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Abstract:

We give an explicit formula for the 27 lines of a smooth cubic
surface near the Fermat surface. Our formula involves
convergent power series with coefficients in the extension of
rational numbers with the sixth root of unity. Our main tool is the
Artinian Gorenstein ring of socle two attached to such lines. If
times permits, | will also describe how one can use similar tools
to construct a conjectural counterexample to a conjecture of
Harris on special components of Noether-Lefschetz loci for
degree eight surfaces.
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27 lines of a smooth cubic surface
Any smooth cubic surface in P® has 27 lines.

Figure: Clebsch surface’

XA+ + x5 =(x0+x +x+x3)°

blogs.ams.org/visualinsight/2016/02/15/27-lines-on-a-cubic-surface/



27 lines of the Fermat cubic surface

Xo: X +xP+x3+x3=0.

IP”:{ Xo — C1Xx1 =0,

3 3
= =1,
X2 — CoX3 =0, C1 <2



We write down a cubic surface in the format
X; : Ft::xg+x?+x§+x33—2t,-x":0, (1)
iel
t:=(t iel)eT:=C?\{A =0},

where /is the set of exponents of monomials of degree 3 in four
variables xg, X1, X2, X3 and A = 0 is the loci of singular cubic
surfaces.



Notation

1. For 3 € N§ we denote by ; its (i + 1)-th coordinate, that is,
B = (Bo, B1, B2, B3),

2. forne Z,ne Ny isdefined by therules0 <n<2, n=3n.

3. For a positive rational number r, [r] is the integer part of r,
thatis [r] <r < [r]+1,{r}:=r—]r],

(r)=(r=1)(r-2)---(r=1[r)

4. We consider the set of (m,n, 1, (1, (2), where
(m,n,1)=(1,2,3),(2,1,3),(3,1,2) and (1, (» are roots of
—1, thatiis, ¢$ = ¢ = —1. This set consists of 27 elements.



Theorem

For the twenty seven choice of k = (m,n, 1, (s, (2) as above we
have the following rational curve inside X;:

pl - Co212 - Xo — Coz02 - X1 + Cozo1 - X2 +0-Xx3 =0 @)
: Co223 - Xo + 0 - X1 — Co203 - Xo + Coop2 - X3 =0

where

Ciyjpjjp = det Pii plﬂz] )
Pijis  Pij

3
o (Bitadot1 (Bjtra)nt] Bi+a)i+1\ .,
e S e g (G

a:1—Ny =0




the sum runs through all #/-tuples a = (a,, « € [) of
non-negative integers such that

{(ﬁ;j+a*)o+1}+{(ﬁ,-j+a*)m+1}:1,

3 3
(Bj+ @ )n +1 Bi+an+1\
{ 3 }+{ 3 }‘1’

and

=]t a:=]]a a=> a.-oa @

ael a€l

and g; € N§ is the exponent vector of x;x;, that is x%i = x;x;.



Let X c P2 be a smooth cubic surface given by the
homogeneous polynomial F of degree 3. For a homogeneous
polynomial P of degree 2 in xp, X1, X2, X3 define

P. 3 1y a\
wp = Resi ( ZI:O]EQ S XI) € HgR(X)a
t

where Resi : H3(P3\ X) — Hz(X) is the Griffiths residue map.



Proposition
Let P! be a line inside X. The 4 x 4 matrix

A == |:/ wX,‘Xj:|
P’ 0<i,j<8

is of rank two and its kernel is generated by
a = (a1,,a,,83;,84;), I =1,2
where
ai,iXo + a@,iX1 + as X2 + asixg =0, i =1,2

are two linear equations of P'.



For the Fermat variety Xj, the twenty seven lines are given by

Xo — C1Xm =0, 3_ 3_ _
{ Xo — Coxi = 0. G =¢G=-1,{0,mnl} ={0,1,2,3}, n <l

For t € T near to the Fermat point 0, there is a unique rational
curve P, , which is obtained by deformation of P; ;.

lts homology class §; = [IP’}(J] € Hy(Xt, Z) is the monodromy
(parallel transport) of the homology class of Pl,o- We have
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WX;X/' :pljv I?j = 07172737



