
MIRROR SYMMETRY

Jethro van Ekeren.

0.1. Handwaving Introduction. Today I talk about mirror symmetry. Mirror symmetry concerns quan-
tum field theories (QFTs). A QFT is roughly speaking a set F of things called fields, and an action functional
S, which is a thing that evaluates a field ϕ and outputs a number S[ϕ] ∈ R. Physicists like to evaluate
correlation functions

〈f〉 =

∫
ϕ∈F

f(ϕ)e−S[ϕ]Dϕ,

associated to functions f : F → C.

Physicists can attach a very specific QFT (called a nonlinear sigma model) to the pair (X,ω) where X is a
Calabi-Yau manifold, and ω is something called a complexified Kähler class on X. I will remind you what
these are in a moment. In the NSM there are two classes of correlation functions 〈f〉 of particular interest.
For the first the function f is attached to an element of H1,1(X), and for the second to an element of H2,1(X).
To give some related words:

f ∈ H1,1 Kähler forms on X A-model Quantum cohomology HARD

f ∈ H2,1 Complex defr.s of X B-model Variation of Hodge structure EASY

It can happen that one has families

(X1, ω1) //

��

(X2, ω2)

��
B1

// B2

in which the correlation functions of the first type on the first family coincide with those of the second type
on the second family (and vice versa). This is called a mirror map between families.

Remark 0.1. I can be (very slightly) more precise: suppose NSMs were well-defined mathematical objects.
Then really we are considering two families of NSMs. Part of the structure of the NSM ought to be an action
of a particular Lie superalgebra g (called the N = 2 superconformal algebra). This Lie algebra carries an
involution i. Then the dotted line in the diagram above is supposed to represent an isomorphism of families
of NSMs that intertwines the action of g on one side with the action of g twisted by i on the other side. It
is this twist that effects the exchange of the two types of correlation function.

0.2. Basic Definitions. A Kähler manifold is a smooth manifold with 3 structures: it is Riemannian, it is
complex, and it is symplectic. These conditions must be compatible, and in fact any two determine the third.

Example 0.2. Any smooth projective complex algebraic variety.

A Calabi-Yau (CY) manifold is a (compact, connected, simply connected) Kähler manifold for which the

dualising sheaf (a.k.a. canonical bundle) is trivial. That is ∧nΩX ∼= OX .

Example 0.3. The following are all CY:

• Cubics in CP 2 (which are elliptic curves). Well not really. If we dropped the simply connected
condition then elliptic curves would be CY.

• Quartics in CP 3 (which are K3 surfaces).

• Quintics in CP 4 (which we study today).
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Recall the Hodge numbers: hp,q := dimHp,qX where Hp,qX = Hq(X,∧pΩX) (this is the sheaf cohomology).

Remark 0.4. There is an analytic definition of Hodge groups. As is often the case, it arises from combining
the sheaf theoretic definition with a particular resolution. In this case we start with the Dolbeault resolution:

0→ ΩpX ↪→ Ωp,0X → Ωp,1X → Ωp,2X → · · · ,

where the first map is inclusion, and subsequent maps are the anti-holomorphic differential ∂. In other words

Hp,qX ∼= Hq

∂
(Ωp,•X ).

Compare this with the de Rham resolution of the constant sheaf:

0→ R ↪→ OX → ΩX → ∧2ΩX → · · · ,
with usual differential d. This resolution establishes

Hk
sing(X,R) := Hk(X,R) ∼= Hk

d (∧•ΩX).

Finally recall the basic relation between Hodge groups and singular cohomology groups:

Hk(X,Z)⊗ C ∼=
⊕
p+q=k

Hp,q.

Now we look to see what we can say about the Hodge numbers of a CY 3-fold.

• X being connected and simply connected implies h0,0 = 1, and h0,1 = h1,0 = 0 respectively.

• The CY condition implies h3,0 = 1.

• Serre duality implies hp,q = hn−p,n−q. Indeed

Hp,q = Hq(∧pΩ) ∼= Hn−q((∧pΩ)∗ ⊗ ∧nΩ)∗ ∼= Hn−q(∧n−pΩ)∗ ∼= Hn−p,n−q.

• The CY condition together with Serre duality implies h0,q = h0,n−q. Indeed

H0,q ∼= Hq(O) ∼= Hn−q(O∗ ⊗ ∧nΩ)∗ ∼= Hn−q(O)∗ ∼= H0,n−q.

Thus the Hodge diamond

h0,0

h1,0 h0,1

h2,0 h1,1 h0,2

h3,0 h2,1 h1,2 h0,3

h3,1 h2,2 h1,3

h3,2 h2,3

h3,3

becomes

1
0 0

0 α 0
1 β β 1

0 α 0
0 0

1

This is as much as we can say in general. As we have hinted above, and will see below, we expect the
CY 3-fold to have a h1,1-dimensional space of deformations of the Kähler structure, and a h2,1-dimensional
space of complex deformations. As our first family we would like to take a CY 3-fold X with fixed complex

structure and a 1-dimensional family of Kähler structures. We should then have a mirror family X̃ consisting
of a 1-parameter family of complex structures. This is the simplest case we can expect.

Proposition 0.5. Fix any smooth quintic X ⊂ CP 4. Then

• α = h1,1 = 1,



MIRROR SYMMETRY 3

• The Euler characteristic is χ = −200. Hence β = 101.

Given this proposition, we fix our X to be some smooth quintic in CP 4.

Now it is time for me to say a word about Kähler structures. A complexified Kähler class is an element

ω = B + iJ ∈ H1,1 = H2(X,Z)⊗ C

where B ∈ H2(X,Z) ⊗ R and J is the Kähler class (lying in the Kähler cone). For us H1,1 ∼= C and
ω ∈ H ⊂ C. The Kähler moduli space in general is

MKähler = (H2 ⊗ R + iKähler)/H2(X,Z).

Since X is a CY 3-fold we have the perfect pairing ∧ : ∧2ΩX ⊗ Ω → ∧3ΩX = OX . Hence ∧2ΩX ∼= TX , and
so

H2,1 = H1(X,∧2ΩX) ∼= H1(X,TX).

The most basic idea in deformation theory is that the H1(X,TX) controls 1st order deformations of X as
a complex manifold (names: Kodaira-Spencer). Deforming X can be achieved by making an atlas of X
and specifying a vector field on every overlap. The flow under these vector fields tells us how X is to be
deformed. The object we have just described is a Cech 1-cocycle with values in TX . Coboundaries describe
automorphisms of X, so true deformations should be controlled by H1(X,TX).

Theorem 0.6 (Todorov-Tian). For CY manifolds, first order deformations are unobstructed. More precisely,
for a complete local family X → S of CY manifolds, the Kodaira-Spencer map

KS : TS → R1π∗TX/S

is an isomorphism.

Remark 0.7. Since a generic smooth quintic in CP 4 is described by the 101 parameters of its defining
polynomial, the whole space of deformations is algebraic. As we have seen in the K3 case, things are not
always so simple.

The mirror family X̃ should have reflected Hodge diamond.

1
0 0

0 101 0
1 1 1 1

0 101 0
0 0

1

The explicit definition of the family is given as a resolution of the quotient of

{T 5
1 + T 5

2 + · · ·+ T 5
5 +

1

t5
T1T2 · · ·T5 = 0} ⊂ CP 4

by the action of some finite group of symmetries.

Let me just say that we will be interested in neighbourhoods

X : q → 0 where q = e2πiτ , and ω = τH,

and X̃ : t→ 0

where the CY develops a singularity.
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0.3. The correlation functions (Yukawa couplings). A-model correlation function. Recall the func-
tionals in this case live on H1,1 which is spanned by the hyperplane class H. Using a lot of cleverness, the
integral is reduced to

〈H,H,H〉 = C +

∞∑
d=1

ndd
3 qd

1− qd
,

where the nd are called instanton numbers. To explain what nd are intuitively, recall the hyperplane class

H ∈ H2(X,Z) represented by any intersection of X with a hyperplane in CP 4. Then nd represents the
number of distinct rational curves in X which lie in the homology class dH. It has been given a rigorous
definition in the form of a Gromov-Witten invariant. The first few numbers are

n1 = 2875, n2 = 609250, n3 = 317206375, . . . .

For d ≤ 9, the number of rational curves in X of degree d is exactly nd. For d ≥ 10 this is false, and it is
actually unknown if the number of rational curves is always finite.

Remark 0.8. I wrote 〈H,H,H〉 because it is possible to define the correlation function of 3 vectors in H1,1

in general. For the present case there is no point as there is only one independent. A more exciting way to
think about the general object is as follows: One puts

ω1 ∗ ω2 =
∑
ω3

〈ω1, ω2, ω3〉ω3

where ω3 runs over a basis. This turns out to give H1,1 the structure of an associative algebra. It is the so
called quantum cohomology ring of X.

In any case, the most important thing to know about nd is that it is HARD to compute.

B-model correlation function. Let θ ∈ H2,1. Physicists obtain the correlation function

Y = 〈θ, θ, θ〉 =

∫
X

Ω ∧ (∇θ∇θ∇θΩ) .

Here Ω means a choice of global section of ∧3ΩX in each fibre X of our family. Now I need to explain what
∇ψ means.

If I have a family Xt of smooth complex manifolds then the cohomology H∗(Xt,Z)⊗C forms a vector bundle
over the base (called the Hodge bundle of the family). Observe that H∗(Xt,Z) ⊂ H∗(Xt,Z)⊗ C sits inside
as a lattice, so the lattice vectors sweep out distinguished sections of the bundle. Recall that a connection on
a bundle is a choice of which sections to regard as “horizontal”. The Gauss-Manin connection is simply the
declaration that integral cohomology classes constitute horizontal sections. The volume form Ω is regarded
as a section of the Hodge bundle. And ∇θΩ means differentiation with respect to a tangent vector, as usual.

0.4. Computing the B-model correlation function. At some point we will specialise to the mirror

family X̃. Now put Y = Y (t) as above. Abbreviate ∇θf ≡ f ′.

The two tools used to compute Y are the Picard-Fuchs equation, and Griffiths transversality. The Picard-
Fuchs equation is a 4th linear order ODE for Ω, i.e., an equation

Ω′′′′ = F3(t)Ω′′′ + · · ·+ F0(t)Ω.

Why should there be such an equation? Easy! the piece H3(X,C) of cohomology has rank 4, and carries the
restriction of the GM connection. The five sections Ω, . . . ,Ω′′′′ have to be dependent over O, and the relation
between them is the PF equation.

Proposition 0.9 (Griffiths Transversality). Let p+ q = n and consider a family of Kähler manifolds over a
base S. Then the GM connection sends ∇ : F p → F p−1 ⊗ ΩS, where

F p = Hn,0 +Hn−1,1 + · · ·+Hp,q.
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In light of the description of Hp,q in terms of Dolbeault cohomology, this says that GM differentiating a
section introduces at most one “unit” of non-holomorphicity.

Let’s see what we get from combining these ingredients. Directly from Griffiths transversality we see that Ω′

and Ω′′ have no component in H0,3, so if we wedge and integrate we will get nothing:∫
Ω ∧ Ω =

∫
Ω ∧ Ω′ =

∫
Ω ∧ Ω′′ = 0.

Differentiate the last thing here twice, so that∫
Ω′′ ∧ Ω′′ + 2

∫
Ω′ ∧ Ω′′′ +

∫
Ω ∧ Ω′′′′ = 0.

On the other hand

Y ′ =

∫
Ω′ ∧ Ω′′′ +

∫
Ω ∧ Ω′′′′.

These combine to imply that

Y ′ =
1

2

∫
Ω ∧ Ω′′′′.

Now we apply PF to get

Y ′ =
1

2

∫
Ω ∧ F3(t)Ω′′′ =

F3(t)

2
Y.

Once we know F3(t) we can (more or less) determine Y = Y (t) as a power series.

Determining the PF equation explicitly is always a pain. This is because the reason for its existence is so
non constructive.

0.5. The mirror map. We want to use the equality of correlation functions to deduce the instanton numbers.
This means that we must expand Y as a power series. We have been using the coordinate t, but there is

no reason it is the correct one to use. Indeed it is not. The family X̃ parameterised by t is supposed to be
isomorphic to that parameterised by q, via the mirror map, we must determine this map explicitly enough
to write t in terms of the coordinate q.

0.6. Vanishing cycles and Unipotent Monodromy. Consider the following family of cubics in CP 2 (i.e.,
of elliptic curves):

Xt = {y2z = x3 + x2z − tz2}
where t ∈ D a little disc about 0. Then X0 is a nodal curve while the other fibres are smooth.

In Xt0 (where t0 6= 0) pick cycles α, β generating H1(Xt0 ,Z). Then move once around a loop in the t-plane.
The cycles are transformed into themselves, and the integer matrix M describing this1 has (I claim) the form
M = ( 1 1

0 1 ). Note: if the family were smooth then M would equal the identity. I could ask you to just trust
me on this, but I feel this talk has already been content-free, so I’m going to prove it.

1M either for ‘monodromy’ or ‘matrix’.
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Proposition 0.10 (Vanishing Cycles). In general there exists a homology cycle γ0 ∈ H1(Xt0 ,Z) invariant
under M .

It is called a vanishing cycle because if you follow it in to X0 then it pinches down to nothing and vanishes.

Let γ0 be a vanishing cycle, and γ1 such that M : γ1 7→ γ1 +γ0. Suppose also that we are (as we are) working
with a family of degenerating CY manifolds. Then we can choose a volume form Ω = Ωt on each of them, in
each fibre this is well-defined up to an overall scalar factor, so obviously there is the freedom to change

Ωt 7→ f(t)Ωt

for any function f of the base parameter t.

By construction the quantity in brackets in

q = exp 2πi

[∫
γ1

Ω∫
γ0

Ω

]
increases by 1 every time we pass around the loop. So the exponential is well defined, it also doesn’t depend
on the normalisation of Ω, so it is more or less canonically associated to the family.

MORAL: Singular families are kind enough to furnish themselves with a canonical coordinate.

For our family of elliptic curves q is of course the well known q = e2πiτ .

Proposition 0.11. For X and X̃ the mirror map is q 7→ q.

The integrals written above satisfy the PF equation. So once we know it we basically know q = q(t). We
invert this to get t = t(q). We also know Y (t) already, so we substitute to get Y = Y (t(q)). Thus we have

GW numbers←→ 〈H,H,H〉 = 〈θ, θ, θ〉 = Y (t(q)).
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