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Chapter 1

Introduction and generalities

1 Physical context and modelization

1.1 Polymer in a random environment

We are interested in the following physical problem: consider a polymer chain, that is composed
of a finite but large number of hydrophilic monomers in a watery solution. The solution is inho-
mogeneous in the sense that it contains randomly placed impurities, e.g. hydrophobic molecules,
that repel the hydrophilic monomers. These interaction modify the shape of the polymer chain
on a microscopic scale. The spatial configuration of the chain changes rapidly due to thermal
agitation and thus it becomes reasonable to consider it as a random object. The question we
want to address is the following:

“On a macroscopic scale, how do these impurities affect the global shape of the polymer chain.”

We want to give a mathematical answer to this question, using the framework of statistical
mechanics. To have a chance to do so, we must consider a rather simplified picture, our aim
being to have a model that we can mathematically handle and that keeps the essential features
of the original problem.

The first simplification is quite common in mathematical physics, is to make our polymer
chain and impurities live on a discrete lattice: the spatial configuration of a polymer chain with
N monomer is represented an N -steps path on the lattice and impurities, with deterministic or
random hydrophilic strength are randomly placed on the sites of the lattice (see Figure 1.1).
The distribution of the polymer shape is then given by a standard Gibbs-Boltzmann formalism.

The second simplification is to consider that our polymer chain tends to stretch in a given
direction (this is the reason why the model is referred to as directed polymer). Whereas it
might be physically questionable, this simplification allows us to disregard a lot of possible
complication in the shape of the polymer such as entanglements and self-intersections. This of
great help for the mathematical treatment of the model.

In this short course our aim is to give a mathematical overview of the known answers and
conjectures about the above question. We can schematically distinguish two cases:

(i) When the space in which the polymer lives is high dimensional and the temperature is
high-enough, the impurities do not affect the global shape of the polymer, this is due to
averaging over space of the effect of the impurities.
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CHAPTER 1. INTRODUCTION AND GENERALITIES 4

(ii) When the dimension is small or when the temperature is low, impurities drastically change
the behavior of the polymer.

1.2 The main model

Let us present now the main model that we are to study: the directed polymer on N× Z
d. Our

polymer configurations live on the lattice N×Z
d ; more precisely a possible spatial configuration

of a chain with N monomer is described by [(n, Sn)]n∈[0,N ] where S belongs to the set of nearest
neighbor paths:

SN := {(Sn)n∈[0,N ] ∈ (Zd)N+1 | S0 = 0, ∀n ∈ [1, N ], |Sn − Sn−1| = 1}. (1.1)

The set of impurities is modeled by ω := (ωn,x)n≥0,x∈Zd a field of IID centered variables of
unit variance,

E[ωn,x] = 0 and E[ω2
n,x] = 1.

and having finite exponential moment (let P and E denote the associated probability law
and expectation),

λ(β) := logE[eβω1,0 ] < ∞,∀β > 0. (1.2)

The variable ωn,x is the opposite of the energy of interaction between the impurity at site (n, x)
and a monomer: it quantifies how much the site (n, x) attracts or repels a monomer.

The polymer measure µ̄β,ω
N that describes the behavior of the polymer chain is a probability

measure on SN that is defined via a Gibbs-Boltzmann formalism for a fixed realization of the
environment ω: to each path in SN one associates an energy given by the Hamiltonian

Hω
N (S) := −

N
∑

n=1

ωn,Sn . (1.3)

Then at an inverse temperature β > 0, one associates to each path a probability that is propor-
tional to its Boltzmann weight, i.e.

µ̄β,ω
N (S) =

1

Z̄β,ω
N

e−βHω
N
(S), (1.4)

where Z̄β,ω
N , the sum of the Boltzmann weights, is the necessary renormalization factor that

makes µ̄β,ω
N (S) a probability measure on SN :

Z̄β,ω
N =

∑

S∈SN

e−βHω
N (S). (1.5)

We call it the partition function.
For technical convenience, in what follows we will rather consider the polymer measure as

a probability law on the set of semi-infinite nearest neighbor trajectories (Sn)n≥0. We remind

the reader that for µβ
N constructed below, only the restriction of S to its N first step has some

physical relevance. Let P denote the law of the symmetric nearest neighbor random walk on Z
d

(and E the associated expectation), the polymer measure µβ
N , is a probability measure absolutely

continuous w.r.t. P (expectation denoted by E), and whose Radon-Nikodym derivative is equal
to



CHAPTER 1. INTRODUCTION AND GENERALITIES 5

Z
d

O

ω1,1

ω
−1,1

ω
−2,2

ω2,2

ω0,2

N = 15

Figure 1.1: Representation of the polymer trajectory and of the random environment in the case
where the transversal dimension is equal to one. The energy of a trajectory corresponds to the
sum of the energies collected on the different sites visited.

dµβ,ω
N

dP
(S) :=

1

Zβ,ω
N

e−βHω
N
(S), (1.6)

where
Zβ,ω
N := E[e−βHω

N (S)] = (2d)−N Z̄β,ω
N . (1.7)

Note that the law of S|[0,N ] under µ
β,ω
N is given by µ̄β,ω

N so that the two definitions are equivalent.
We are interested in knowing the asymptotic behavior of S|[0,N ] under the law µN and

specifically whether and how the introduction of random inhomogeneity makes it different from
the asymptotic behavior of the simple random walk. The answer to this question may depend
on the temperature β and the dimension d.

According to folklore predictions by physicists, there are two alternatives:

(a) Disorder only modifies the local properties of the trajectories: under µN the macroscopic
feature of the simple random walk are preserved, e.g. (S⌈tN⌉/

√
N)t∈[0,1] converges to the

law of a d-dimensional Brownian motion.

(b) Disorder modifies the structure of the walk on a macroscopic levels, there exists corridors
where the values of the potential −ω are particularly favorable (i.e. low) and thus under
µN , trajectories are pinned on those corridors. Moreover, in this regime, the trajectories
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are superdiffusive in the sense that |SN | is typically of order N ξ where ξ > 1/2 (i.e. the
trajectories are ready to pay some entropic cost to visit energetically favorable region).

In the rest of this introductory chapter, we will make these conjectures more precise. As for
many systems in statistical mechanics, many information about the behavior of the model can
be retrieved by analyzing the behavior of the partition function Zβ,ω

N . In fact, the right-way to

decide (at least heuristically) whether (a) or (b) holds is to compare Zβ,ω
N with its expectation

(or more especially their respective growth rate). We detail this in the next section.

Remark 1.1.1. Originally the model was introduced for d = 1 by Henley and Huse in [14] as a
model of effective interface for the two-dimensional disordered Ising model at low temperature.
Generalization of the model to arbitrary dimension and the polymer interpretation came soon
afterwards [15]. Note that the model can also be used to described wave diffusion in a fast-
changing random media, as the partition function is a time-inverted version of the total mass of
the solution of the Parabolic Anderson Model (see e.g. [5]).

2 Properties of the partition function and its relation to trajec-

tory properties

The analysis of the behavior of the partition function plays a central role in the study of directed
polymer, and in statistical mechanics in general. We explain in this section how different asymp-
totic behaviors of the sequence ZN are linked to different behavior for the polymer trajectories.

First let us compute the expectation of Zβ,ω
N . This is done easily by using Fubini-Tonelli

identity (recall definition (1.2))

E

[

Zβ,ω
N

]

= EE

[

eβ
∑N

n=1 ωn,Sn

]

= eNλ(β). (2.1)

We define WN := Zβ,ω
N /E

[

Zβ,ω
N

]

to be the renormalized version of the partition function. One

has
WN = E[e

∑N
n=1(βωn,Sn−λ(β))]. (2.2)

Whether the ratio WN tends to zero or not gives a valuable information, that is, whether the

quantity e
∑N

n=1(βωn,Sn−λ(β)) (which mean is equal to 1, but with typical value e−Nλ(β)+O(
√
N) for

a given path) averages when one sums among all paths. If averaging occurs, it indicates that
a typical polymer paths sees around him an averaged environment so that disorder does not
really count on large scales. On the contrary if there is no averaging, it announces a different
behavior, where disorder plays a role also on large scale. One has a nice dichotomy concerning
the asymptotic behavior of WN that allows to present clearly this alternative.

Proposition 1.2.1. The sequence (WN )N≥0 is a martingale with respect to the filtration (FN )N≥0

where
FN = σ((ωn,x)n≤N,x∈Zd).

Consequently the limit limN→∞WN = W∞ exists, and we have the following 0− 1 law

P[W∞ > 0] ∈ {0, 1}. (2.3)
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Proof. Using Fubini-Tonelli and the fact that E[exp(βω − λ(β))] = 1, one has

E[WN | FN−1] = E[E[e
∑N

n=1(βωn,Sn−λ(β)) | FN−1]] = E[e
∑N−1

n=1 (βωn,Sn−λ(β))] = WN−1, (2.4)

so that WN is a martingale sequence. A positive martingale always converges so that the limit
W∞ exists.

Moreover it is easy to remark that the event {W∞ = 0} is independent of (ωn,x)x∈Zd,n≤N for
all values of N so that it belongs to the tail sigma-algebra of the field ω. It is then a classic result
that the tail sigma-algebra of an IID field is trivial, i.e. that all events in it have probability zero
or one.

When W∞ > 0 a.s. , we say that the influence of the disorder is weak, or that weak disorder

holds. This spatial averaging implies that trajectories have diffusive behavior. However this is
far from being an easy statement. We will be prove a weak version of the following theorem in
Chapter 2.

Theorem 1.2.2 ([9, Theorem 1.2]). When W∞ > 0, P-a.s. one has that the law of the process

(

S⌈Nt⌉√
N

)

t∈[0,1]
, (2.5)

under µβ,ω
N converges weakly in law to the law P of a d-dimensional Brownian motion Bt∈[0,1]

starting from the origin and with covariance matrix 1
dI where I is the identity matrix in Z

d.

On the contrary when W∞ = 0, it is believed that the polymer trajectories have a singular
behavior with respect to the law of the simple random walk: more precisely it is predicted
that in this case, trajectories tend to pin on a special corridor of where the environment is
peculiarly favorable. so that diffusivity do not occurs and one observes instead a phenomenon of
localization of the trajectories. For this reason, this case is often referred to as strong disorder

in the litterature. There are several characterization of the strong disorder regime, which are
often not fully satisfactory, but that give at least a heuristic evidence of the phenomenon. One
of those is overlap of the terminal point.

Define
In :=

∑

x∈Zd

(µn−1(Sn = x))2 = µ⊗2
n−1(S

(1)
n = S(2)

n ). (2.6)

It is almost equal to the probability that two independent polymer have their end-points coincide.

Theorem 1.2.3 ([6, Theorem 1.1]). When weak disorder holds one as

∞
∑

n=1

In < ∞, P a.s. (2.7)

On the contrary when W∞ = 0, one has

∞
∑

n=1

In = ∞, P a.s.
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and there exist a constant c (depending on β and the distribution of the ω) such that a.s.

−c−1 logWN ≤
N
∑

n=1

In ≤ −c logWN . (2.8)

Of course this result just indicates a kind of overlap for the terminal point of the trajectory,
but from the definition of the model there is no reason that the terminal point should play a
special role. Hence we might think that the above result indicates that the mean overlap between
two polymer trajectories is infinite. I.e. that we can replace

∑N
n=1 In in (2.8) by

JN :=
N
∑

n=1

µ⊗2
N (S(1)

n = S(2)
n ). (2.9)

The statement (2.8) bears a much stronger signification when WN decays exponentially fast
to zero: it indicates that JN should be proportional to N , so that two independent polymer
configuration tend to have a positive overlap fraction. This gives an incentive to study the rate
of decay of the partition function (or its radius of convergence). According to the following
proposition this rate of decay is perfectly well defined.

Proposition 1.2.4. The limit

p(β) := lim
N→∞

1

N
logZβ,ω

N , (2.10)

exists P-a.s. and is non-random. It is equal to

lim
N→∞

1

N
E

[

logZβ,ω
N

]

. (2.11)

We call p(β) the free-energy of the directed polymer. One has

p(β) ≤ 1

N
logEZβ,ω

N = λ(β). (2.12)

When the above inequality is strict we say that very strong disorder holds.

Note that trivially, very strong disorder implies strong disorder. An important issue is thus
to know when weak, strong and very strong disorder holds. A first answer to the question is
given by the following proposition that says that there is at most one phase transition for each
notion of strong disorder

Proposition 1.2.5 ([9, Theorem 1.1]). There exists βc ≤ β̄c in [0,∞] such that the following
holds

(i) If β < βc then weak-disorder holds, and if β > βc strong disorder holds,

(ii) If β ≤ β̄c the p(β) = λ(β) and if β > β̄c the p(β) < λ(β).

the second point is a consequence that β 7→ λ(β) − p(β) is a non-decreasing function. Further-
more, if ω has an unbounded distribution βc ≤ β̄c < ∞.
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The above result (that we will not prove in these notes) leaves two questions unanswered
(see Figure 1.2), the first one concerns the existence of the weak disorder phase: is βc > 0? The
other is whether there is really two phase transition: are βc = β̄c different?

The answer to the first question is not too difficult in dimension d ≥ 3 and is yes as we
will see in the next chapter. In low dimension however, when d = 1 or d = 2 the space is not
large enough for self-averaging at any temperature and β̄c = 0. Concerning the second question,
physicists believe that βc = β̄c but it remains a very challenging mathematical issue to prove it
when d ≥ 3 and it is a long standing open problem of the field.

Theorem 1.2.6 ([7, Theorem 1.1], [17, Theorem 1.6]). When d = 1 or d = 2, one has very
strong disorder at all temperature (i.e. for all value of β).

Theorems 1.2.3 and 1.2.6 as well as Proposition 1.2.4 are partially proved in Chapter 3.

O β

βc β̄c

disorderdisorderdisorder
weak strong v. strong

Figure 1.2: Representation of the difference between quenched and annealed free-energy p(β)
and λ(β) as a function of β, critical values for β and the different possible regime. In dimension
1 and 2, β̄c = 0 and only the strong disorder regime exists. When d ≥ 3, it is a challenging
question to prove that there is no intermediate regime, i.e. that βc = β̄c.

Some bibliographical comment

The first work establishing the existence of a diffusive phase for directed polymer is from Imbrie
and Spencer [15]. In [3] comes the idea of studying the renormalized partition function WN

to extract information on the trajectorial behavior, and idea that has then been developed
in various paper, including [9] where the most precise result up to now is proved. Rigorous
localization results are more recent: Carmona and Hu proved some link between the overlap
fraction and the asymptotic behavior of WN in [4] for Gaussian environment, an approach that
was generalized and complemented in [6]. In those paper, additionally, strong disorder at all
temperature when d = 1 and d = 2 was established, while very strong disorder was established in
[7], [17] respectively for d = 1 and d = 2. Note that when the environment is either Poissonian
or Gaussian, localization results concerning the overlap JN of equation (2.9) have also been
established (see [4, Section 7], or more recently [5, 10]).
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3 Superdiffusivity

Apart from localization of the trajectories, there is another interesting phenomenon that should
occur in the strong disorder phase. For the simple random walk S on Z

d, it is known that after
N step, SN stands typically at a distance of order

√
N from the origin. When strong disorder

occurs, it is believed that polymer trajectories want to wander away farther from the origin to
reach zones where the environment is more favorable (i.e. where ω takes large values).

Physicists predicts that in this case the typical distance of the end-point to the origin is
equal to N ξ where ξ > 1/2 depends on the dimension but not on the temperature (as long as
β > βc).

In dimension 1 this conjecture is even more precise, as the value of ξ is predicted to be equal
to 2/3. The fact that ξ is a rational number is believed to be a special setup of dimension 1 and
determining the value of ξ in higher dimension seems an hopeless task.

On the mathematical side, the case of dimension 1+1 is the one for which substantial results
have been obtained, and they can be divided in two kinds:

• Results obtained using on an entropy versus energy competition approach, giving mainly
bounds like 3/5 ≤ ξ ≤ 3/4 see for instance [20] for the lower bound and [19] for the upper
bound. Similar results have been obtained for Brownian Motion among random obstacles
[22, 23].

• Results obtained using exact computations: for very special version of the model, like
oriented last passage percolation with exponential environment [16] or polymer with log-
gamma environment [21]. For some of these models the formal existence of ξ is established
as the equality ξ = 2/3.

A formal introduction of these results would be too long in this introduction. Note that
for the model presented above, which is also the most studied in the literature, superdiffusivity
remains an open and challenging question.



Chapter 2

The diffusive phase

In this chapter our aim is to establish a weak version of Theorem 1.2.2. The approach we present
is the one from [9]. We complement the result by showing exhibiting an explicit criterion for
having weak disorder (known as the L2 criterion), and a remark concerning the singularity of
the polymer measure with respect to P .

1 Preliminaries

1.1 The L2 criterion for weak disorder

Before starting a proof that weak disorder implies diffusivity, we might check that the weak
disorder phase truly exists, i.e. that βc > 0 when d ≥ 3. This is not too difficult to check
using the so-called second moment method: we extract information on the sequence (WN )N≥0

by computing (E
[

W 2
N

]

)N≥0.

Set pd to be the probability that independent two walks on Z
d starting from the origin meet

at positive time:
pd := P⊗2[∃n ≥ 1, S(1)

n = S(2)
n ]. (1.1)

Note that p1 = p2 = 1 and that pd < 1 for d ≥ 3.

Proposition 2.1.1. If β is such that

eλ(2β)−2λ(β)pd < 1, (1.2)

then W∞ > 0, P-a.s. so that in particular

βc ≥ β2 := inf{β | exp(λ(2β) − 2λ(β))pd ≥ 1}. (1.3)

Proof. One will check that our condition on β is equivalent to

sup
N≥0

E
[

W 2
N

]

< ∞. (1.4)

When (1.4) holds, our martingale is uniformly integrable, which implies that E[W∞] = E[W0] =
1. Thus P[W∞ = 0] > 0. The 0 − 1 law of Proposition 1.2.1 allows to conclude that W∞ > 0
P-a.s.

11
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Let us now prove (1.4). Let P⊗2 denote the law of two independent random walks S(1), S(2).
By the very definition of a product measure, one has

W 2
N = E⊗2

[

exp

(

N
∑

n=1

β(ω
n,S

(1)
n

+ ω
n,S

(2)
n
)− 2λ(β)

)]

. (1.5)

We have thus by Fubini-Tonelli formula

E[W 2
N ] = E⊗2

[

E

[

exp

(

N
∑

n=1

β(ω
n,S

(1)
n

+ ω
n,S

(2)
n
)− 2λ(β)

)]]

. (1.6)

Then, we note that

E

[

exp

(

N
∑

n=1

β(ω
n,S

(1)
n

+ ω
n,S

(2)
n
)− 2λ(β)

)]

=

{

1 if S
(1)
n 6= S

(2)
n ,

eλ(2β)−2λ(β) if S
(1)
n = S

(2)
n .

(1.7)

so that

W 2
N = E⊗2

[

e
(λ(2β)−2λ(β))

∑∞
n=1 1

S
(1)
n =S

(2)
n

]

, (1.8)

and the monotone limit Theorem gives

lim
N→∞

E[W 2
N ] := C

[

e
(λ(2β)−2λ(β))

∑∞
n=1 1

S
(1)
n =S

(2)
n

]

. (1.9)

By the strong Markov property for the process (S(2) − S(1)), the total overlap between two
independent random walk

L(S(1), S(2)) :=

∞
∑

n=1

1
S
(1)
n =S

(2)
n
,

is a geometric variable of parameter pd:

P⊗[L(S(1), S(2)) = k] = (1− pd)p
k
d.

Thus one has

lim
N→∞

E[W 2
N ] = ∞ ⇔ eλ(2β)−2λ(β)pd < 1. (1.10)

Remark 2.1.2. This criterion does not allow to determine entirely what the weak disorder
phase is, as in [2] it was shown that the inequality (1.3) is a strict one. The fact that the
martingale is never bounded in L2 when d = 1, 2 is not surprising in view of Theorem 1.2.3.
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1.2 A remark: the polymer measure is very singular with respect to P in the

weak disorder phase

To underline the fact that Theorem 1.2.2 is not a trivial result, we want to show here that even
in the weak disorder phase, the polymer measure becomes very singular with respect to the
simple random walk one when N grows. The result we present here is not optimal: a version of
it holds also in the strong disorder case.

Consider β < βc and define H(β,N, ω) to be the set of paths whose potential energy is
atypically low:

H(β,N, ω) :=

{

S
∣

∣

N
∑

n=1

ωn,Sn ≥ Nλ(β)/2β

}

. (1.11)

Indeed for most paths S, according to the central limit theorem
∑N

n=1 ωn,Sn = O(
√
N) (recall

that ωn,x has mean zero and unit variance). We show that H(β,N, ω) is an event of almost full
probability under the polymer measure whereas its probability is going to zero under P .

Proposition 2.1.3. There exists c(β) such that with probability one, one has for all large enough
N

µβ,ω
N (H(β,N, ω)) ≥ 1− ec(β)N ,

P (H(β,N, ω)) ≤ e−c(β)N .
(1.12)

As a consequence the total variation distance between the two measures tends to one exponentially
fast, i.e. for N large enough

‖µN − P‖TV ≥ 1− 2 exp(−c(β)N). (1.13)

Recall that the total variation distance between two measure is defined by

‖µ− ν‖TV = max
A

|µ(A)− ν(A)| (1.14)

where the max is taken over all measurable events.

Proof. By the very definition of µβ,ω
N one has

µβ,ω
N ((H(β,N, ω))c) ≤ 1

WN
E[eβ(

∑N
n=1 ωn,Sn )−Nλ(β)1(H(β,N,ω))c ]. (1.15)

Then for N large enough WN ≥ W∞/2 > 0, so that using the definition of H(β,N, ω)

µβ,ω
N ((H(β,N, ω))c) ≤ 2

W∞
e−Nλ(β)/2. (1.16)

wich gives the first part of the result. For the second one note that by Cramer’s Theorem for
sum of IID variables (see [11, Theorem 2.2.1]), there exists c(β) such that

E[P (H(β,N, ω))] = E

[

P

[

N
∑

n=1

ωn,Sn ≥ Nλ(β)/2β

]]

≤ e−2c(β)N . (1.17)

Then one has by Markov inequality

P[P (H(β,N, ω)) ≥ e−c(β)N ] ≤ e−c(β)N , (1.18)

and the Borel-Cantelli Lemma allows us to conclude.
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1.3 The infinite volume limit

In this section, we define an infinite volume version of the polymer measure that we call µ.
The general idea is that it is easier to compare the behavior of (Sn)n∈N under a measure µ at
different scales N than to have a different measure for each scale. Then we can use that µN is
somehow close to µ to get results for µN (see Proposition 2.2.6) .

A naive way to define µ so would be for each measurable event A with P (A) > 0 to consider

µ∞(A) := lim
N→∞

µN (A) =
1

W∞
lim

N→∞
E[eβ(

∑N
n=1 ωn,Sn)−Nλ(β)1S∈A]. (1.19)

For fixed A, one can show that the sequence

WN (A) := E[eβ(
∑N

n=1 ωn,Sn )−Nλ(β)1S∈A], (1.20)

is a martingale, as in Proposition 1.2.1. Hence convergence holds.
The problem is that if we can to show the existence of such a limit, we cannot show that it

is a probability measure : one has trouble with σ-additivity when passing to the limit. What
we can show is that µ∞ restricted to the sigma algebra

GN := σ(Sn, n ∈ [0, N ]), (1.21)

is a measure for every N .

A way to avoid trouble is to consider the probability measure µ which is the projective limit
of µ∞|GN

. This is necessary as it can be shown that µ∞ is not a probability measure. We can in
fact construct µ directly without calling for Kolmogorov’s Extension Theorem and we describe
this construction now.

We given X ∈ Z
d and N ≥ 0, we define θX,N to be the shift operator on the environment

(θX,Nωx,n)x∈Zd,n≥0 := (ωX+x,N+n)x∈Zd,n≥0 (1.22)

We define then for N ∈ N ∪ {∞}

WN (n, x) := WN ◦ θn,x = E[eβ(
∑N

k=1 ωn+k,Sk+x)−Nλ(β)]. (1.23)

to be the renormalized partition function constructed from θx,nω (or their limit in the case
N = ∞). Then we can define µ as the probability measure under which S is a simple random
walk whose transitions are random and given by

µ(Sn+1 = y | Sn = x) :=
1x∼y exp(βωn+1,y − λ(β))W (n + 1, y)

2dW (n, x)
. (1.24)

The reader can check that the transition rates sum to one and that

∀N ≥ 0, ∀A ∈ GN , µ(A) = µ∞(A). (1.25)

This construction of an infinite volume measure is a specific feature of the weak disorder
case and there is no natural way of doing something similar in the strong disorder setup. Note
also that µ is singular with respect to P (this can be proved as we proved Proposition 2.1.3).
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2 Proof of diffusivity in the weak disorder phase

For the sake of simplicity we do not prove diffusivity directly for the polymer measure but only
for the averaged version of it PµN obtained after integrating over all possible environment.

Our plan for the proof is the following:

• First, one shows that, contrary to µ, the infinite volume measure averaged over the envi-
ronment Pµ defined by

Pµ(A) := E [µ(A)] , (2.1)

is absolutely continuous with respect to P the simple random walk measure, and that in
fact it is equal to

Pµ∞(A) := E [µ∞(A)] (2.2)

• Second, one shows that for any measure that is absolutely continuous with respect to P ,
Donsker’s Theorem (i.e. convergence to Brownian motion) holds. The idea there is that
if a measure is absolutely continuous with respect to P the difference with P has to lie
mainly in the first few steps of the walk (see Proposition 2.2.3).

• Finally, we show that restricted to a certain set of events, µN and µ are close to each other
(Lemma 2.2.6) and use this remark to show that convergence to Brownian Motion for PµN

is implied by the one for Pµ (Proposition 2.2.8).

To prove the convergence to Brownian Motion for the non-averaged measure, one needs to
go one step further and to show the absolute-continuity with respect to P⊗2 of the averaged
two-replica infinite-volume polymer measure Pµ⊗2, which is a bit too long to develop here.

Proposition 2.2.1. The measure Pµ is absolutely continuous with respect to P .

We will in fact prove the following

Lemma 2.2.2. For any value of N and any event A of probability P (A) one has

PµN(A) ≤ κ(P (A)), (2.3)

where κ : R+ → R is an increasing function such that limx→0 κ(x) = 0. As a consequence Pµ∞
is σ-additive and is thus a probability measure. Furthermore Pµ∞ = Pµ.

Proposition 2.2.1 follows directly from the Lemma. Indeed if P (A) = 0, µN (A) = 0 for all
N so that µ∞(A) = 0, P a.s. and thus from the above Lemma Pµ(A) = Eµ∞(A) = 0.

Proof. Set δ :=
√

P (A) Then one remarks that

E[µN (A)] ≤ E[µN(A)1WN≥δ] + P[WN ≤ δ]. (2.4)

As W is a positive martingale

P[WN ≤ δ] ≤ 2P[W∞ ≤ 2δ]. (2.5)
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On the other hand

E[µN (A)1WN≥δ] ≤ δ−1
E[µN (A)WN ]

= δ−1E
[

E[eβ(
∑N

n=1 ωn,Sn)−Nλ(β)1S∈A]
]

= δ−1P (A) = δ, (2.6)

that converges to zero, so that (2.3) holds for κ(x) =
√
x + 2P[W∞ ≤ 2

√
x]. Note that by

dominated convergence Theorem (2.3) holds also for N = ∞.

The function Pµ∞ is finitely additive as µ∞ is. To show that it is sigma additive is not too
complicated: if (Am)m≥0 is a sequence of distinct event, for any ε there exists an Nε such that

P (
⋃

m≥N

Am) ≤ ε. (2.7)

so that

Pµ∞(
⋃

m≥N

Am) ≤
N−1
∑

k=1

PµN (Ak) + PµN(
⋃

m≥N

Am)) ≤
∞
∑

k=1

PµN (Ak) + κ(ε). (2.8)

As ε is arbitrary it completes the proof (the other inequality comes from finite additivity).

The measures Pµ∞ and Pµ coincides on ∪N≥0GN and thus are equal.

Now let us prove a general statement for product measure that we want to apply to the
sequence of random walks increments.

Proposition 2.2.3. Let P be equal to Q⊗N a probability measure on (Rd)N under which (Xn)n∈N
is an IID sequence of variable. Let P ′ be a measure which is absolutely continuous with respect
to Q, and Pk and P ′

k denote the law of (Xn)n≥k. Then the total variation distance between Pk

and P ′
k goes to zero when k tends to infinity.

Proof. By density in L1 of simple functions (i.e. of function taking only finitely many values),
one can restrict our proof to the case where dP ′/dP is a simple function. Then by linearity, one
can in fact restrict ourselves to the case where P ′ = P (· | A) where A is an event of positive P
probability. Then by density again one can restrict ourselves to the case where A ∈ ⋃n≥0 Gn and
Gn is the sigma algebra generated by X1, . . . ,Xn (i.e. A is a cylinder event). Then if A ∈ Gn,
and P ′ = P (· | A), Pk = P ′

k for k ≥ n, which ends the proof.

Now let us recall Donsker’s Theorem concerning the simple random walk in Z
d. Let C([0, 1])

denote the space of continuous function [0, 1] to R
d equipped with the L∞ norm. And set

S(n) : [0, 1] → R
d,

t 7→ S̄nt√
n
,

(2.9)

where S̄ : R+ → R is the linear interpolation of S between integer coordinate.

Theorem 2.2.4 ([12]). Under P , the sequence of processes S(n) converges in law to P the law
of a standard Brownian motion (Bt)t∈[0,1] of covariance matrix d−1I. More precisely for any
continuous bounded function F , C([0, 1]) 7→ R one has

lim
n→∞

E[F (S(n))] = E[F (B)]. (2.10)
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An easy consequence of Proposition 2.2.3 is the following

Proposition 2.2.5. Donsker’s Theorem still holds if P is replaced by P ′ absolutely continuous
with respect to P . In particular, for every for any continuous bounded function F , C([0, 1]) 7→ R

one has

lim
n→∞

E[µ(F (S(n)))] = E[F (B)]. (2.11)

Proof. First remark that given ε if k is large enough, from Proposition 2.2.3 one can couple P
and P ′ such that (Sn − Sk)n≥k and (S′

n − S′
k)n≥k coincide with probability (1− ε).

Thus with this coupling the probability that ‖S(n) − (S′)(n)‖∞ ≥ k/
√
n is smaller than ε.

The convergence of S(n) and the fact that ε is arbitrary allow to conclude the proof.

The last step to prove diffusivity of the trajectories is to show that somehow µ and µN are
somehow close to each other.

Given two measures on the set of infinite nearest-neighbor path µ and ν,let ‖µ−ν‖Gn denote
the total variation distance between µ|Gn

and ν|Gn
, the measure restricted to Gn (recall (1.7))

Lemma 2.2.6. One has
lim
k→∞

sup
n

E [‖µn+k − µ‖Gn ] = 0. (2.12)

In particular
lim
k→∞

sup
n

‖Pµn+k − Pµ‖Gn = 0. (2.13)

To this purpose one has to admit that

Proposition 2.2.7. When weak disorder holds the sequence WN is uniformly integrable so that
the convergence Wn → W∞ holds in L1(P).

Proof. From the definition of total variation measure one has (recall notation 1.23)

‖µn+k − µ‖Gn = E

[∣

∣

∣

∣

d(µn+k)|Gn

dP|Gn

−
dµ|Gn

dP|Gn

∣

∣

∣

∣

]

= E

[

e
∑n

l=1 βωl,Sl
−nλ(β)

∣

∣

∣

∣

Wk(n, Sn)

Wn+k
− W∞(n, Sn)

W∞

∣

∣

∣

∣

]

. (2.14)

Note that the above quantity is always smaller or equal to one. Moreover when Wn+k ≥ δ,
W∞ ≥ δ and |Wk −W∞| ≤ ε one has

∣

∣

∣

∣

Wk(n, Sn)

Wn+k
− W∞(n, Sn)

W∞

∣

∣

∣

∣

≤ Wk(n, Sn)

∣

∣

∣

∣

1

Wn+k
− 1

W∞

∣

∣

∣

∣

+
1

W∞
|Wk(n, Sn)−W∞(n, Sn)|

≤ ε

δ2
Wk(n, Sn) + δ−1 |Wk(n, Sn)−W∞(n, Sn)| . (2.15)

Combining (2.15) with (2.14) one gets that

E[‖µn+k − µ‖Gn ] ≤ P(min(W∞,Wk) < δ) + P(|Wk −W∞| > ε)

+
ε

δ2
E

[

e
∑n

l=1 βωl,Sl
−nλ(β)Wk(n, Sn)

]

+ δ−1
E

[

e
∑n

l=1 ωl,Sl
)−nλ(β) |Wk(n, Sn)−W∞(n, Sn)|

]

.

(2.16)
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The first terms in the r.h.s. can be made small by taking δ small, because W∞ > 0, P-a.s. the
second one tends to zero when k tends to infinity, the third one is equal to ε

δ2 which can be
chosen arbitrarily small by choosing ε accordingly. By translation invariance the fourth term
is equal to (δ−1 times) the L1 distance between Wk and W∞ which tends to zero according to
Proposition (2.2.7). This is enough to conclude.

Now we can conclude this section that by proving that

Proposition 2.2.8. The law of S(n) under Pµn converges weakly to the one of Brownian Motion.

Proof. Indeed by the previous Lemma, one can choose k large enough so that for all N ≥ k one
has ‖Pµn − Pµ‖Gn−k

≤ ε.

Thus for each value of n one can couple S of law Pµn and S′ of law Pµ such that S|[0,n−k] =
S′
[0,n−k] with probability (1− ε). This implies in particular that

‖S(n) − (S′)(n)‖ ≤ k/
√
n with probability 1− ε.

Thus, as the law of (S′)(n) converges to the law of Brownian motion (cf. Proposition 2.2.5), so
does the law of S(n).



Chapter 3

The localized phase

In this chapter, our aim is to prove some kind of localization result about the polymer measure
when strong disorder holds. This chapter is mainly based on [4], [6], [7] and [17].

1 Existence of the free-energy

The first step is to prove the existence of the quenched free-energy. We do this in two stages:
first we show that the mean of 1

NE logZN converges and then couple it with a concentration
result (Azuma’s inequality) to get the existence of the non averaged limit.

For technical convenience we make in this chapter the assumption that the distribution of ω
is bounded, i.e. that there exists a constant K such that |ωn,x| ≤ K, P-a.s.

Theorem 3.1.1. The sequence (E logWN )N≥0 is superadditive so that the limit

p(β)− λ(β) :=
1

N
E logWN , (1.1)

exists. Moreover the quantity logWN concentrates around its mean: there exists a constant c
such that

P

[

logWN − E logWN ≥ t
√
N
]

≤ exp(−ct2). (1.2)

As a consequence

lim
N→∞

1

N
logWN = p(β)− λ(β). (1.3)

Proof. First let us prove the superadditivity statement. Recall (1.23), one has by definition

WN+M = WN

∑

x∈Zd

µN (SN = x) logWM (N,x), (1.4)

so that
E logWN+M = E logWN + E log

∑

x∈Zd

µN (SN = x) logWM (N,x). (1.5)

19
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Using Jensen’s inequality

E log





∑

x∈Zd

µN (SN = x)WM (N,x)



 ≥ E





∑

x∈Zd

µN (SN = x) logWM (N,x)





=
∑

x∈Zd

E [µN (SN = x)]E[logWM (N,x)]. (1.6)

Where last equality is derived by using independence in the environment ω. On can conclude
using translation invariance of the environment and E[logWM (N,x)] = E[logWM ].

For the concentration result, we are going to use the fact that ω has bounded distribution.
Let us consider the filtration defined in Theorem 1.2.1

FN = σ(ωn,x, n ≤ N), (1.7)

and the martingale sequence

MN
k = (E[logWN | Fk])k∈[0,N ]. (1.8)

To show concentration we show that the martingale here has bounded increments and then use
Azuma’s concentration inequality for martingale. Boundedness of increments is quite intuitive
given that the environment takes bounded values only, but to write a proof of it, one needs a
small technical artifice: Let ω̃ be an independent copy of the environment (of law Ẽ) ω and
define ωk to be the interpolated environment

ωk
n,x :=

{

ωn,x if n ≤ k,

ω̃n,x if n ≥ k.
(1.9)

Define

W k
N := exp[β(

N
∑

n=1

ωk
n,Sn

)−Nλ(β)], (1.10)

the partition function built from ωk. From this definition

MN
k = Ẽ logW k

N . (1.11)

One has
W k+1

N

W k
N

= µk
N [e

β(ωk+1,Sk+1
−ω̃k+1,Sk+1

)
]. (1.12)

which belongs to the interval [e−2βK , e2βK ] so that

|MN
k+1 −MN

k | ≤
∣

∣

∣

∣

∣

Ẽ log
W k+1

N

W k
N

∣

∣

∣

∣

∣

≤ 2βK. (1.13)

We conclude by deducing (1.2) from Azuma’s inequality (below).

For the sake of completeness we present of short proof of Azuma’s inequality.
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Proposition 3.1.2. [1, Azuma’s inequality] Let (Mk)k∈[0,N ] be a martingale sequence whose
increments are bounded by C, one has

P[|Mn −M0| ≥ t] ≤ 2 exp(−t2/2NC2). (1.14)

Proof. Let Yn = Mn −Mn−1 denote the martingale increments. Using convexity of the expo-
nential and the martingale property one has

E
[

esYn |Fn−1

]

≤ E

[(

1

2
+

Yn

C

)

eCs +

(

1

2
− Yn

C

)

e−Cs
∣

∣ Fn−1

]

= cosh(Cs) ≤ exp((Cs)2/2). (1.15)

Then

E
[

esMN−M0
]

= E
[

esMN−1−M0esYN
]

= E
[

esMN−1−M0E[esYN |FN−1]
]

= E
[

esMN−1−M0
]

exp((Cs)2/2) ≤ exp(−N(Cs)2/2), (1.16)

the last inequality is obtained just by iterating N − 1 times. Thus for t ≥ 0, and s > 0

P[MN −M0 ≥ t] ≤ E

[

es(MN−M0)−st
]

≤ exp(N(Cs)2/2− st). (1.17)

Taking s = t/(CN)2, the r.h.s. is equal to exp(−t2/(2NC2)). One gets the same bound for
P[MN −M0 ≥ −t] in the same fashion to finish the proof.

Remark 3.1.3. The proof adapt to the case of ω with sub-exponential tail by standard trun-
cation argument. The only difference being that the tail estimates for deviation from the mean
are worse, see [6].

2 Strong disorder and overlap

In this section we prove Theorem 1.2.3. We restrict again to the case of bounded disorder. Before
starting the proof, let us explain how logWN can have some relation to the overlap distribution.

Note that from the definition of the polymer measure

logWn/Wn−1 = log
∑

x∈Zd

µn−1(Sn = x)eβωn,x−λ(β)

= log



1 +
∑

x∈Zd

µn−1(Sn = x)(eβωn,x−λ(β) − 1)



 . (2.1)

If the measure µn−1(Sn = ·) is well spread on Z
d one has some kind of averaging and µn−1(Sn =

x)(eβωn,x−λ(β)−1) concentrates around zero and do does logWn/Wn−1, whereas if µn−1(Sn = ·)
is concentrated on a few sites only, logWn/Wn−1 remains with non-vanishing random fluctuation
but its mean is strictly negative due to convexity.
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To extract more quantitative information an idea is to develop the log(1+x) at second order
in x. On has

logWn+1/Wn =
∑

x∈Zd

µn−1(Sn = x)(eβωn,x−λ(β) − 1)

+





∑

x∈Zd

µn−1(Sn = x)(eβωn,x−λ(β) − 1)





2

+ . . . (2.2)

When averaging with respect to (ωn,x)x∈Zd . The first term has mean zero and the second one
has mean proportional to In. The general idea behind the proof of Theorem 1.2.3 is to use a
rigorous version of this development to be able to neglect terms that come after the second one.
The first tool is the following technical Lemma.

Lemma 3.2.1. Let Ui be a set of IID mean zero variable that takes value in [−1 + ε, ε−1] for
some positive ε and αi a sequence of positive reals that sums to one.

c−1
n
∑

i=1

α2
i ≤ E log(1 +

n
∑

i=1

αiUi) ≤ c

n
∑

i=1

α2
i ,

log2(1 +

n
∑

i=1

αiUi) ≤ c

n
∑

i=1

α2
i ,

(2.3)

where c is a constant that depends on ε.

Proof. For the first line note that

E log(1 +
n
∑

i=1

αiUi) = Eφ(
n
∑

i=1

αiUi), (2.4)

with φ(u) = log(1 + u)− u. As
∑n

i=1 αiUi ∈ [−1 + ε, ε−1] one has

c−1(

n
∑

i=1

αiUi)
2 ≤ φ(

n
∑

i=1

αiUi) ≤ c(

n
∑

i=1

αiUi)
2 (2.5)

which gives the first line of inequalities. The second one is derived in the same manner using
that ln2(1 + u) ≤ cu2 for some constant c on the range considered (u ∈ [1− ε, ε−1]).

From the above Lemma and the observation (2.1) one can get without difficulties that

E[logWN ] ≍ E

[

N
∑

n=1

In

]

. (2.6)

To get a more precise result one relies on a semi-martingale decomposition of the sequence
logWn:

logWn = Mn +An (2.7)

where
∆An = An −An−1 := E[logWn/Wn−1 | Fn], (2.8)

is called the compensator and Mn = Zn −An is a martingale.



CHAPTER 3. THE LOCALIZED PHASE 23

Lemma 3.2.2. There exists a constant c such that

c−1
N
∑

n=1

In ≤ AN ≤ c

N
∑

n=1

In. (2.9)

Moreover,

AN → ∞ ⇔ W∞ = 0 ⇒ logWn

An
→ 1. (2.10)

Proof. Recall (2.1). Then one can apply Lemma 3.2.1, where one averages with respect to the
(ωn,x)x∈Z, with αx = µn−1(Sn = x) and Ux = eβωn,x−λ(β) − 1, and one gets

1

c
In ≤ ∆An ≤ cIn, (2.11)

for some constant depending on β.
This gives us (2.9). Let us control the asymptotic of the martingale part. To this purpose

we want to estimate the associated increasing process

〈M〉n :=

n
∑

k=1

E
[

(Mk −Mk−1)
2 | Fk−1

]

. (2.12)

From the definition of Mn one has

E
[

(Mk −Mk−1)
2 | Fk−1

]

≤ E
[

(logWk − logWk−1)
2 | Fk−1

]

. (2.13)

Moreover (2.13) combined with Lemma 3.2.1 where one averages (again) with respect to the
(ωn,x)x∈Z, with αx = µn−1(Sn = x) and Ux = eβωn,x−λ(β) − 1, gives

E
[

(logWk/ logWk−1)
2 | Fk−1

]

≤ cIk, (2.14)

so that

〈M〉N ≤ c

N
∑

n=1

In. (2.15)

Hence when
∑∞

k=1 Ik < ∞, An converges to a finite limit A∞ and so does 〈M〉n a.s. so that
logWn converges to a finite limit and hence W∞ > 0 a.s.

When
∑∞

n=1 In = ∞ one can check that logWN/AN tends to one almost surely. For this
one must check that Mn/An tends to zero.

Combining (2.9) and (2.15)
Mn

An
≤ c2

Mn

〈M〉n
. (2.16)

According to the martingale law of large number (see e.g. [13, Theorem 4.10 chap. 4]), the r.h.s.
converges to 0 when 〈M〉n tends to infinity.

Theorem 1.2.3 is then an easy consequence of the Lemma.
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3 Strong disorder at all temperature for d = 1

In this section, we want to prove that Wn decays exponentially fast at all temperature when
d = 1. We do not need bounded disorder here, and for the sake of simplicity we write the proof
only in the Gaussian case. The result that p(β) < λ(β) appeared first is [7], the approach we
present here, and the quantitative estimate are from [17].

Proposition 3.3.1. For d = 1, there exists a constant c such that

p(β) ≤ λ(β)− cβ4| log β|−2, (3.1)

for all β ≤ 1/2. As a consequence, very strong disorder holds at all temperature.

Proof. Consider θ ∈ (0, 1) fixed. One has

E logWN = θ−1
E[logW θ

N ] ≤ θ logE[W θ
N ]. (3.2)

Hence to show that very strong disorder holds it is sufficient to show that E[W θ
N ] tends to zero

exponentially fast. The reason why we use this little trick is that the expectation of a non-integer
power of WN is easier to estimate that the expectation of a log.

The second step of our reasoning is to get a finite volume criterion for very strong disorder
to hold: i.e. get a sufficient condition for strong disorder only involving WN for a finite N . To
do so, we decompose the partition function WNM for M ≥ 0 according to the coordinate of
the path after Ni steps, i ∈ {1, . . . ,M}. This kind of procedure is quite common in statistical
mechanics and is known as coarse-graining.

Given k, x and y set

W k
N (x, y) := Ex

[

exp

[

N
∑

n=1

(βωSn,n+(k−1)N − λ(β))

]

1SN=y

]

. (3.3)

One has

WNM =
∑

(x1,...,xM )∈ZM

E

[

exp

[

NM
∑

n=1

(βωSn,n+(K−1)N − λ(β))

]

1SiN=xi,∀i∈[1,M ]

]

=
∑

(x1,...,xM )∈ZM

M
∏

k=1

W k
N (xi−1, xi). (3.4)

Thus using the inequality (
∑

ai)
θ ≤

∑

aθi and averaging one gets

E[W θ
NM ] ≤

∑

(x1,...,xM)∈ZM

M
∏

k=1

E[(W k
N (xi−1, xi))

θ] =

(

∑

x∈Z
E[(WN (0, x))θ ]

)M

. (3.5)

The last equality is due to translation invariance of the environment (and a rearrangement of
the sum). This gives us a first conclusion
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Lemma 3.3.2. Very strong disorder holds if

∑

x∈Z
E[(WN (0, x))θ ] < 1 (3.6)

for some value of N and θ. Moreover, in that case

p(β)− λ(β) ≤ 1

θN
log
∑

x∈Z
E[(WN (0, x))θ ]. (3.7)

Corollary 3.3.3. In any dimension, if the distribution of ω is unbounded one has

p(β) < λ(β), (3.8)

for β large enough

Proof. Apply equation (3.7) for θ = 1/2 and N = 1.

Our aim is to prove then that for a given temperature one can find θ and N such that (3.6)
holds. First we note that if θ is sufficiently close to one

∑

x∈Zd(WN (0, x))θ is almost equal to
W θ

N . Indeed on has trivially for all θ < 1

∑

{x∈Z, |x|≤N, WN (0,x)≤ 1
N2 WN}

(WN (0, x))θ ≤ 2N1−2θW θ
N ,

∑

{x∈Z, |x|≤N, WN (0,x)≥ 1
N2 WN}

(WN (0, x))θ ≤ (WN/N2)θ−1
∑

x∈Zd

WN (0, x) = N2(1−θ)W θ
N .

(3.9)

Thus choosing θ = θN := 1− (logN)−1 one gets that for N large enough

∑

x∈Zd

(WN (0, x))θ ≤ 10W θ
N . (3.10)

The rest of the job remains to estimate E[W θ
N ] in an efficient way. We do it using a change of

measure argument which can be summarized in the following application of Hölder inequality:
consider Ẽ a probability measure for ω absolutely continuous with respect to E

E[W θ
N ] = Ẽ

[

dP

dP̃
(ω)W θ

N

]

≤ Ẽ

[

(

dP

dP̃
(ω)

) 1
1−θ

](1−θ)

Ẽ[WN ]θ. (3.11)

The idea is then to find a measure for which the “cost” of the change of measure

Ẽ

[

(

dP

dP̃
(ω)

) 1
1−θ

](1−θ)

is not too big (i.e. of order 1) while Ẽ[W θ
N ] is really small. We expose the choice for the change

of measure in the case where ω is a Gaussian environment (composed of IID standard centered
Gaussian variable) for simplicity.
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n

0

−C
√
N

C
√
N

2C
√
N

mean is changes 0 → −δN

Figure 3.1: Schematic representation of the change of measure P ⇒ P̃. The idea is to make the
sites that are in the zone that is likely to be visited by the polymer (the dark rectangle) less
favorable, in order to lower the value of WN .

Our choice is to choose P̃ such that ωn,x remains independent Gaussian variables of unit
variance but the mean is changed to be equal to

Ẽ[ωn,x] = −δN1(n,x)∈[0,N ]×[−C
√
N,C

√
N ], (3.12)

for some large constant C. i.e. the mean is lowered for the sites that are typically visited by
trajectory of length N (see figure 3.1).

dP̃

dP
(ω) = exp



−
∑

(n,x)∈([0,N ]×[−C
√
N,C

√
N ])

δNωn,x − δ2N/2



 . (3.13)

so that

Ẽ

[

(

dP

dP̃
(ω)

)
1

1−θ

](1−θ)

= exp

(

CN3/2δ2Nθ

(1− θ)

)

≤ exp(CN3/2δ2N logN). (3.14)

This is smaller than 2 when δN = (2C)−1/2N−3/4(logN)−1/2.

Now we need to bound Ẽ[WN ] for our choices of parameter. One has

Ẽ[WN ] = E

[

exp

(

−βδN

N
∑

n=1

1|Sn|≤
√
N

)]

≤ P

[

max
n∈[0,N ]

|Sn| ≥ C
√
N

]

+ e−δNβN . (3.15)

The first term can be made smaller than 1/200 by choosing C large enough. The second
term is equal to exp

(

−(2C)−1/2βN1/4(logN)−1/2
)

. It is also smaller than 1/200 is N is chosen
to be equal to

Nβ := 10C2β−4| log β|2.
Putting everything together one gets that with our choice for N , and θN one has

E[
∑

x∈Zd

(WN (0, x))θ ] ≤ 10EW θ
N ≤ e−1. (3.16)
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Thus according to (3.7)

p(β)− λ(β) ≤ − 1

N
= −(10C2)−1β4| log β|−2. (3.17)

Remark 3.3.4. What is crucial to make the above proof work is that the change of measure
corresponding to a drift of the mean in a cylinder of diameter

√
N has a cheap cost for δN ≫ N−1.

For this reason, it is cannot be directly extended to the case d = 2. However the proof that
p(β) < λ(β) for all β when d = 2 is based on the same ideas, but two crucial improvement
are necessary: a more efficient coarse graining argument that avoid to have to chose θ close
to one, and a change of measure that do not shift the mean of the ω but rather change the
covariance structure in the environment. We refer to [17] for more details. Note also that the
result presented in this section is sharp in the sense that up to logarithmic correction p(β)−λ(β)
is of order β4.



Chapter 4

Superdiffusivity

In this chapter, we present a superdiffusivity result obtained for a particular model of directed
polymer based on a Gaussian random walk rather than on a random walk on Z

d. The reason
why we need to change model to get a result is the following : superdiffusivity occurs from a
competition between energy and entropy, i.e. going at superdiffusive distance has an entropic cost
that can be compensated by an energetic gain due to fluctuation in the environment. The result
presented here is from [20], but the approach of the proof is more similar to the one developed
in [18], for a model of directed polymer in an environment that has long-ranged correlation.

1 Model and result

Let us introduce our model. Let (Sn)n≥0 denote the random walk on R starting from zero
and whose increments (Sn+1 − Sn)n≥0 are IID mean-zero unit variance Gaussian (call P the
associated probability). Let ω = (ω(n, x))n≥0,x∈R be our Gaussian random environment. It is a
centered translation invariant Gaussian fields whose covariance function is given by

E[ω(n, x)ω(n′, y)] = 1n=n′Γ(x− y), (1.1)

where Γ(·) is a compact supported positive function (supported on [−K,K]). Equivalently
(ω(n, ·))n≥0 is a sequence of IID translation invariant Gaussian fields on R with covariance
function given by Γ(x− y).

Our polymer measure for chain of size N at inverse temperature β is a measure absolutely
continuous with respect to P which modifies the law of the first N increments of S. Its Radon-
Nikodym derivative with respect to P is given by

dµβ
N

dP
:=

1

Zβ,ω
N

eβ
∑N

n=1 ω(n,Sn), (1.2)

where
Zβ,ω
N := E[eβ

∑N
n=1 ω(n,Sn)], (1.3)

is the partition function.

For this model, one can prove that the trajectories S have a superdiffusive behavior under
µN or more precisely

28
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Theorem 4.1.1 (From [20]). For all ξ < 3/5

lim
N→∞

µN (∀n ∈ [0, N ], |Sn| ≤ N ξ) = 0, (1.4)

in probability.

2 Heuristics

Let us explain the idea underlying the proof that is : computing a lower bound for the fluctuation
for the log of the partition function restricted in a box of diameter Lξ and compare it to to the
energetic cost of traveling at a distance Lξ.

Set
Aξ

N := {S | ∀n ∈ [0, N ], |Sn| ≤ N ξ}, (2.1)

and define
Z̄N := E[eβ

∑N
n=1 ω(n,Sn)1

S∈Aξ
N

]. (2.2)

We want to show that log Z̄N has typical fluctuation of order at least N
1−ξ
2 . We consider χN to

be the integrated field in the box Cξ
N

χN =

∫

[−(Nξ+K),Nξ+K]

N
∑

n=1

ω(n, Sn)dx. (2.3)

For any path in Aξ
N one has

E

[

(

N
∑

n=1

ω(n, Sn))χN

]

= N

∫

Γ(x)dx. (2.4)

Define V a Gaussian field on Aξ
N

V (S) :=

N
∑

n=1

ω(n, Sn)− aNχN , (2.5)

with

aN :=
N

VarχN

∫

[−K,K]
Γ(x)dx. (2.6)

By (2.4), the field (V (S))
S∈Aξ

N

is independent of χN . Now we note that

log Z̄N = βaNχN + logE[eβV (S)1
S∈Aξ

N

]. (2.7)

with the second term being independent of χN . Thus the fluctuation of log Z̄N are at least the
one of aNχN which has variance equal to

N2

VarχN

(

∫

[−K,K]
Γ(x)dx

)2

= (1 + o(1))
1

2
N1−ξ

∫

Γ(x)dx. (2.8)
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Hence, on a heuristic level, by visiting a box lying at a distance N ξ from the origin, there

might be an energetic reward of N
1+ξ
2 just due to environmental fluctuation. This is to be

compared with the entropic cost for our walk moving Lξ away from the origin which is equal to

log P (SN ≥ N ξ) ≍ N2ξ−1. (2.9)

Thus the entropic cost is lower than the potential energetic gain if ξ < 3/5. There is some
further work needed to do to make this argument fully rigorous.

3 Proof

For the sake of simplicity we restrict ourselves to proving the following simpler statement:

Proposition 4.3.1. For any ε one has for N large enough, with probability larger than 1/2− ε

µN (∀n ∈ [0, N ], |Sn| ≤ N ξ) ≤ ε. (3.1)

The overall idea is to compare the contribution to the partition function of two set of paths:

A(ξ,1)
N := {S | ∀n ∈ [N/2, N ], |Sn| ≤ N ξ},

A(ξ,2)
N := {S | ∀n ∈ [N/2, N ], Sn ∈ [2N ξ, 4N ξ ]}.

(3.2)

We set
Z̄

(1)
N = E[eβ

∑N
n=1 ω(n,Sn)1

S∈A(ξ,1)
N

] and Z̄
(2)
N = E[eβ

∑N
n=1 ω(n,Sn)1

S∈A(ξ,2)
N

]., (3.3)
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Figure 4.1: Schematic representation of two paths in A(ξ,1)
N and A(ξ,2)

N , the second one is just
obtained by adding θNn to the first one. The change of measure E → Ẽ leaves the environment
unchanged in the dark rectangle but makes the mean of ω higher in the clear one.
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Our aim is to show that with probability almost 1/2

µN (∀n ∈ [0, N ], |Sn| ≤ N ξ) ≤ µN (A(ξ,1)
N ) =

Z̄
(1)
N

ZN
≤ Z̄

(1)
N

Z̄
(2)
N

≤ ε. (3.4)

The first step is to modify slightly the couple (Z̄
(1)
N , Z̄

(2)
N ) to obtain a pair of exchangeable

variables. Set
ω̃ = (ω̃N (n, x))n≥0,x∈R = (ωN (n, x+ θNn ))n≥0,x∈R, (3.5)

where

θNn =

{

6nN ξ−1 if n ≤ N/2,

3N ξ if N ≥ N/2.
(3.6)

and consider

Z̃
(1)
N = E[eβ

∑N
n=1 ω̃(n,Sn)1

S∈A(ξ,1)
N

]. (3.7)

as ω̃ and ω have the same distribution, Z̃
(1)
N and Z̄

(1)
N also have. Furthermore

Lemma 4.3.2. The two following statements are true

(i)

Z̄
(2)
N ≥ Z̃

(1)
N e−15N2ξ−1

, (3.8)

(ii) (Z̃
(1)
N , Z̄

(1)
N ) are exchangeable so that with probability 1/2

Z̃
(1)
N ≥ Z̄

(1)
N . (3.9)

Proof. Let P̃ denote the law of a random walk with Gaussian increment (Sn − Sn−1) of mean
6N ξ−1. One has

Z̃
(1)
N = E

[

eβ
∑N

n=1 ω(n,Sn+θNn )1
(Sn+θNn )n≥0∈A(ξ,2)

N

]

= Ẽ
[

eβ
∑N

n=1 ω(n,Sn)1
S∈A(ξ,2)

N

]

. (3.10)

Remark that

dP̃

dP
(S) = exp

(

6SN/2N
ξ−1 − 9N2ξ−1

)

≤ exp(15N2ξ−1), ∀S ∈ A(ξ,2)
N , (3.11)

so that
Z̃

(1)
N ≤ exp(15N2ξ−1)E[eβ

∑N
n=1 ω(n,Sn)1

S∈A(ξ,2)
N

], (3.12)

which gives (i)

For the second point, it is sufficient to note that ω and ω̃ are exchangeable.

Now we prove that the variable log Z̃
(1)
N − log Z̄

(1)
N has large fluctuations

Lemma 4.3.3. For every ε, for N large enough, one has

P

[

log Z̃
(1)
N ≥ log Z̄

(1)
N +N

1−ξ
2

−2ε
]

≤ 1/2− ε. (3.13)
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Proof. We prove first this inequality under a modified measure P̃ under which ω is a field with
the same covariance but for which the mean is not uniformly zero anymore. More precisely, we
choose P̃ such that

(i) Ẽ[ω(n, x)] = 0, for n ≤ N/2,

(ii) Ẽ[ω(n, x)] = 0, for (n, x) ∈ [N/2, N ] × [−N ξ, N ξ],

(iii) Ẽ[ω(n, x)] = N−(1+ξ)/2−ε
∫

Γ(x)dx, for (n, x) ∈ [N/2, N ] × [2N ξ , 4N ξ].

To do this we simply define P̃N by

dP̃

dP
(ω) := exp(XN −Var(XN )/2). (3.14)

where

XN (ω) :=
1

N (1+ξ)/2+ε

∫

[2Nξ−K,4Nξ+K]

N
∑

n=N/2+1

ω(n, x)dx. (3.15)

The variance of XN under P equal to (1 + o(1))N−2ε
∫

Γ(x)dx. For this reason, the density
dP̃N/dP tends to one in probability when N → ∞ so that the total variation distance between
P̃N and P vanishes.

It is not to difficult to check that under the tilted measure P̃

Ẽ[ω(n, x)] = E[XNω(n, x)] =: δN (n, x). (3.16)

We can then remark δN (n, x) satisfies the wanted assumption (i)− (iii). Note that if ω has law
P, the process ω̂ = ω + δN has probability distribution P̃.

For this reason and as

∀S ∈ A(ξ,1)
N ,

N
∑

n=1

δN (n, Sn) = 0, and
N
∑

n=1

δN (n, Sn + θNn ) = N (1−ξ)/2−ε

∫

Γ(x)dx/2, (3.17)

we have

P̃[log Z̃
(1)
N ≥ log Z̄

(1)
N +N (1−ξ)/2−ε/2] = P[log Z̃

(1)
N ≥ log Z̄

(1)
N ] =

1

2
. (3.18)

As the total variation distance between P̃N and P goes to one when N → ∞ so that for N
large enough

P[log Z̃
(1)
N ≥ log Z̄

(1)
N +N (1−ξ)/2−ε/2] ≥ 1/2 − ε. (3.19)

We can now conclude the proof of Proposition 4.3.1. With probability larger the 1/2− ε one
has

log Z̄
(2)
N − log Z̄

(1)
N ≥ log Z̃

(1)
N ≥ log Z̄

(1)
N − 15N2ξ−1 +N (1−ξ)/2−ε/2 ≥ N (1−ξ)/2−2ε, (3.20)
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provided that
1− ξ

2
− ε > 2ξ − 1

(which occurs if ξ < 3/5 and ε small) and that N is large enough. Hence from (3.4), if (3.20)
holds

µN (∀n ∈ [0, N ], |Sn| ≤ N ξ) ≤ Z̄
(1)
N

Z̄
(2)
N

≤ exp(−N (1−ξ)/2−2ε). (3.21)

Remark 4.3.4. To prove the stronger result (that the probability going out a box of width Lξ,
ξ < 3/5 goes to one) on needs to reason with N different sets of paths instead of two. The proof
becomes a bit more complicated in the notation but the general ideas can go through. See [20]
or [18].
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