HOMEWORK 4

1. Exercise. Once more: Show that the free boson
[axa] = A
is not associative a(aa) # (aa)a while the free Fermion is:

(o]l =1 = p(pp) = (pp)p

2. Exercise. Let ¢* form a system of charged Fermions, that is the non-vanishing brackets are
given by [1)F¢F] = 1. Define a := 9™~ and L = 3 (9¢) ¢~ + 3 (9¢ ™) 9" and L = Llaa.
Show that
(a) L and L are Virasoro fields of central charge 1.
(b) With respect to both L and L ¢+ are primary of conformal weight 1/2 and « is primary
of conformal weight 1.
(c) L=L.

3. Exercise. Let V be a Lie conformal algebra finitely generated as a k[J] module and let
g = Lie(V') be the corresponding Lie algebra.

(a) Show that there exists a filtration
"Dg-1D20 D01 D
in g such that g = Ug,;, 0 = Ng; and [g;, 9x] C gj+&-
(b) Show that the associated graded grg = @g;/g;+1 has finite dimensional graded compo-
nents (check if you need to add the adjective “free” in the statement, or free modulo
some central elements).

This filtrations allow us to define the completion g of g

4. Exercise. Let V = Cur(g) be the current algebra of a finite dimensional simple Lie algebra
g, that is
[axb] = [a,b] + A(a, b).
(a) Show that Lie(V) ~ g := g[t,t ] ® CK the affine Kac-Moody Lie algebra.
(b) Consider the filtration obtained in the previous exercise and the corresponding comple-
tion, show that it is g((¢)) & C.
(¢) Consider now the universal enveloping algebra U = U( fg) Show that the filtration
U; D Uit1 so that an element of U; consists of an infinite series )" u, where all but
finitely many elements lie in Ug; is compatible with the algebra structure and satisfies
the usual U = UU;, 0 = NU;.
(d) Consider U the completion of U with respect to this filtration. Show that the Sugawara
construction

1 o
Ly =—— s ayan
produces elements in U™P which are not in U.
Representations of g that can be extended to U°™P are called smooth.
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