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Elliptic integrals

In many calculus books we find tables of integrals and there we

never find a formula for elliptic integrals
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where P(x) is a degree three polynomial in one variable x and
with real coefficients, for simplicity we assume that it has real
roots, and a, b are two consecutive roots of P or +o00. Since
Abel and Gauss it was known that if we choose P randomly (in

other words for generic P) such integrals cannot be calculated
in terms of until then well-known functions.




Elliptic integrals
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Compute the indefinite integral G, o
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is a po/ynom/al of degree 1 and 2. Compute it als

piso degree 3 but jthas doubl . These /ntegrals
ar¢ computable becausely® = p(x) Js a rat/ona/ curve!
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Problem

For particular examples of polynomials p of degree 3, there are
some formulas Tfor elliptic integrals 2 in terms of the values of
the Gamma function on rational numbers. For instance, verify

the equality
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The Chowla-Selberg theorem, see for instance Gross’s articles
1978 and 1979, describes this phenomenon in a complete way.



Geometrization
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A one parameter family of elliptic curves
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Picard-Fuchs equation
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The elliptic integral fé— resp@sa’usfles the differential
equation \
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Gauss-Manin connection |
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forms a fundamental system nof tr}g\mear differential equatlon
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that is, any solution of (5) is a linear combination of the columns
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Hypergeometric functions
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Three parameter family of elliptic curve
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Gauss-Manin connection Il

Problem
Let P(x) :==4(x — t{)3 + ba(x — ty) + 3/ We have,
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Classical moduli space
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1. AnLelllpdArve can be written in the Weierstrass format

E;: y =4x° — bx — t3é/ tz’-i}c@
2. We have
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3. The j-invariant j : Iassmes elliptic curves.




Ibiporanga: A new moduli space



Ibiporanga: A new moduli space
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Vector fields and differential forms
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Gauss-Manin connection along a vector field

Proposition
There are unique vector fields e, h, f in T such that the

Gauss-Manin connection matrix matrix A along these vector
fields has the form:
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We can compute explicit expressions for e, f, h.
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The Lie algebra sl

The C-vector space generated by h, e, f equipped with the
classical bracket of vector fields is isomorphic to the Lie
Algebra slp, and hence, it gives a representation of sl in the
polynomial ring Q[#, 2, t3] which is infinite dimensional.

[h.e] =2e, [hfl=—2f [efl=h. (8)



Vector field as an ODE
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