in
the proofs above as we used the fact that the trajectories 7(t) are piecewise
constant to the right (for all ¢ > 0 there exists € > 0 such that n(s) = n(t) for
t<s<t+e).
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2 Strong Markov Property 13

Recall from (1.12) that we denote by 71 the time of the first jump. Denote
by (7 : k > 1) the times of the successive jumps:

Thg1 o= inf {t>mnt) #n(m)}, k>1. (2.2)

We claim that the jump times (7; : j > 1) are stopping times with respect
to the natural filtration. We prove this assertion for j = 1 and leave the
general statement to the reader. For every t > 0,

{rn <t} = ) #nO}) u | {ns) #n(0)} € 7. (2.3)
0<s<t
seQ

For a stopping time 7" with respect to a filtration F;, denote by Fr the
subset of events A in F such that

AN{T <t} € Fforalt>0.

The set Fr is a o-algebra which represents the events which occured before
T.If S and T are two stopping times with respect to the same filtration and
S < T, it is not difficult to show that

Fs C Fr. (2~4)

When the filtration F; is the natural filtration of a Markov chain 7(t), we
represent the o-algebra Fr by F.

Lemma 1.8. Let S, T be two stopping times with respect to the natural filtra-
tion F; of a right-continuous process n(t). The sets {S < T}, {S < T} and
the random variable n(T) are F;. measurable.

Proof. We prove the measurability of the set {S < T'} and leave the other
case to the reader. It is enough to show that {T" < S} belongs to Fi.. Since
n(t) is right-continuous, for each t > 0,

(T<Syn{T<t} = {T=t}n{S>t}]u [J {T<s<5}.

0<s<t
seQ

This set belongs to F;' in view of (2.1).
To prove the last assertion of the lemma, we need to show that {n(T") = n}
belongs to F7. for every n € E. Fix n € E and note that
[2"1]—1
r<ty=J N U k/2r<T<(k+1)/2"},

m>1 n>m k=0

where [a] represents the integer part of a. Denote the set {k/2" < T < (k+
1)/2"} by A, ,(T). By the right continuity of ,
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[2nt]—1

@ =nn{r<ty = {J U A (T) 0 {n((k +1)/27) = n}] ,

m>1 n>m =

which belongs to F;'. Therefore,

@) =nyn{T <t} = [{T=t}n{nt)=n}] U [{n(T)=n}n{T <t}]
belongs to F;', which concludes the proof of the lemma in view of (2.1). O
We return to the framework of Markov chains.

Definition 1.9. A Markov chain (n(t) : t > 0) defined on a space (2, (F :
t >0),{P, : n € E}) with transition probability p,(n,&) is said to be a strong
Markov process if for every n,& € E, s > 0 and stopping time T (with respect
to the filtration F),

P,[n(T + s) = &| Fr] = ps(n(T),£) ,

on {T < oo}, P, almost surely.

Lemma 1.10. Let (n(t) : t > 0) be a continuous-time Markov chain defined
on a space (£2,(F : t > 0),{P, : n € E}) with transition probability p(n,§),
as introduced in Definition 1.3. Then, n(t) is a strong Markov process.

Proof. Fix 0, € E and s > 0. By Lemma 1.8, ps(n(T), €) is Fr measurable.
It remains to show that for every set A in Fp,

P, [W(T'i' s)=§, A, T< oo] = E, [1{A7 T< OO}ps(U(T)aS)} : (2.5)

Assume first that the stopping time 1" takes values on a countable set T.
In this case, the left hand side of (2.5) is equal to

S Pynt+s)=¢, A, T=t].

teT

Since T is a stopping time, AN{T = ¢} belongs to F;. By the Markov property
(1.1), the previous expression is equal to

STE,[1{A, T =t}p.(n(t),€)] = E,[1{A, T < oo} ps(n(T),€)] ,

teT

which proves (2.5).
Fix a stopping time T" and define the function T}, : 2 — [0,00] by T;, =0
on the set {T' =0}, T;, = o0 on {T' = oo} and
kE+1
T, =S 2 qfk/on < T < (k4 1)/2"
S E ke <7 < (k12

k>0
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3 Some Examples and Minimal Chains 15

on the set {0 < T' < oo}. The reader will check that T, is a stopping time
which assumes countably many values, that T' < T,, and that T,, decreases to
T on the set {T' < co}.

Since T' < T,,, by (2.4), A € Fr C Fr,. Therefore, by the first part of the
proof,

P, [n(Tn +s5)=¢,A, T, < oo] = E, [1{A7 T, < oo}ps(n(Tn),§)] .

Since {T}, < oo} = {T' < o0}, and since T,, decreases to T' as n 1T oo, by the
right continuity of 7(-) the left hand side of the previous identity converges to
the left hand side of (2.5) as n 1 co. By similar reasons and by the dominated
convergence theorem, the right-hand side of the previous identity converges
to the right-hand side of (2.5) asn T oco. O

3 Some Examples and Minimal Chains

We present in this section some examples of Markov chains which exhibit
pathologies which one would not suspect may exist. In Example 1.13 and 1.14
the chain explodes in finite time, while in Example 1.17 it remains in each
configuration a mean-0 exponential time.

While discrete-time Markov chains are described by their transition ma-
trices, only elementary continuous-time Markov chains have transition prob-
abilities which can be computed explicitly. This means that continuous-time
Markov chains have to be characterized differently.

Proposition 1.12 states that transition probabilities p;(n,&) are differen-
tiable at ¢ = 0. Denote by Q(n, ) its derivative and let ¢(n) = — Q(n,n). It
is clear that ¢(n) and Q(n,£), n # £, are non-negative. According to Propo-
sition 1.12, Q(n, &) is finite out of the diagonal, ¢(n) belongs to [0, +oc], and
EEGE Q(n,&) < 0if g(n) < oo.

Examples 1.13 and 1.14 show that the matrix Q(n, ) does not characterize
the transition probability p¢(7, ), but if we impose further conditions it does.
This is the content of Proposition 1.15. To complete the picture, Proposition
1.16 asserts that given a transition probability p; such that ¢(n) < oo for
all configurations 7, there always exists a Markov chain 7(t) whose transition
probability is p;. To show that some Markov chains do not fulfill the condition
q(n) < oo, we present in Example 1.17 a chain in which ¢(n) = oo for all
configurations n € F.

We start proving that the transition probability of the Markov chain de-
fined by (1.5) is differentiable at ¢ = 0.

Lemma 1.11. Fiz a transition matriz p(n, &) and a positive function A : E —
(0,00). Let n(t) be the Markov chain introduced in Proposition 1.4. Denote its
transition probability by p:(n,&). Then, p:(n,§) is differentiable at t = 0 and
its derivative, denoted by p,(n,§), is given by

po(mn) = = A [L=pmn)], po(m &) = Xm)p(n,§), n#¢& € E.
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16 1 Continuous-time Markov Chains

Proof. Fix two configurations n, £ # n € E. If p(n,n) = 1, by construction,
under P,, n(t) = n for all £ > 0. In particular, p;(n,n) = 1 and p,(n,&) =0
for all ¢ > 0. The assertion of the lemma follows.

Assume that p(n,n) < 1, and recall from (1.12) that we represent by 7
the time of the first jump of n(t). By (2.3), 71 is a stopping time. Hence, by
the strong Markov property at time 71, p¢(n, &) = Py[n(t) = £] is equal to

Py[m > t, n(t) =¢] + Pym <t, nt) = ¢
= SpePylr > 1] + Ey [ < thper (n(7).€)] -

By Exercise 1.30, Py[n(m1) = 5] = 0 and Pyn(m) = ¢ = p(n,() =
p(n,¢)/[1 — p(n,n)] for { # n. Moreover, under P,, 7 is independent of
n(71) and is distributed as an exponential random variable of parameter

A(n) :== A(n) [1 = p(n,n)]. Thus,

t
pi(n.€) = Bpee O 4 / M) e DS (0,0 pros(C ) ds . (3.1)

CEE

It follows from this equation, from the fact that p,.(¢, &) < 1, EC p(n, () =1
and from the inequality 1 —e™* < x, x > 0, that

%{lfpt(n,n)} < A, %pt(n,f) <A, n#FLelE. (32)

To prove that t~1py(n,&), n # & € E, converges to A(n)p(n,&) =
Ae(M)ps(n, &) as t | 0, fix € > 0 and consider a finite subset A of E such
that > .c 4c P«(n,¢) < €. Assume that A contains £ Since pi—s(¢,§) < 1,
l—e<z,22>0,

L A e S pan O pes(G ) ds < ex) -

tJo CEA®

On the other hand, by (3.2), for each fixed pair ((,€), p:(¢,€) is continuous
at t = 0. There exists therefore tg, such that

“ANte) osr &) =€, sup [1—pi(§ )] < €.
ceA\{&} ogtgtopt(c 3 OStgto[ (&, €)]

Hence, for t < tg,

1— e—A*(n)t

% /0 )\*(77) 6_)\*(")8 Z p*(777 C) pt—s(g 5) ds = p*(ﬁ’ 5) + 0(6) ’

CeA

where O(e) is a remainder whose absolute value is bounded by 2A.(n)e. This
proves that t~1p;(n, &), n # € € E, converges to A\.(n)p«(n, &) as t | 0. The
proof that t=1[1 — ps(n,n)], converges to \,(n) as t | 0 is similar. O
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3 Some Examples and Minimal Chains 17

Actually, all transition probabilities are differentiable at ¢ = 0 and not
only the one resulting from the construction presented in Proposition 1.4.

Proposition 1.12. Let pi(n, ) be a transition probability. Then,

d
Q&) = Zp.8)| = po(n,€)
exists for all n, £ € E. Moreover, 0 < Q(n,£) < oo forn # £ and q(n) =
—Q(n,m) € 10,00]. Finally, 3 ¢cp Q(n,€) <0 if g(n) < occ.

The proof of this proposition can be found in Section I1.2 of Chung [1967]
or in Section 5.2 of Freedman [1971]. The matrix @ is called the Q-matriz as-
sociated to the transition probability p:(n, §). By Exercise 1.31, the parameter
q(n) represents the holding rate at 7.

A configuration 7 is called stable if ¢(n) < co and instantaneous if q(n) =
oo. If g(n) = 0, the configuration 7 is said to be absorbing. By equation (12)
of Section 5.2 in Freedman [1971], a configuration 7 is absorbing if and only
if pi(n,m) =1 for all ¢t > 0.

The next two examples show that the matrix ) does not determine the
transition probability p.(n,£) and that we may have Z&E Q(n,&) <0 for a
stable configuration n. Example 1.17 illustrates the fact that all configurations
of a Markov chain may be instantaneous.

Example 1.13 A birth process. Let £ = NU {0} and consider a function
r: E — (0,00) such that
1
Y — < . (3.3)

= k)

Let {2 be an abstract set and F a o-algebra of subsets of £2. Let e(k) : 2 — R,
k € E, be measurable functions. Assume that there are probability measures
Py, £ € E, on (§2, F) which turn the random variables ¢(k), k € E, independent
and under which e(k) = 0, k < ¢, Pg-almost surely, and e(k), k > ¢, have an
exponential distribution of parameter r(k). It is not difficult to construct a
product space ({2, F) which can carry these probability measures. Let Sy = 0,

In view of (3.3), for all k € E, X := limy_,o S¢ < 00 Pg-almost surely, since
Ex[X] < 0o, where Ej, stands for the expectation with respect to Py. X is called
the explosion time of the chain. According to Exercise 1.33, it is a stopping
time with respect to the natural filtration.

Let Ey = E U {0} be the one-point compactification of F with respect to
the discrete topology. Define the Fj-valued random variables {n(t) : ¢ > 0}
by
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18 1 Continuous-time Markov Chains

(3.4)

(t)— J if5j§t<5j+1forsomej207
T =0 ift>x.

Fix { € E. Under Py, S; =0 for 0 < j < ¢ and Sp41 = ¢(¢) is an exponential
random variable of parameter r(¢). Hence, n(t) = ¢ for 0 <t < Sgy1.

Let p(j, k) = P;[n(t) = k], j, k € E,t > 0. By Exercise 1.34, P;[X <t]| > 0
for all j € E, t > 0. Hence, >, p:(j, k) = P;[X > t] < 1 and p; is not a
transition probability, but a substochastic transition probability. It is also easy
to show that p;(7, k) is differentiable at ¢ = 0 and that its derivative Q) satisfies
—Q(k, k) =rk), Qlk,k+1)=r(k), k >0, Q(k,j) = 0 otherwise.

The reader can check, repeating the arguments presented in the proof of
Proposition 1.4, that 7(t) satisfies the Markov property with respect to the
natural filtration and the substochastic transition probability p; if we add on
both sides of (1.1) the condition that the process did not explode by time ¢:
On the set {X > t}, for every s >0 and £ € E,

Poln(t+s) =1 F'] = psn(t),§) - (3.5)

Since p; is not a transition probability, 7(¢) is not an E-valued Markov
chain, but it can be turned into a Markov chain by adding the point 0 to the
configuration space.

Instead of defining 7(¢) as 0 after the explosion time X, we could have
restarted the process afresh from a fixed point jg, or from a point j chosen
according to some probability measure p on E. Repeating this procedure each
time the process explodes, we construct an F-valued Markov chain defined on
the entire line Ry. The derivative at time O of the transition probability of
this Markov chain is not affected by the rule which dictates the behavior after
the explosion. In particular, the matrix ) does not depend on the rule and
does not determine the transition probability since each rule gives rise to a
different Markov chain and a different transition probability. A

Minimal chain. Let E be a denumerable set and let Qo (7, §) be a real-valued
matrix on F such that

Qo(n,&) > 0forn#¢, qo(n) =—Qo(n.n) >0,
ZQO(U@) = 0forallneE. (3.6)

(EE

Note that go(n) < oo since we are assuming the matrix Qo(n,£) to be real-
valued. Let A\(n), p(n, &) be the holding rates, transition matrix given by

Qo(n,8)/q0(n) if qo(n) > 0 and & # 7,

. (3.7)
0 otherwise .

Am) = @), pm¢E) = {

If the set E is infinite, let Ey = FU{d} be the one-point compactification of
E with respect to the discrete topology. The construction presented after (1.2)
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3 Some Examples and Minimal Chains 19

togheter with the ones of the previous example permit to define a transition
probability p,(n, &) on Ey and a Ey-valued Markov chain (7(t) : ¢ > 0), defined
by (3.4), on a Markov space (£2,(F/ : t > 0),{P, : n € Ep}).

This Markov chain is called the minimal Markov chain. The stopping time
X is called the ezplosion time of the mininal chain. By restricting the transition
probability p, to E' we obtain a substochastic transition probability p;:

pe(n,&) = pe(n,&), n,E€E,

called the minimal substochastic transition probability. This minimal sub-
stochastic transition probability is a transition probability if and only if
X = oo Py,-almost surely for all 7 € E. Moreover, the derivative at time 0
of the minimal substochastic transition probability p; is equal to Qg.

If E is a finite set, the explosion time is infinite IP,-almost surely for all €
E, and the construction presented after (1.2) provides a transition probability
pe and an E-valued Markov chain defined for all £ > 0. In this case also the
@-matrix of p; is equal to Q.

Here is another example to illustrate the fact that the matrix @@ does not
characterize the transition probabilities p;(n, €).

Example 1.14 Let F be the set of nonnegative rationals, F = Q, endowed
with the discrete topology and the usual order. Denote by E = E U {9} the
one-point compactification of E. Recall that a function f : [0,00) — F5 equal
to 0 at ¢, f(t) = 0, is right-continuous at ¢ if for every finite subset A of FE,
there exists & > 0 such that f(s) ¢ A for t < s < ¢ 4 6. This observation
extends to left-limits.

Consider a function r : E — (0, 00) such that for all £ € E,

1 1
S Yo -, (3.8)

c=rn) ey

where the first sum is carried over all points n € F which are smaller than &.
Let ¢(n), n € E, be real-valued measurable functions defined on some space
(£2,F). Assume that there are probability measures P, n € E, on (2, F)
which turn the random variables ¢(¢), £ € E, independent and under which
e(§), £ < m, are equal to 0 P,-almost surely, and ¢(§), £ > 7, have an exponen-
tial distribution of parameter r(£). It is not difficult to construct a product
space (2, F) which can carry these probability measures. Let

¢<n

By (3.8), for all £ € E, P¢-almost surely, &(n) < oo for all n € E, and
limy, o €(n) = oo.
Define the random variables (n(t) : ¢ > 0) by
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20 1 Continuous-time Markov Chains

n(t) = {77 if &(n) <t < &)+ e(n) for some n € E,
0 ittt U, cpl€m), €M) +e(n)) .

Lemma 6.19 in Freedman [1971] asserts that for every t > 0, £ € E, P¢[n(t) €
E] = 1. The reader will verify that P¢-almost surely the trajectories n(t) are
right-continuous, have left-limits, and start from &, n(0) = &.

For n, £ € E, let

pe(§:¢) = Pe[n(t) =(] .

The proof of Proposition 1.4 shows that p; is a transition probability and that
(n(t) : t > 0) is an E-valued Markov chain on the Markov space (2, (F," :
t > 0),{P, : n € E}) with transition probability p;, where F}' is the natural
filtration.

Fix ¢, ¢ in E. By construction, p;(§,&) = Pele(§) > t] so that ¢(&) =
— (&, &) = r(§). On the other hand, since p;(§, () = Pe[n(t) = ¢, pe(&,{) =0
for ¢ < & and pi(€,¢) < Pele(€) + e(§') < t] provided & < & < ¢. This proves
that Q(&,¢) = p(€,¢) = 0 for £ # ¢ and provides an example of a Markov
chain for which 0 < ¢(n) < oo, Q(n,£) = 0 for all points 1 # £. In particular,
> Q(n, &) <0 for all .

Moreover, if we interchange the position in R of two points n, £ € E
and define a new Markov chain accordingly, the derivative at time 0 of the
transition probability of this new chain is equal to Q. A

We have seen in the previous examples that the @-matrix does not char-
acterize the transition probability. The next proposition provides sufficient
conditions for a substochastic transition probability p; to be the unique tran-
sition probability associated to a given -matrix.

For a bounded function f : E — R and a matrix @ satisfying (3.6), we
denote by Qf : E — R the function defined by

QN = D Q0. f(9).

{€EE

Note that the sum is well defined because f is bounded and the absolute value
of Q(n, ) is summable.

Proposition 1.15. Let Qo be a matrixz satisfying (3.6). The following state-
ments are equivalent:

(a) There exists A > 0 for which the equation (A — Qo)f = 0 has only one
bounded solution;

(b) For all A > 0, the equation (A — Qo)f = 0 has only one bounded solution;

(¢) The minimal substochastic transition probability constructed from Qo is a
transition probability;

(d) The minimal Markov chain constructed from Qg is non-explosive;

(e) There is at most one substochastic transition probability p:(n, &) whose Q-
matriz is Q.
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3 Some Examples and Minimal Chains 21

Parts of the proof of this Proposition can be found Sections II.18 and
I1.19 of Chung [1967], in the proof of Theorem 7.51 of Freedman [1971], and
in Sections 2.7 and 2.8 of Norris [1998].

The last result of this section states that given a transition probability
pe(n, &) there always exists a Markov chain 7n(t) whose transition probability
is p; provided all points are stable, ¢(n) = — py(n,n) < oo for all n € E.

Proposition 1.16. Let E be a countable state space endowed with the discrete
topology and let pi(n,€) be a transition probability on E such that q(n) =
—po(n,m) < oo for all n € E. There exist a Markov space (£2,(F; : t >
0),{P, : n € E}) and a collection (n(t) : t > 0) of E-valued random variables
which is a Markov chain in (2,(F; : t > 0),{P, : n € E}) with transition
probability pi(n,§).

This is Theorem 7.12 in Freedman [1971]. The reader will find in Section
I1.7 of Chung [1967] and in Chapter 9 of Freedman [1971] a more general
version of this statement.

In all previous examples and statements, we assumed all configurations to
be stable. We conclude this section with an example where all configurations
are instantaneous.

Example 1.17 Fix A, 4 > 0, and consider the continuous-time Markov chain
on {0,1} such that A(0) = A, A(1) = u, p(0,1) = p(1,0) = 1. By diagonalizing

the matrix
A A
¢= { p —/J
the reader can show that the transition probability p:(n, &) of this Markov
chain is given by

H A —t(putA)
pt(oao) = — + ——e " ) pt(071) =1 - pt(070)a
A A (3.9)
A Ko (A .
1,1) = ——— 4 et 1,0) = 1 — p(1,1).
pe(1,1) TS T p(1,0) pe(1,1)

Consider infinitely many independent copies of this chain. Denote by 7;,

i > 1, the i-th coordinate of a sequence n € {0, 1}". Let

E = {776{071}N:Zm<oo}.

i>1

For n € E, denote by N(n) the first coordinate which vanishes as well as all
the successive ones: N(n) = min{k > 1 : n; = 0 for all j > k}. For example
N(0) =1 if 0 represents the configuration with all coordinates equal to 0.

Consider two sequence of non-negative numbers {ux : k > 1} and {\y :
k > 1} such that pp + Ay > 0 and
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22 1 Continuous-time Markov Chains

-2 >o. (3.10)

psp et Ak

Since l —x <e™®*

)

0 < Hukﬁf)\k - HO*MJYA;@) = exp{fzuk)f/\k},

k>1 k>1

so that

Ak

Z < o0
=1 Mt Ak

On a space (§2,F), consider independent {0,1}-valued Markov chains
{¢k(t) : t > 0}, k > 1, which jump from 0 (resp. 1) to 1 (resp. 0) at
rate A (resp. py). Define the continuous-time, E-valued process n(t) by
n(t) = (¢H(t),¢%(t),...). For a configuration n € E, n = (n1,m2,...), de-
note by P, the probability measure on (2, ) under which the process ¢*(t)
starts from 7.

Fix n € E. We claim that P, [n(t) € E] = 1 for all t > 0. Indeed, if we

denote by pgk) (i,7) the transition probability of the process ¢*(t), in view of
(3.9), for k > N(n),

Ak
Wi+ Ak

Pyt () =1] = pP(01) <
Since the sequence A /(ur + Ag) is summable by Borel-Cantelli lemma,

P,n(t) ¢ E] = P,[¢*(t)=11i0.] = 0,

which proves the claim.
Forn, £ € E, t >0, let

pe(n.6) = [[ o . &) - (3.11)
E>1

The set of functions p;: £ x E — R is a transition probability. The proof of
this assertion is divided in several steps. It is clear that po(7,£) = 0,),¢ because

the transition probabilities pgk) satisfy this identity. On the other hand, for

allt >0, pe(n,&) > 0,7, £ € E, and

> pi(n,¢) = angk)(nmﬁc) - 11 Zpgk)(nk7<k) = 1.

CEE (EEk>1 k>1 (=0
It remains to check conditions (c) and (d) of Definition 1.1. We claim that
forall £>1, €%, 6 in B, and 0 < t, < --- < t,

—1
Pyn(t) =& ..o on(te) =€ = [ pryen—s, (&6, (3.12)
j=0
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3 Some Examples and Minimal Chains 23

provided tq = 0, £ = 7. Condition (c) follows from this identity with £ = 1,
2.
To prove (3.12), fix £ > 1, configurations &', ..., &% in E, and 0 < t; <
- < tg. By definition of (t), for any n € E,

P, [n(t) =& ... n( = [IPn[¢ =&, ..., M) =€) .

k>1

Expressing the previous probabilities in terms of the transition probability
pgk) of the Markov chain ¢*(t), the right-hand side becomes

ang?_l t gka j+1 angfj_l t a€£+1)7

k>1 =0 j=0k>1

which proves (3.12)
To prove condition (d) of Definition 1.1, we have to show that for every
nek,
lim py(n,n) = 1.
t—0

By definition of py(n,7n),
pe(nn) = ] Palc"(6) = mi] .

k>1

for every M > N (n), the right-hand side is equal to

M-—1

k>]\/l kZM K

where the inequality follows from (3.9). By (3.10), we may choose M large
enough for the second product to be close to 1. Once this has been done, using
the fact that pgk) is a transition probability for each fixed k, we may choose
t small enough for the first product to be close to 1. This proves that p; is a
transition probability.

Assume that

Z)\k = 0.

E>1

Under this further condition all states are instantaneous: — q(n) := pj(n,n) =
oo. Indeed, let D(t), t > 0, the set of all non-negative dyadics less than or equal
tot: D(t) = {k/2V : N > 1,k >0, k/2V <t}. We first claim that for ¢t > 0
and n € F,

Py[n(r)=nforallr e D(t)] = 0. (3.13)

This is easy. By definition of the process n(t),

P, [n(r)=nforallr e D(t)] < P, [Ck(r) =0 for all r € D(t), k > N(n)] .
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24 1 Continuous-time Markov Chains

By the independence and by definition of the process ¢¥(¢) this last probability

is equal to
H P L exp{— Z )\kt} =0,

k>N (n) k>N (n)

which proves (3.13).
We further claim that

P, [n(r)=nforallr e D(t)] = e~ amt (3.14)

where — q(n) is the derivative at t = 0 of the transition probability p; defined
by (3.11). By the Markov property, for N > 1,

P, [n(k/2N) =y for 0 <k < [12V]] = pyjon () ).

By definition of q(7), the right-hand side converges to e~ as N 1 oo,
while the left-hand side converges to the left-hand side of (3.14). By (3.13)
and (3.14), all states n € E are instantaneous, as q(n) = oo for all n € E.
We just proved that 7(t) is not right-continuous at ¢t = 0 for the discrete

topology. Indeed, the event {n(t) is right-continuous at ¢t = 0} can be repre-
sented as

U {n(®) =n(0) forallo <t <k},

E>1
and we proved that each of these sets has IP,-measure zero. In particular, if
we want to turn 7n(¢) into a Markov chain we need to change the topology.
The product topology is the right choice. A

Conclusion: We showed in this section that Markov chains may exhibit sev-
eral different pathologies. To avoid such degeneracies, from now on, we con-
centrate our attention on minimal chains associated to (Q-matrices satisfying
the conditions (3.6). More precisely, we shall fix a @Q-matrix R satisfying the
hypotheses (3.6) and consider the minimal chain associated to R. Proposi-
tion 1.15 provides conditions under which the minimal chain is the unique
Markov chain whose @-matrix is R. In particular, in this case we are not
losing generality by considering the mininal chain.

4 Canonical Version

Denote by D([0,00), F) the set of right-continuous trajectories z : [0,00) — FE
with left-limits, endowed with the Skorohod topology which turns the space
D(]0,), E) complete and separable. We refer to Billingsley [1999] for all
assertions presented without proofs in this section. Denote by D the Borel
o-algebra of subsets of D([0, c0), E).

Let X; : D([0,00),E) — E, t > 0, be the evaluation of the trajectory at
time t, X¢(x) = x(t), and denote by F; C D, t > 0, the smallest o-algebra
which turns the maps X, 0 < s < t, measurable.
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5 Recurrent Chains 25

In Section 1, we constructed a family (n(¢) : ¢ > 0) of E-valued random
variables on a probability space ({2, F,P). If we denote by w the elements
of £2 and by n(t,w) the value of the random variable 7(t) at w, in view of
(1.5), for P-almost all w, the map t — n(t,w) is an element of D([0, c0), E).
In particular, the function 7 : 2 — D([0,00), E), defined by

nw)(t) = nlt,w), t=0,

is well defined. By [Billingsley, 1999, Theorem 16.6], the map n : (2, F) —
(D([0,00), E), D) is measurable. Let P,, n € E, be the probability measure
on (D([0,00), E), D) defined by

P, = ]P’non_l

Expectation with respect to P,, is represented by E, . The process (X; : t > 0)
defined on (D, (F; : t > 0),{P, : n € E}) is called the canonical version of
the Markov chain.

Denote by (J(t) : t > 0) the time shift operators on D(Ry, E), 9(¢) :
D(R4+,E) - DRy, E), [9(t) z](s) = z(t+ ), v € DRy, E), s, t > 0. The
Markov property can be written as

Pn[Xs Oﬁt = glgjt] = ps(Xtag) .
For a probability measure y on E, denote by P, the measure on D(R, F)

defined by
P, = Zu(n) P, .
nek

Expectation with respect to P, is represented by E,,

5 Recurrent Chains

Let R be a @Q-matrix satisfying the conditions (3.6), and let 7(¢) be the minimal
Markov chain whose @-matrix is R. All statements of this section refer to this
chain even if we do not say it explicitely.

A minimal Markov chain 7(t) is irreducible if

Py[n(t) =¢ > 0 (5.1)
for allm, £ € E, t > 0. An irreducible minimal Markov chain n(¢) is recurrent
if

P,[HS <o) =1 (5.2)

for all n € E. We prove below in Lemma 1.18 that if (5.2) holds for one
configuration, then it holds for all configurations.

Lemma 1.18. Suppose that the chain is irreducible and that (5.2) holds for
some configuration n € E. Then, (5.2) holds for all configurations £ € E.
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Proof. Fix a configuration n € E, assume that the chain starts from n and
denote by Hj, j > 1, the times of the successive visits to n: Hy =0, H; = H;
and Hjy1 = H; + H,f o9(H;), j > 1. By (5.2), Py[H,f < oo] = 1, and by
(5.1), Py[He < H,f] > 0. Since

{Hys1 < Hey = {H; < He} 0 {{H} < Heyow(H)} . (53)
taking conditional expectation with respect to }"Z,j, we obtain that
Py[Hj1 < He] = Py[H; < H]Py[H, < He]
insomuch that
P,[H; < He] = Py[H <He, j>0. (5.4)
Hence, since H; — 0o P,-almost surely and since P, [H,f < He] < 1,

P,[H; = o] = lim P,[H; < HJ = 0. (5.5)

J—0o0

On the other hand, since P,[H,| < oo] = 1,
P,[H: < H}Y] = Py[He < H, Hf <o0] .

On the set {He < H,'}, H, = H, o9p,. Therefore, by the strong Markov
property,
P, [H: < H| = P,[He < H} | Pe[H, < o] .

Since P,[He < H,f] > 0, we conclude that P¢[H, < oo] = 1.

Up to this point we proved that P, [He < oo] = P¢[H, < oo] = 1. Under
P

¢ H;<Hn+H5019Hn-

Therefore, by the strong Markov property,

Pg[H;<OO] > Pg[Hn<OO,H§OQ9HU<OO]
= P¢[H, <o0]Py[He < o0] =1,

as claimed. 0O

If we replace in Example 1.14 the set of non-negative rationals, Q4, by
the set of rationals of the circle, @z, we obtain an example of irreducible,
recurrent Markov chain whose @-matrix R is such that R(n,&) = 0 for all
n# &

Let n(t) be an irreducible recurrent chain. Assume that its Q-matrix, de-
noted by R, satisfies assumption (3.6). Denote by £(t) the minimal chain
constructed from the @-matrix R and by ¢:(n, ) the transition probability of
&(t). The Q-matrix of € is R again.
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5 Recurrent Chains 27

This chain is non-explosive because the explosion time must be greater
than the total time spent by the chain on one configuration which is infinite,
being the sum of i.i.d. exponential random variables.

Recall from the construction of the Markov chain 7(¢) presented in the first
section of Chapter 1 that Y,, represents the discrete-time embedded Markov
chain. Denote by Hy4, HX, A C FE, the time the embedded chain Y, hits,
returns to the set A, respectively:

HA:min{kZO:YkEA}, Hszin{kZl:YkeA}. (5.6)

Lemma 1.19. The continuous-time Markov chain n(t) is irreducible if and
only if the embedded chain Y, is irreducible. In this case, the Markov chain
n(t) is recurrent if and only if the embedded chain Y, is recurrent.

Proof. Fix tg > 0 and two configurations n # £ € E. By construction of the
chain 7n(t), Py[n(to) = &] > 0 if and only if P,[Y,, = £] > 0 for some n > 1.
This proves the first assertion of the lemma.
On the other hand, since under P,,
H;f -1

ek
Hb =
il

P, [H} < oo] =1 if and only if P, [H} <oc]=1. O

Denote by I1,,, n € E, the measure on E defined by
Ht

m© = B[ [ 1t =gy e, (5.7)

By construction, for any non-negative function f : E — R, any subset A of
E, and any configuration n € A, P,, almost surely,

"
HY—1

. B
| () ds = kZ:O v {4

Since {e; : j > 0} is a sequence of mean-one random variables independent
from the discrete-time Markov chain Y}, by the previous observation, for all
E€E,

HY—1 HY—1
B n er B B n L B
Therefore,
HY -1
MO I,(©) = By Y 1Y =¢}] . (5.8)
k=0
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28 1 Continuous-time Markov Chains
Denote by M,,, n € I, the measure on £ defined by

My(n) = An) I, (&), §€E. (5.9)

By construction,
My(n) = An) 1ly(n) = 1. (5.10)

Definition 1.20. A measure p is invariant for the chain n(t) if for alln € E

D & REm) = M) p(n) -

142

A measure p is invariant for the Markov chain 7(¢) if and only if the
measure M, defined by M(n) = u(n)A(n), is invariant for the embedded chain
Y,:

S MEp&n) = > uw@REN) = p))An) = Mn).  (511)

EEE EEE

Lemma 1.21. Assume that the chain is recurrent. Each measure I, n € E,
is invariant for the continuous-time Markov chain n(t).

Proof. Fixn € E. In view of (5.9) and (5.11), we have to show that for every
CeEk,

> My(€)p(&,¢) = My(C) - (5.12)

¢EE

On the one hand, by (5.8), the left hand side of this identity is equal to

Hy -1 H, —1
ZEn{ > 1% zﬁ}p(&é)} = En{ > p(Yk,C)} .
¢€E k=0 k=0

On the other hand, as the chain is recurrent, by Lemma 1.19, H; is finite
P,-almost surely, so that Yy = YHﬁ = 1. Hence, by (5.8),

H -1 H
My(0) = By[ Y 1=} = By[D 1{vi =}
k=0 k=1
= > B, [1{H; 2k} 1Y =] .
E>1

The event {Hj]‘ > k} is measurable with respect to the o-algebra ]-',3/_1 =
o(Yy,...,Yx_1). In particular, by the Markov property for the discrete-time
chain Y,,, the previous sum is equal to

> By [1{H > k) p(Yio1,Q)

k>1

Page: 28 job: book macro: svmono.cls date/time: 23-0ct-2018/15:27

n32

n27

n28

n26



5 Recurrent Chains 29

Performing the change of variables k¥’ = k — 1, we obtain that the previous
sum is equal to

S OB [UES = k+ 11000 0)] = DB [1{H; > £} p(%,0)
k>0 k>0

This is exactly the expression we obtained for the left hand side of (5.12) and
concludes the proof of the lemma. 0O

Next lemma states that the measure M, is the minimal one among the
invariant measures M for the chain Yy such that M (n) = 1.

Lemma 1.22. Let M be an invariant measure for the embedded discrete-time
Markov chain Y, such that M(n) = 1. Then, M, (§) < M (&) for all§ € E.

Proof. By assumption and since M (n) = 1, for each £ € E,
M@E) = > MQ)p(G.E) = > MO p(C,E) + pn,€) .
(EE ¢#n
Replacing M (C) by 3¢, g M (¢2)p(C2, ¢) and separating the term (o = 7 from
the others, we rewrite the previous sum as
> M(G)p(6: G PG &) + > p(m,G)p(GE) + p(n, ) -
C1,¢2#n C1#n
The sum of the second and third term can be written as
1
E,[1{Vi =&} + 1{%; = 1{H; >2}] = Y B,[1{Y; =} 1{H; >k} .
k=0
Iterating this procedure, one obtains that
n
M(E) > 3B, [1{Yi = ¢} 1{H > kY]
k=0

for any n > 1. The inequality replaced the identity because we removed the
sum which carries the measures M. Letting n 1 oo yields that

e > YB, i - g1 > 8] - B[ X 1n-g] - i
k>0 k=0

as claimed. 0O

Corollary 1.23. Suppose that the Markov chain n(t) is irreducible and recur-
rent. Then, two invariant measures for n(t) may only differ by a multiplicative
constant.

Page: 29 job: book macro: svmono.cls date/time: 23-0ct-2018/15:27



30 1 Continuous-time Markov Chains

Proof. In view of Lemma 1.19 and of (5.11), it is enough to prove this state-
ment for irreducible and recurrent discrete-time Markov chains.

Let M be an invariant measure for the embedded chain Y,, which is not
identically equal to 0. Fix a configuration 7 such that M (n) # 0. Multiplying
M by M(n)~! we obtain a new invariant measure which differs from M by a
scalar multiple and such that M(n) = 1. We may therefore assume without
loss of generality that M (n) =1 for some 7.

Fix such a measure. By Lemma 1.22, M, < M. Therefore, M* = M — M,
is also an invariant measure, and M*(n) = 0. We claim that M*(§) = 0 for
all £ € E. Indeed, fix a configuration £. As the chain Y, is irreducible, there
exists n > 1 such that P¢[Y,, = n] > 0. Therefore, since M* is an invariant
measure,

M*(n) = Y M (QP[Y, =n] > M*(€)Pe[Yn=1].
(eE

This shows that M*(€) = 0 and concludes the proof of the lemma. O

6 Positive-recurrent Chains

We assume in this section that the chain 7(¢) is irreducible. An irreducible
Markov chain is positive-recurrent if

E,[H] < oo (6.1)

for all n € E. We prove below in Lemma 1.24 that if (6.1) holds for one
configuration, then it holds for all configurations.

Lemma 1.24. Suppose that the chain is irreducible and that (6.1) holds for
some configuration n € E. Then, (6.1) holds for all configurations £ € E.

Proof. Fix a configuration £ € E and recall the definition of the sequence of
stopping times {H; : j > 0} introduced above. We first show by induction
that

E,[H;1{H; < H¢}| = jP,[H} < H ) 'E,[H11{H, < H¢}]  (6.2)

for all § > 1. This equation holds trivially for j = 1. Assume that it holds for
some j > 1. Since on the set {H; 11 < H¢}, Hj 1 = Hj + Hy o g, by the
strong Markov property and by (5.3),
E,[Hj11{H;1 < H¢}| = E,[H;1{H; < H¢}| P,[H," < H]
+ :E77 [Hll{Hl < H&}] Pn[Hj < Hg] .

By (5.4), the last term of the second line is equal to P, [H; < H¢]’, while by
the induction assumption the first expectation on the right-hand side is equal
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6 Positive-recurrent Chains 31

to the right-hand side of (6.2). Summing the two lines we conclude the proof
of (6.2).
We claim that
E,[H:] < 0. (6.3)
Indeed, by (5.5), He < oo, Py-almost surely. Therefore, since H; — oo, P, -
almost surely,

E,[He] = ) Ey[He1{H; < He < Hjii}]
i20

ZEH [Hj+1 1{Hj < H§ < Hj+1}] .

720

IN

As above, write H;1 = H; + Hy oYy, and apply the strong Markov property
to rewrite the previous sum as

ZE,, [H; 1{H; < H¢}| P,[He < Hy]
>0
+ Y P, [H; < H| E,[H  1{H¢ < H\}] .
Jj=20
By (6.2), the first sum is bounded by P,[He < H,']|7'E,[H], and, by (5.4),
the second sum is bounded by the same expression. This proves (6.3) in view
of (5.5).
We finally claim that
E¢[H,] < o©. (6.4)
Indeed, H,f > H,F 1{H¢ < HF} > H, o9, 1{H¢ < H,"}. Therefore, by the
strong Markov property,
En[Hqﬂ > EE[HU] Pn[Hé < H;r] :

As the process is irreducible, P, [H¢ < H,f] > 0, which proves (6.4).
We are now in a position to prove the lemma. Since Hg’ < H,+H¢odpy
by the strong Markov property,

n?

E&[Hé] < Ef[Hn] + En[Hﬁ] :

This expression is finite in view of (6.3) and (6.4). O
In the positive-recurrent case the measure IT, introduced in (5.7) is finite:
II,(E) = E [H}] < 0.

In particular, normalizing the measure II,,, we obtain an invariant probability
measure, denoted by m,:

B, [ Jy7 1n(s) = €} ds|

R N 775 R

teE. (6.5)
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Lemma 1.25. Suppose that the chain n(t) is irreducible and positive-recurrent.
Then, m, is the unique invariant probability measure.

Proof. Suppose that p is an invariant probability measure for the chain 7(t).
By (5.11), M (&) = M&)p(€) and M, (€) = A(&)m,(€) are invariant measures
for the embedded chain Y,,. By Corollary 1.23 M and .7\;[77 differ at most by
a scalar multiple. This property clearly extends to u and ,. Since both are
probability measures, they must coindice. O

Lemma 1.26. Suppose that the chain n(t) is non-explosive and that there
exists an invariant probability measure. Then, the chain is positive-recurrent.

Proof. Denote by m the invariant probability measure and recall from Section
1.3 that we denote by X the explosion time. Fix a configuration n € E. We

have that
H,,—1

HYAX = k.
TAx ];) A

The inequality is false if we replace on the left hand side H, j,‘ AX by H,*]' because
if the process explodes before returning to 7, Hj]' >X = Eo<k<H,, e/ A(Yi).
By the previous displayed equation and by Tonelli’s theorem,

H,—1 H,—1

E,[H} A X] E,,[kz } ZA {21{}@:5}}.

Let IT be the measure on E defined by II(§) = 7(§) A(§). By (5.11), IT is
an invariant measure for the embdedded chain Y,, and so is the measure II
defined by I1(€) = II1(¢)/II(n). This latter measure is such that I7(n) = 1. In
particular, by (5.8), (5.9) and Lemma 1.22,

B, | ,;) 1Y =&} = My(0) < (o) = Zg

Putting togheter the previous two estimates, we obtain that

1 I1(€) 1
E,[H AX] ZA = H(n)zw(g).

{€EE 77 {EE

As 7 is a probability measure and the chain is non-explosive,

B, [Hy] = By[H]AX] < 3oy

as claimed. O
Example 3.5.4 in Norris [1998] shows that the assumption that the chain

is non-explosive is needed in the previous result.
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7 Stationary States

We prove in this section that a measure is invariant for a minimal, irreducible,
recurrent Markov chain if and only if it is stationary. We conclude the section
introducing reversible states.

Definition 1.27. Let n(t) be a minimal Markov chain. A measure i on E is
a stationary state for the chain n(t) if for everyn € E and t > 0,

pin) = D u©p(&m) -

{EE

Lemma 1.28. Consider an E-valued minimal, irreducible, recurrent Markov
chain n(t). A measure p on E is a stationary state for n(t) if it is an invariant
state. Conversely, if i is a stationary state and the jump rate A is summable
with respect to p, then the measure p is an tnvariant state.

Let p be an invariant state. Recall from xxx that A is summable with
respect to p if and only if the measure M (n) = pu(n) A(n) is a finite measure.
We the embedded chain Y}, is positive-recurrent.

Proof (Proof of Lemma 1.28). Fix an invariant state u. We will prove that u
is stationary. Fix a configuration n € E. By Corollary 1.23, x is a multiple of
the measure I7,, introduced in (5.7). It is therefore enough to prove that IT,
is a stationary state.

We first claim that for every ¢ > 0,

t+H T
m© = B[ [ 1) —gyas] . cer. (1)

Indeed, since [0,) U [t,t + H,") = [0, H,\) U [H,f, t + H,}),

B [ 1 =pas] + m,| L - ]

= 1,() + By /H IH; 1{n(s) = ¢} ds] .

n
By the strong Markov property,

t

E,[ [ TH’T Ln(s) =€) ds| = B[ [ 1ints) =¢as]

H; 0

which proves (7.1).
Fix a configuration ¢ € E and ¢ > 0. By the definition of the measure II,
introduced in (5.7), we have that
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HT

> m o) = SB[ [ 10 = epas] Pelat) = (1.

§EE ¢EE

By Tonelli’s theorem we may write the previous sum as

[ s SRl 20 n0s) =€ Pelatt) = .
0 ECE

Since the event {Hj,‘ > s} belongs to the o-algebra F/! C F, by the Markov
property,

P,[HI>s,n(s) =&, n(s+1t) =] = Py[H} >s,1(s) =] Pen(t) =] .

The penultimate displayed formula is thus equal, after summation over &, to

/Oan[H:zs,n@m:c] ds = En[/tHH#l{n(s):c}ds] 7

which, by (7.1), is equal to I, ().

To prove the converse, assume that u is a stationary state for the minimal
chain n(t) and that the jump rate X is summable with respect to u. As p is a
stationary state, for all p € E, t > 0,

> (e 1 (Gne — mi(m)} = 0.

{EE

By Lemma 1.11, as t | 0, t={1 — ps(n,n)}, t71pi(n, &) converge to \(n),
R(n, &), respectively. Since A is summable with respect to p, by (3.2) and by
the dominated convergence theorem, letting ¢ | 0 in the previous displayed
sum yields

> @ REn) = A p(n) =0,

§#n

proving that p is an invariant state. O

Recall the definition of the measure P, introduced in xxx. If u is a sta-
tionary state, for every n > 1,0 <t; < --- <t,,t>0,&1,...,&, € F,

The distribution of the chain 7(t) is thus translation invariant under P ,: for
every s > 0, {n(t) : t > 0} and {n(t + s) : t > 0} have the same distribution
under P,,. In consequence, we may assume that the chain is defined in the
entire time line R, and for every t; < --- <ty,, &1,...,&, € E,

Pun(t) =&,...,0(te) = &) = Pu[n(0) =&, oty —t1) = &)
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Reversible chains. Fix a Q-matrix R satisfying the conditions (3.6). Assume
that the discrete-time Markov chain associated to the transition matrix p(, £)
is recurrent. Let 7(¢) be the unique Markov chain whose Q-matrix is R.

A measure p is said to satisfy the detailed balance conditions if

pw(n) R(n, &) = w&) RE&m), n#e€k. (7.2)

Recall that we denote by M,, the measure defined by M,(n) = X(n) u(n).
A measure p satisfies the detailed balance conditions if and only if

M, (m)p(n,&) = M (§)p&n), n#€E.

Since p*t(n, &) = ZCGEp(") (n,0)p(¢,€), by induction we obtain that for
every n > 1,

M (n)p™(n,€) = M, (&)p™(&n), n#E€E. (7.3)

It is also clear that if a measure u satisfies the detailed balance conditions
it is then an invariant measure:

> Mum)pm,€) = Y Mu(€)p(&m) = Myu(€) .

nerE nekE

Lemma 1.29. Let 7(t) be a non-explosive minimal Markov chain. A measure
u satisfies the detailed balance conditions with respect to the Q-matriz of n(t)
if and only if for allt > 0,

pm)pe(n,§) = w&)pe(&n), n, €. (7.4)

Proof. Suppose that a measure p satisfies the detailed balance conditions.
Fix two configurations n # £ € E and ¢t > 0. Recall that we denote by Sj,
j > 0, the successive jumps of the chain 7)(t). Since the chain is non-explosive,
S; — oo Py-almost surely. In particular, p(n) pi(n,&) = u(n) Pyn(t) = ¢ is
equal to

pmpe(n.§) = p)Pynt) =& = > ul)Pynt) =&, 8 <t < Sjp] .

Jjz1

On the event {S; <t < Sj41}, n(t) = Y;. Summing over all possible trajec-
tories Y1,...,Y;_1, for a fixed j the previous expression becomes

o P U R o & R
51"‘%1@#(77)1)(77,51) p(&-1,6) "{A(n)+ §t<A(n)+A(§)+ ,

where R = 37, [ex/A(&)]. In the probability P, integration is per-
formed with respect to the ii.d. mean-one exponential random variables
eo...,¢;. At this point, the index 1 of P, has no meaning.
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One the one hand, as p satisfies the detailed balance conditions, in view
of (7.3),
A§)

w(n) p(n,&1) - p(€5-1,€) = 0 (&) p(&,&-1) - p&1,m) -

On the other hand, if e,§f are independent, mean-one exponential random
variables, for every u > 0, a > 0, b > 0,

¢ e f a _ b a ¢ e f
P[—< ¢ 7] _ au _g=bul _ —P[—< LA
S Su< g = g0t ey =Pyt

Therefore, taking a condition expectation with respect to the o-algebra
spanned by {e1,...,e;_1}, we obtain that

P, + R<t< 41+ R|

) ORRYG
_ A 5 [ e 08
- @ PbE RSt TG R

For convenience, we replaced the index 7 of P, on the left hand side by the
index &.

It follows from the two identities derived in the previous paragraph that
1(n) pe(n, €) is equal to

4 ¢ ¢
;&“.%;IGEM(QP(&@—D"'p(&,n)Pg{)\(%)+R <t< T%ﬁmﬂ%] .

Since
[40] €0 (2]
p(&,&-1) - p&,m) P [—+R§t<—+ +R]
= PN NGRS
= P§|:Y1 :gjfla"wyvjfl :flv}/j :UaSj—l <t < Sji| y
summing over &1, ...,&;, and over j we conclude that

w(n) pe(n, &) = (&) pe(&,m) -

Conversely, suppose that (7.4) holds for all t > 0, n, £ € E. Fix n # &.
Dividing both sides of this identity by ¢ and letting ¢ | 0, in view of Lemma
1.29 we obtain that u(n)R(n,&) = u(§)R(E,n). O

Let n(t) be a non-explosive, minimal Markov chain. Suppose that p is an
invariant probability measure which satisfies the detailed balance conditions
with respect to the @Q-matrix of 7(t). It follows from the previous lemma that

P, [n(to) =&, .. 0(tn) = &n] = Pu[n(—tn) =&n,...,n(—to) = &] - (7.5)

Since p is a stationary state, we may assume that the chain 7(t) is defined
on the time interval R. Let #*(¢) be the time-reversed chain: n*(t) = n(—t). It
follows from (7.5) that if the stationary state p satisfies the detailed balance
conditions, the dynamics of the time-reversed chain coincides with the original
dynamics.
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8 Exercises

bext| Exercise 1.30. Let (n(t) : ¢ > 0) be the Markov chain introduced in Propo-
sition 1.4, and recall that 7 represents the time of the first jump. Fix n € £
and assume that p(n,n) < 1. Show that 73 and n(r;) are independent under
P,, that 7 is distributed according to an exponential random variable of pa-
ra;leter A(n) [1 = p(n,n)] and that Py[n(m1) = & = p(n,£)/[1 — p(n,n)] for all
EF# 1.

bex6| Exercise 1.31. Let n(t) be a Markov chain as in Definition 1.3 and recall
that m represents the time of the first jump. Fix n € E. Show that, under the
measure IP,, 7 is exponentially distributed with parameter ¢(n) = — pj(n, n).
Show, moreover, that n(71) and 7; are independent random variables.

bex5| Exercise 1.32. Recall from (2.2) that (73 : £ > 1) represents the successive
times of jumps of a chain 7(t). Show that each 74 is a stopping time with
respect to the natural filtration F'.

bex2| Exercise 1.33. Show that the explosion time X, introduced in Example 1.13
is a stopping time with respect to the natural filtration (F;' : ¢ > 0).

bex3| Exercise 1.34. In example 1.13, show that P;[X <t| > 0forall j € E,t > 0.
Prove identity (3.5).

bex4 | Exercise 1.35. Recall the notation introduced in Definition 1.3. Fix n € E.
Show that the sequence (Z : k > 0), defined by Zg =1, Zp = n(7%), k > 1,
forms a discrete-time Markov chain in which the configurations £ such that
p(&,€) = 1 are absorbing points.

with transition probability p,(&,¢) = p(&,¢)/[1 — p(&, z1)]
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