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Abstract

To find a zero of a maximal monotone operator T we use an enlarge-
ment T ε playing the role of the ε-subdifferential in nonsmooth optimiza-
tion. We define a convergent and implementable algorithm which com-
bines projection ideas with bundle-like techniques and a transportation
formula. More precisely, first we separate the current iterate xk from the
zeros of T by computing the direction of minimum norm in a polyhedral
approximation of T εk (xk). Then suitable elements defining such polyhe-
dral approximations are selected following a bundle strategy. Finally, the
next iterate is computed by projecting xk onto the corresponding sepa-
rating hyperplane.
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1 Introduction and motivation

Consider the problem
0 ∈ T (x) , (1)

where T is a maximal monotone operator on IRN with nonempty solution set S.
When T is single-valued, well-known algorithms for solving (1) are Korpelevich’s
method [10], Khobotov’s [7] and others.
In this paper we present an implementable algorithm for solving (1) when T is
a multi-valued mapping. Our departing point is the following, simple, remark:
given an arbitrary y and v ∈ T (y), the monotonicity of T implies that S is
contained in the halfspace

Hy,v := {z ∈ IRN : 〈z − y, v〉 ≤ 0} . (2)
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We have already presented in [3] a conceptual method for finding zeros of T
developing these ideas. More precisely, given a current iterate xk 6∈ S,
– first, find yk and vk ∈ T (yk) such that xk /∈ Hyk,vk ,
– then, project xk onto Hyk,vk ⊇ S to obtain a new iterate

xk+1 := ProjH
yk,vk

(xk) = xk − 〈xk − yk, vk〉
‖vk‖2

vk . (3)

Being a projection, xk+1 is closer to S than xk. However, to have a significant
progress from xk to xk+1, adequate choices of (yk, vk) are required. Since vk ∈
T (yk) is given by an oracle, the control can only be done when generating yk.
In our proposal we analyzed points of the form

yk = xk − tksk , with sk = ProjT εk (xk)(0) , (4)

for positive tk and εk. The sets T ε(x) are the ε-enlargements of T from [2],
further studied in [3]. These enlargements behave in many ways as the ε-
subdifferential of a closed convex function, see § 2 below. In particular, they
are also Lipschitz-continuous multi-functions of x and ε, provided ε is positive.
The scheme (3)-(4) is useful for theoretical purposes. Actually, it allows to
clearly identify the crucial elements to obtain convergence: (3) and (4) have to
be combined in order to drive εk to 0, to generate a convergent sequence. At
the same time, εk should not be driven to 0 too fast, otherwise the resulting
multifunction x ↪→ T εk

would not be smooth enough and the improvement when
passing from xk to xk+1 would become negligible. Such a “loss of smoothness”
is reflected by the sensitivity of sk to variations in εk and xk. More precisely,
when εk = 0, sk ceases to depend continuously on xk. In this respect, we say
that the problem of finding sk in (4) becomes ill-posed.
When coming to implementation concerns, it appears that sk in (4) cannot
be computed without having a full knowledge of T εk(xk), a fairly bold (if not
impossible) assumption. Instead, we assume that an oracle, giving one element
in T (z) for any z, is available. Then sk can be approached by projecting 0 onto
a polyhedral approximation of T εk(xk). A suitable polyhedral approximation is
obtained by using the transportation formula for T ε, proved in [3], together with
bundle techniques like in [8], [18], [13]: having at the current iteration a raw
bundle with all the oracle information collected so far, {(zi, wi ∈ T (zi))}i≤p, the
convex hull of some selected wi’s is a good approximation of T εk(xk). Again,
special attention has to be put when selecting the sub-bundle, in order to control
εk and preserve convergence.
The paper is organized as follows. In Section 2 we start with some notations
and assumptions. Then we recall the definition of T ε, together with some con-
tinuity properties and the transportation formula. Section 3 describes an im-
plementable algorithm combining the projections ideas and bundle techniques
outlined above. This algorithm is proved to be convergent in § 4. Finally, in § 5
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we give some concluding remarks and we compare our algorithm with a closely
related work by Konnov, [9].

2 Preliminary results

We gather in this section notation and general assumptions, as well as some
results, straightforward or already proved in [2] and [3].

2.1 Notation and assumptions

Let P(IRN ) denote the set of all subsets of IRN . Then, given a multifunction
F : IRN → P(IRN ) and a set A ⊆ IRN :
– the closure of A is denoted by A and
– the domain of F is D(F ) := {x ∈ IRN : F (x) 6= ∅} .

– We define the set F (A) :=
⋃

a∈A F (a) .

– B(x, ρ) denotes the ball centered in x with radius ρ.
– F is locally bounded at x if there exists a neighbourhood U of x such that the

set F (U) is bounded.
– F is monotone if 〈u − v, x − y〉 ≥ 0 for all x, y ∈ IRN , and all u ∈ F (x),

v ∈ F (y).
– T is maximal monotone if it is monotone and, additionally, whenever there

is some monotone F such that T (x) ⊂ F (x) for all x ∈ IRN , this implies
T = F . ut

Recall that any maximal monotone operator is locally bounded in the interior
of its domain ([17, Theorem 1]).
All along this paper, we suppose that T in (1) is defined in the whole of IRN ,
so that it maps bounded sets in bounded sets. Finally, recall that the solution
set S is assumed to be not empty.

2.2 The enlargement T ε. Some useful properties

Given T : IRN → P(IRN ) maximal monotone and ε ≥ 0, the ε-enlargement of T
at x, introduced in [2] and thoroughly studied in [3], is defined by

T ε: IRN → P(IRN )
x ↪→ {u ∈ IRN : 〈v − u, y − x〉 ≥ −ε for all y ∈ IRN , v ∈ T (y)}.

(5)
The idea of using a smearing parameter ε to obtain better regularity properties
can be traced back to [1] and [4] for the subdifferential of convex and non con-
vex functions, respectively. For monotone operators, not necessarily maximal,
relaxed monotonicity was explored in [20]. Other related works are [11], [19],
[15] and [16].
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2.2.1 Continuity Properties

The ε-enlargement is proved to be locally bounded in [3]. Also, in [2] it was
proved that the application (x, ε) ↪→ T ε(x) is continuous (upper and lower
semicontinuous). This result was improved in [3, Lemma 2.5], where T ε is
shown to be Lipschitz-continuous whenever ε > 0 (in [3] we also show that the
Lipschitz constant diverges when ε → 0).
In the sequel, we will just make use of the following result, establishing the
closedness of the graph of T ε:

Proposition 2.1 [2, Propositions 1(iv) and 2(i)] T 0 = T , and for any sequence
{(εi, x

i, wi ∈ T εi(xi))}i such that εi ≥ 0 for all i,

limi→∞ xi = x, limi→∞ εi = ε, limi→∞ wi = v =⇒ v ∈ T ε(x) .

ut

2.2.2 Transportation Formula

In our algorithm, we build polyhedral approximations of T ε(x) using elements
in a certain bundle of information {(zi, wi ∈ T (zi))}m

i=1. To prove convergence,
it is crucial to relate elements in the bundle with some v ∈ T ε(x). This is the
transportation formula for T ε proved in [3, Theorem 2.3].

Theorem 2.2 Consider a set of m triplets {(εi, z
i, wi ∈ T εi(zi))}i=1,...,m, and

take the convex sum:

(x̂, ŝ) := (
m∑

i=1

αiz
i,

m∑
i=1

αiw
i) ,

where α ∈ IRm is such that αi ≥ 0 and
∑m

i=1 αi = 1. Then ŝ ∈ T ε̂(x̂), with

ε̂ :=
m∑

i=1

[αiεi + αi〈zi − x̂, wi − ŝ〉] .

ut
Note that when compared to the result obtained for ∂εf (see, for example, [5,
Proposition XI.4.2.2.]), our formula is weaker, because it only transports convex
sums.
In this paper, we make use of the transportation formula above only when εi = 0,
that is, when wi ∈ T (zi) is given by an oracle for all zi.
As a consequence of Theorem 2.2, ε̂ can be uniformly bounded on α. This result
will be very useful in the sequel.

Corollary 2.3 Consider the notations and assumptions of Theorem 2.2. Sup-
pose that εi = 0 for all i ≤ m. In addition, let x̃ ∈ IRN and ρ > 0 be such that
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‖zi− x̃‖ ≤ ρ for all i ≤ m. Then, the convex sum (x̂, ŝ) := (
∑m

1 αiz
i,

∑m
1 αiw

i)
satisfies the following:

‖x̂− x̃‖ ≤ ρ ,
ŝ ∈ T ε̂(x̂) with ε̂ :=

∑m
1 αi〈zi − x̂, wi − ŝ〉 ≤ 2ρM ,

where M := max{‖wi‖ | i = 1, . . . ,m}.

Proof. The convexity of the norm implies that ‖x̂− x̃‖ ≤ ρ, and also ‖ŝ‖ ≤ M .
Theorem 2.2 establishes that ŝ ∈ T ε̂(x̂), for ε̂ =

∑m
1 αi〈zi− x̂, wi− ŝ〉 . The last

expression can be rewritten as follows:∑m
1 αi〈zi − x̂, wi − ŝ〉 =

∑m
1 αi〈zi − x̃, wi − ŝ〉 +

∑m
1 αi〈x̃− x̂, wi − ŝ〉

=
∑m

1 αi〈zi − x̃, wi − ŝ〉 + 0
=

∑m
1 αi〈zi − x̃, wi − ŝ〉 .

Because ‖ŝ‖ ≤ M , together with the Cauchy-Schwarz inequality and our as-
sumptions, the proof is done.

3 Building bundle-like methods

We present first the conceptual algorithm scheme from [3], working directly with
the convex sets T ε(x). Further on, we use a bundle technique to build adequate
polyhedral approximations of the sets T ε(x).

3.1 The conceptual algorithm scheme (CAS)

The scheme from [3] has the following form.

initialization:Choose parameters τ ,R , ε > 0 and σ ∈ (0, 1). Set k := 0 and
take x0 ∈ IRN .

k-step:
Step 0: If 0 ∈ T (xk), then stop. (stopping test)

Step 1: (computing search direction)

Compute sk := argmin{‖v‖2 | v ∈ T ε2−j

(xk)} , where j is such that ‖sk‖ >
τ 2−j .
Step 2: (line search)

Define yk := xk − R 2−lsk and take vk ∈ T (yk), for l such that 〈vk, sk〉 >
σ‖sk‖2).
Step 3: (projection step)

Define xk+1 := xk − 〈vk, xk − yk〉vk/‖vk‖2.
Set k := k + 1 and loop to k-step. ut

Indices j and l are nonnegative integers; in [3] we prove that (CAS) is well
defined, with no infinite loops in Steps 1 or 2. (CAS) is also convergent in the
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following sense: it either stops with a last xk ∈ S, or it generates an infinite
sequence {xk} converging to a solution of (1). We will see that the same con-
vergence result holds for an implementable version of (CAS) (cf. Theorem 4.8).

3.2 The implementable bundle strategy (BS)

We already mentioned that a major drawback of (CAS) is the expensive, when
not impossible, computation of an element sk of minimum norm in T ε(xk). A
proposal to get round this difficulty, inspired from our guiding model T = ∂f , is
to apply a bundle-like strategy. However, since no functional values are available
when T 6= ∂f , we need to extend and adapt dual-bundle methods (see [14], [6],
also Chapters XI, XIII in [5]) to this more general context.
Let us describe how a bundle strategy can be used in our setting. As usual in
bundle methods, we suppose that an oracle computes v = v(y) ∈ T (y) for any
given y. In addition, we denote by

∆I := {λ ∈ IRI
+ :

∑
i∈I

λi = 1}

the unit-simplex associated to a set of indices I.
The following mechanism makes the “k-step” in (CAS) implementable. The
convergence is then preserved by an appropriate choice of the current bundle in
step (1.b) below.
Bundling Strategy (BS)
initialization:Choose parameters τ ,R > 0 and σ ∈ (0, 1). Set k := 0, p := 0
and take x0 ∈ IRN .

implementable k-step:
Step 0:

(0.a) Compute uk ∈ T (xk), if uk = 0, then stop. (stopping test)

(0.b) Else, set p := p + 1, (zp, wp) := (xk, uk). Set n := 0.
Step 1: (computing search direction)

(1.a) Set j := 0.
(1.b) Define Ik,n,j := {1 ≤ i ≤ p | ‖zi − xk‖ ≤ R 2−j}.
(1.c) Compute αk,n,j := argmin{‖

∑
i∈Ik,n,j

αiw
i‖2 |α ∈ ∆Ik,n,j

}.
(1.d) Take sk,n,j :=

∑
i∈Ik,n,j

αk,n,j
i wi.

(1.e) If ‖sk,n,j‖ ≤ τ 2−j then set j := j + 1 and loop to (1.b).
(1.f) Else, define jk,n := j and sk,n := sk,n,jk,n .

Step 2: (line search)

(2.a) Set l := 0.
(2.b) Define yk,n,l := xk −R 2−lsk,n/‖sk,n‖ and take vk,n,l ∈ T (yk,n,l).

(2.c) If
(
〈vk,n,l, sk,n〉≤σ‖sk,n‖2 and l < jk,n + 1

)
, then

Set l := l + 1 and loop to (2.b).
(2.d) Else, define lk,n := l and yk,n := yk,n,lk,n , vk,n := vk,n,lk,n .
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Step 3: (evaluating the pair (y, v))

(3.a) If 〈vk,n, sk,n〉 ≤ σ‖sk,n‖2, then (null step)

Set p := p + 1, (zp, wp) := (yk,n, vk,n).
Set n := n + 1 and loop to (1.b).

(3.b) Else (serious step)

Define nk := n, jk := jk,nk
and lk := lk,nk

,
sk := sk,nk , yk := yk,nk , vk := vk,nk .
Define xk+1 := xk − 〈vk, xk − yk〉vk/‖vk‖2.
Set k := k + 1 and loop to implementable k-step.

ut
We comment here some features of this implementable version of (CAS).

Remark 3.1

– Observe that index p is a counter of elements in the raw bundle {(zi, wi)}i≤p.
Namely, serious points are added at (0.b), while the information obtained in
null steps is incorporated to the bundle in (3.a).

– In Step 0 a stopping test of the kind ‖uk‖ ≤ tol could have been used in
(0.a). In such a case, the convergence analysis would essentially remain the
same by setting the tolerance tol to 0 in the results (to make the algorithm
loop forever and produce an infinite sequence {xk}).

– In Step 1 the search direction is computed. The set T ε2−j

(xk) used in (CAS)
is now replaced by the convex hull generated by some selected elements in the
range of T , belonging to a reduced bundle. Observe that, by definition of the
index set Ik,n,j , the vector uk ∈ T (xk) is always in the associated (reduced)
bundle. Hence this sub-bundle is not empty and αk,n,j is well defined. We
show in Lemma 4.2(i) that if xk is not a solution, then the loop (1.e)↔(1.b)
is always finite.

– In Step 2 we evaluate the pair (yk,n,l, vk,n,l) provided by the direction sk,n.
Step (2.c) makes a loop (to (2.b)) which eventually ends. The two possible
endings are:

1.null step: For l = j + 1 it holds that 〈vk,n, sk,n〉 ≤ σ‖sk,n‖2.
2.serious step: When for some l ≤ j+1 the direction vk,n satisfies 〈vk,n, sk,n〉 >

σ‖sk,n‖2.
In the first case, which leads to step (3.a), the line search performed in step
(2.c) gives a pair (yk,n, vk,n) such that ‖yk,n − xk‖ = R 2−j−1. Then vk,n

is added to the current sub-bundle (recall that vi is incorporated only when
‖yi − xk‖ ≤ R 2−j), and no progress is made in k. Lemma 4.2(ii) shows that,
when xk is not a solution, there is no infinite loop in (3.a)↔(1.b).

– If a serious step is done, (3.b) is visited. In this case, the direction defined by
vk,n defines a separating hyperplane far enough from the current iterate xk.
By “far enough” we mean that the stepsize ‖xk − xk+1‖ does not go to zero
too fast. A new iterate xk+1 is generated by projecting xk onto the halfspace
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Hyk,vk from (2). In addition, note that at step (3.b) the following holds:

lk ≤ jk + 1 , 〈vk, sk〉 > σ‖sk‖2 ,
‖sk‖ > τ2−jk , and yk = xk −R2−lksk/‖sk‖ .

(6)

ut

4 Convergence Analysis

We show in this section that either (BS) generates a finite sequence, whose last
iterate solves (1), or it generates an infinite sequence, converging to a solution
of (1).
The bundle strategy (BS) provides us with a constructive device for (CAS).
For this reason the convergence analysis is close to the one in [3]. The main
difference appears when analyzing null steps, which lead to an enrichment of the
bundle. For proving that the convergence is preserved when replacing T ε(xk)
by the current polyhedral approximation, we use the following technical result:

Lemma 4.1 [5, Lemma IX.2.1.1] Let γ > 0 fixed. Consider two infinite se-
quences sequences {vm} and {v̂m} satisfying for m = 1, 2, . . .:

〈vi − vm+1, v̂m〉 ≥ γ‖v̂m‖2 for all i = 1, . . . ,m . (7)

If {vi} is bounded then v̂m → 0 when m →∞.
ut

Each k-step of (BS) has two ending points: (0.a) and (3.b). If some imple-
mentable k-step ends at (0.a), then the algorithm stops at a solution of (1). If
the implementable k-step ends at (3.b), then xk+1 is generated and a new k-step
is started with k replaced by k + 1.
There are three inner loops: (1.e)↔(1.b) on j indices; (3.a)↔(1.b), iterating
along n indices and finally (2.c)↔(2.b), incrementing l.
We prove first that infinite loops do not occur on these indices when xk 6∈ S.

Lemma 4.2 Let xk be the current iterate in (BS) and suppose xk 6∈ S. Then
the following holds:

(i) Relative to the loop (1.e)↔(1.b), there exists a finite j = jk,n such that
(1.f) is reached:

‖sk,n‖ > τ2−jk,n .

Furthermore, the loop (2.c)↔(2.b) is finite: (2.d) is reached with lk,n ≤
jk,n + 1.

(ii) Relative to the loop (3.a)↔(1.b), there exists a finite n = nk such that
(3.b) is reached.
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Proof. By assumption, 0 /∈ T (xk). To prove (i), suppose, for contradiction,
that (BS) loops forever in (1.e)↔(1.b). Then j → ∞ and an infinite sequence
{sk,n,j}j∈N is generated, satisfying ‖sk,n,j‖ ≤ τ2−j . Therefore, there exist two
subsequences {nq}, {jq} such that

‖sk,nq,jq‖ ≤ τ2−jq , (8)

with limq→∞ jq = ∞. For such indices, define Iq := Ik,nq,jq
. Because of step

(1.b), for all i ∈ Iq, ‖zi − xk‖ ≤ R2−jq . Consider the convex sum given by
αq := αk,nq,jq from step (1.c):

(x̂q, ŝq) := (
∑
i∈Iq

αq
i z

i, sk,nq,jq ) .

Corollary 2.3 applies, with ρ = R2−jq and x̃ = xk, and we have

ŝq ∈ T ε̂q (x̂q) , with ε̂q ≤ 2R2−jqM , (9)

where M := sup{‖u‖ |u ∈ T (B(xk, R))}. In addition,

‖x̂q − xk‖ ≤ R2−jq . (10)

Altogether, letting q →∞ in (8), (9) and (10), Proposition 2.1 yields:

(ε̂q, x̂
q, ŝq ∈ T ε̂q (x̂q)) −→ (0, xk, 0) =⇒ 0 ∈ T 0(xk) = T (xk) ,

a contradiction. Hence, there exists a finite j such that the loop (1.e)↔(1.b)
ends. For this index j, step (1.f) is reached, jk,n = j is defined with ‖sk,jk,n‖ >
τ2−jk,n , and the first part in (i) holds.
Furthermore, the test in (2.c) will eventually be false and the loop (2.c)↔(2.b)
ends, with a value of l = lk,n ≤ jk,n + 1.
Now we prove (ii). If an infinite loop occurs at (3.a)↔(1.b), then n →∞. Thus,
at step (2.d) an infinite sequence {(yk,n, vk,n ∈ T (yk,n)}n∈N is generated. We
have that for each n, the loop (1.e)→(1.b) ends with an index j such that

sk,n,j = sk,n,jk,n = sk,n and ‖sk,n‖ > τ2−jk,n . (11)

We proved in (i) that j eventually reaches its final value, say J . Therefore, there
exists n̄ such that jk,n = jk,n̄ = J for any n ≥ n̄. Consider now the sequence
{(yk,n, vk,n)}n≥n̄. At Step (3.a) infinite null steps are made:

〈vk,n, sk,n〉 ≤ σ‖sk,n‖2 (12)

with
‖yk,n − xk‖ = R 2−lk,n = R 2−jk,n−1 = R 2−J−1 , (13)

for all n ≥ n̄ (if (2.a) leads to (3.a) then lk,n = jk,n + 1). This means that
(yk,n, vk,n) is incorporated to the sub-bundle associated to Ik,n,jk,n

for any n ≥
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n̄. In particular, choose an index ñ such that n̄ < ñ < n: since jk,n = J in (13),
(yk,ñ, vk,ñ) is incorporated to the sub-bundles defining sk,n, the projection of
0 onto the convex hull of {wi}i∈Ik,n,j

(cf. steps (1.c)-(1.f)). Therefore, by the
classical projection property (see for instance [21])

〈vk,ñ, sk,n〉 ≥ ‖sk,n‖2 , for any n > ñ > n̄ .

Together with (12) written for n > ñ, we obtain

〈vk,ñ − vk,n, sk,n〉 ≥ (1− σ)‖sk,n‖2 for any n > ñ > n̄ . (14)

We claim that the assumptions of Lemma 4.1 hold, after a suitable renaming is
done. Actually, define, for all i ≥ 1,

ti := vk,n̄+i, t̃i := sk,n̄+i+1 .

Using now (14), we obtain

〈ti − tm+1, t̃m〉 ≥ (1− σ)‖t̃m‖2 for any i = 1, . . . ,m .

Therefore, the sequences {tm} and {t̃m} satisfy condition (7) in Lemma 4.1 with
γ = 1−σ. Moreover, because {ti} ⊆ T (B(xk, R)) and T is locally bounded, the
last part in Lemma 4.1 also applies:

t̃m → 0 when m →∞ .

However, (11) and the choice of n̄ yields

‖t̃m‖ = ‖sk,n̄+m+1‖ > τ 2−J > 0 ,

a contradiction. Altogether, the loop (3.a)↔(1.b) must eventually finish with a
finite value of n and (ii) is proved.
In the next result we analyze all the possibilities for an iteration of (BS).

Proposition 4.3 Let xk be the current iterate in (BS). Then

(i) if xk is a solution, either the oracle answers uk = 0 and (BS) stops in
(0.a), or (BS) loops forever after this last serious step, without updating
k.

(ii) Else, xk is not a solution, and (BS) reaches step (3.b) after finitely many
inner iterations. Furthermore,

‖sk,n∗k,jk−1‖ ≤ τ2−jk+1, (15)

where n∗k is the smallest value of n equating jk,n = jk, whenever jk > 0.
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Proof. Suppose first that xk is a solution. If the oracle gives uk = 0, the
stopping test holds in (0.a) and (BS) stops. Otherwise, uk 6= 0. Then, suppose
for contradiction that (3.b) is reached. Recall that by (6), we have

〈xk − yk, vk〉 = R2−lk〈sk, vk〉/‖sk‖
> 2−lk−jkστR > 0 , with vk ∈ T (yk) .

Because 0 ∈ T (xk), the inequality above contradicts the monotonicity of T and
(i) is proved.
Let us prove (ii). Suppose jk > 0. If xk is not a solution, Lemma 4.2 shows
that no infinite loop occurs inside iteration k and (3.b) is eventually reached.
To prove (15), define

n∗k := min{n ≤ nk| jk,n = jk} .

Then in (1.e)↔(1.b), the indices

j := jk,n∗
k
− 1 < jk and j + 1 = jk,n∗

k
= jk ,

are such that (1.e) holds for index j and (1.f) holds for index j + 1:

‖sk,n∗k,jk,n∗
k
−1‖ ≤ τ2−(jk,n∗

k
−1)

, and ‖sk,n∗k,jk,n∗
k ‖ > τ2−(jk,n∗

k
)
,

and the conclusion follows.
As a consequence of the last result, the sequence of serious points {xk} generated
by (BS) is either finite, ending at a solution; or infinite, with no iterate being
a solution. Before proving the convergence for the infinite sequence, we need
some preliminary technical results.

Proposition 4.4 Let xk be the current iterate in (BS) and assume xk 6∈ S.
Then, after xk+1 is generated in (3.b), the following holds:

(i) Let Hyk,vk be the halfspace defined in (2), written with (y, v) := (yk, vk).
Then xk /∈ Hyk,vk and xk+1 = PH

yk,vk
(xk).

(ii) For all x∗ ∈ S, ‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk+1 − xk‖2 .

(iii) Finally, ‖xk+1 − xk‖ > Rστ2−2jk−1/‖vk‖.

Proof. To prove (i), recall from (6) that the pair (yk = xk−R2−lksk, vk = vk,nk)
is such that

〈xk − yk, vk〉 = R2−lk〈sk, vk〉/‖sk‖ > 2−lk−jkστR > 0 ,

so xk /∈ Hyk,vk . To see that xk+1 is its projection, just recall the definition of
xk+1 in step (3.a) of (BS). Because xk+1 is an orthogonal projection onto Hyk,vk

and S ⊂ Hyk,vk , (ii) follows from the properties of orthogonal projections (see
e.g. [22].) As for (iii), it is also straightforward from (6) and the definition of
xk+1.
The boundedness of the variables generated by (BS) now follows from the Fejér
convergence of {xk} to S, via the following obvious statement.
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Proposition 4.5 Consider a sequence {xk} be such that

‖xk+1 − x‖ ≤ ‖xk − x‖ , for any x ∈ S.

with S 6= ∅. Then

(i) {xk} is bounded.

(ii) If {xk} has an accumulation point which is in S, then the full sequence
converges to a limit in S.

ut
All the variables generated by (BS), namely xk , sk , yk , vk, {(yk,n, vk,n)} and
{(zp, wp)} are bounded. Our final theorem only needs the boundedness of the
last two sequences.

Lemma 4.6 The sequences {(yk,n, vk,n)} and {(zp, wp)} generated by (BS) in
Steps (2.d) and (0.b), respectively, are bounded.

Proof. First we show that the sequence {xk} is bounded. If the sequence is finite,
the boundedness is trivial. If k → ∞, by Proposition 4.4(ii) the assumptions
of Proposition 4.5 hold. Hence, using Proposition 4.5(i), we obtain that {xk} is
bounded.
Therefore, there exists some compact set K0 such that the (bounded) sequence
{xk} ⊂ K0. Define K1 := K0 +B(0, R). Then, from steps (2.b), (2.d) and (3.b)
in (BS), it follows that the variables yk,n and yk are contained in K1. Since
zp is extracted from either {xk} or {yk}, the sequence is also contained in K1.
Finally, because T is locally bounded, {vk} and {wp} are bounded too and the
proof is finished.
In our last Lemma we show that index jk in (BS) goes to infinity together with
k. Along the lines of [3, Section 3.3], convergence of (BS) will be proved using
Proposition 4.5 (ii), by exhibiting a subsequence of triplets (ε̂q, x̂

q, ŝq ∈ T εq (x̂q))
tending to (0, x̄, 0) as q is driven by jk to infinity.

Lemma 4.7 Suppose (BS) loops forever on k (i.e., k →∞). Then limk→∞ jk =
+∞ .

Proof. Combine Proposition 4.4(iii) and (ii) to obtain

Rστ2−2jk−1/‖vk‖ < ‖xk+1 − xk‖ → 0 , when k →∞ .

Since ‖vk‖ is bounded (Lemma 4.6), the result follows.
Finally, we state our main convergence result.

Theorem 4.8 Consider the sequence {xk} generated by (BS). Then the se-
quence is either finite with last element in S, or it converges to a solution of
(1).
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Proof. We already dealt with the finite case in Proposition 4.3.
If there are infinitely many xk, keeping Proposition 4.5(ii) in mind, we only
need to show that some accumulation point of the bounded sequence {xk} is
a solution of (1). Let {xkq} be a convergent subsequence, with limit point x̄.
Because of Lemma 4.7, we can suppose jkq

> 0, for q large enough. Then
Proposition 4.3(ii) applies: for n∗k defined therein, we have

‖skq,n∗kq
,jkq−1‖ ≤ τ 2−jkq +1 . (16)

Consider the associated index set Iq := Ikq,n∗
kq

,jkq−1. By developing an argu-
ment similar to the one used in the proof of Lemma 4.2, mutatis mutandis,
define

αq := α
kq,n∗kq

,jkq−1
,

x̂q :=
∑

i∈Iq
αq

iz
i ,

ŝq := s
kq,n∗kq

,jkq−1 =
∑

i∈Iq
αq

i w
i .

We have that
‖x̂q − xkq‖ ≤ R 2−jkq +1. (17)

Let M be an upper bound for ‖wp‖ (these variables are bounded by Lemma 4.6).
Then Corollary 2.3 yields

ŝq ∈ T ε̂q (x̂q) with ε̂q ≤ 2R 2−jkq +1M. (18)

Using Lemma 4.7 we have limq→∞ jkq = ∞. Hence, by (16), (17), (18) we
conclude that

(ε̂q, x̂
q, ŝq ∈ T ε̂q (x̂q)) −→ (0, x̄, 0) ,

when q →∞. Now Proposition 2.1 applies, implying that 0 ∈ T (x̄).

5 Conclusions and Perspectives

We presented a convergent bundle-like method that can be used for finding a
zero of maximal monotone operators. Although it already has an implementable
form, further modifications are possible:

1. Parameters R and τ in (BS) can be replaced by ‖uk‖, in order to deal
with “relative” values.

2. To avoid memory overload, a variant of (BS) working with sub-bundles
of limited size could be defined. Using techniques of compression and
selection which are now standard for bundle methods in nonsmooth op-
timization (NSO) (see, for instance, Chapter XIV in [5]), Theorem 2.2
ensures that after solving (1.c) in (BS), the aggregated triplet

(ε̂, x̂ :=
∑

i∈Ik,n,j

αk,n,j
i zi, ŝ := sk,n,j)
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synthesizes the most essential information contained in the sub-bundle (we
have shortened ε̂ =

∑
i αi〈zi − x̂, wi − ŝ〉).

3. We insisted on the importance of driving ε to 0 at an appropriate speed to
avoid in Step (1.c) what we have called an ill-posed problem. Because of
Corollary 2.3, we achieve this goal indirectly through j-indices. In NSO,
it is well known that the practical efficiency of bundle methods depends
strongly on an appropriate management of the parameters. For example,
(BS) could be modified in order to define ε as a parameter whose value is
reduced along iterations. To achieve this direct control on ε, a possibility
(not explored yet) could be to solve the following subproblem in Step 1:{

minα∈∆I

1
2‖

∑
I αiw

i‖2∑
I〈zi − x̂, wi − ŝ〉 ≤ ε ,

where x̂, ŝ have been computed in the previous iteration, and I defines a
sub-bundle.

Finally, let us mention the recent paper [9], describing an algorithm for solving
variational inequality problems (VIP) with convex feasible sets. The methodol-
ogy presented there has been developed independently and can be related to our
(BS). Roughly speaking, Procedure P therein corresponds to our computation
of sk,n,j using an “economic” bundle formed by only two elements, namely vk,n

and sk,n,j−1 (or sk,n−1,j). In his paper, Konnov himself refers to the conju-
gate subgradients method for NSO in [21] (see also [12]). Since these very first
“economic” (conjugate subgradient) formulations a huge progress has been done
on bundle methods for NSO. In particular, it is known that the use of “rich”
bundles (properly managed to avoid overload) improves dramatically the speed
of convergence. In this sense, our contribution, based on “rich” sub-bundles,
may open the way to defining new variants, hopefully more efficient and robust.
Moreover, since our development is supported by the theoretical background
of ε-“subgradients” in T ε(x), it gives a different insight of the mechanism that
makes algorithms of this type work.
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[7] E. N. Khobotov. Modifications of the extragradient method for solving
variational inequalities and certain optimization problems. USSR Compu-
tational Mathematics and Mathematical Physics, 27(5):120–127, 1987.

[8] K.C. Kiwiel. Proximity control in bundle methods for convex nondifferen-
tiable minimization. Mathematical Programming, 46:105–122, 1990.

[9] I.V. Konnov. A combined relaxation method for variational inequalities
with nonlinear constraints. Mathematical Programming, 80:239–252, 1997.

[10] G.M. Korpelevich. The extragradient method for finding saddle points and
other problems. Matecon, 12:747–756, 1976.
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