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Abstract. We prove existence of finitely many ergodic equili-
brium states associated to local homeomorphisms and hyperbolic
potentials. In addition, if the dynamics is transitive we obtain
the uniqueness of equilibrium state. Under the assumptions of
uniform contraction on the fiber and non-uniformly expansion on
some region of the base we also prove existence of equilibrium states
for partially hyperbolic skew-products.

1. Introduction

The theory of equilibrium states, developed by Sinai, Ruelle and
Bowen in the seventies and eighties, came into existence through the ap-
plication of techniques and results from statistical mechanics to smooth
dynamics.

In the classical setting, given a continuous map f : M → M on a
compact metric space M and a continuous potential φ : M → R, we
say that µφ is an equilibrium state associated to (f, φ), if µφ is an f -
invariant probability measure characterized by the following variational
principle:

Pf (φ) = hµφ(f) +

ˆ
φ dµφ = sup

µ∈Mf (M)

{
hµ(f) +

ˆ
φ dµ

}
where Pf (φ) denotes the topological pressure, hµ(f) denotes the metric
entropy and the supremum is taken over all f -invariant probabilities
measures.

In the uniformly hyperbolic context, which includes uniformly ex-
panding maps, equilibrium states always exist and they are unique if
the potential φ is Hölder continuous and the dynamics f is transitive.
However, the scenario beyond hyperbolic systems is pretty much in-
complete.

Recently, several advances were obtained outside the uniformly hy-
perbolic setting in the works of Bruin and Keller [5] and Denker and
Urbanski [8], for interval maps and rational functions on the Riemann
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sphere; Leplaideur, Oliveira, Rios [15] on partially hyperbolic horse-
shoes; and Buzzi and Sarig [7] and Yuri [20], for countable Markov
shifts and for piecewise expanding maps in one and higher dimensions,
among others.

Before proceeding a few words are in order on the nature of the two
problems: existence and uniqueness of equilibrium states. Existence is
relatively soft property that can often be established via compacteness
arguments. Uniqueness is usually more subtle, and requires a better
understanding of the dynamics. Examples of transitive shifts with equi-
librium states having nontrivial supports go back to Krieger [12]. So,
some conditions on the potential is certainly necessary.

For local diffeomorphisms which present expansion in a non-uniform
way we point out the results of Arbieto, Matheus and Oliveira [2];
Oliveira and Viana [16]; Varandas and Viana [19]. They obtained
uniqueness of equilibrium states for potentials with small oscillation. In
this context, they were able to construct expanding equilibrium states
absolutely continuous with respect to the conformal measure; more-
over, the equilibrium state is unique. The hypothesis on the potential
is used to ensure that most of the pressure emanates from regions of
the ambient where the dynamics is actually hyperbolic.

These findings motivate, to some extent, the approach that we follow
in the present paper. Indeed, we consider a certain inequality between
the pressure of the system (f, φ) on the hyperbolic and the nonhy-
perbolic regions of M , and we prove that, for local homeomorphisms,
this hyperbolic hypotheses on the potential is suffices for existence and
finiteness of equilibrium states. The results mentioned in the previous
paragraph fit in this framework.

Hyperbolicity of the potential is the essential condition in our results.
Closely related condition have been considered by Hofbauer and Keller
[11], Denker, Keller and Urbanski [9] for piecewise monotonic maps and
by Buzzi, Paccaut, Schmitt [6], in the context of piecewise expanding
multidimensional maps.

In the case of local diffeomorphisms, hyperbolicity condition of the
potential φ in our first results imply positive Lyapunov exponents for
the equilibrium measure. In this way, a natural objective is to obtain
existence and finiteness of equilibrium states for systems which present
some contraction direction. In this paper, we also study partially hy-
perbolic skew-products of fiber contraction maps over non-uniformly
expanding dynamics and we prove existence of equilibrium states for
this class of transformations.
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2. Setting and Statements

Let (M,d) be a compact metric space of dimension m and d be the
distance on M . Let f :M → M be a local homeomorphism. Suppose
that every inverse branches f−1 are locally Lipschitz continuous, that
means, there is a bounded function x 7→ σ(x) such that, for each x ∈M
there exists a neighborhood Vx of x so that fx : Vx → fx(Vx) is invertible
and for every y, z ∈ fx(Vx) holds

d(f−1
x (y), f−1

x (z)) ≤ σ(x)d(y, z)

Given a positive constant σ > 0, we denote by Σσ = Σ(σ) the set
whose points satisfy:

Σσ :=

{
x ∈M ; lim sup

n→+∞

1

n

n−1∑
i=0

log σ(f j(x)) ≤ log σ

}

We say that a real continuous function φ : M → R is a hyperbolic
potential if the topological pressure of φ is located on Σσ for some
σ ∈ (0, 1), i.e.,

Pf (φ,Σ
c
σ) < Pf (φ,Σσ) = Pf (φ).

Note that, for σ ∈ (0, 1) we have f−1 is locally a contraction. In
this way, Σσ is a non-uniformly expanding region on M . A probability
measure µ (not necessarily invariant) is expanding if µ(Σσ) = 1.

Let C(M) be the complete metric space of real continuous functions
ψ : M → R equipped with the uniform convergence norm. The Ruelle-
Perron-Fröbenius transfer operator Lφ : C(M)→ C(M) associated to
dynamics f : M → M and a real continuous function φ : M → R is
the linear operator defined on C(M) by

Lφ(ψ)(x) =
∑

y∈f−1(x)

eφ(y)ψ(y)

The dual operator L∗φ of Lφ acts on the spaceM(M) of Borel measures
in M as follow: ˆ

ψ d(L∗φρ) =

ˆ
Lφ(ψ) dρ

for every real continuous function ψ.

We say that a Borel measure (not necessarily invariant) ν is a con-
formal measure associated to (f, φ) if ν is an eigenmeasure for L∗φ.

Our first result states the existence of a conformal expanding mea-
sure for (f, φ) associated to the eingenvalue λ = ePf (φ) as well as the
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existence of a finite number of ergodic f -invariant probabilities abso-
lutely continuous with respect to this reference measure. In particular,
we get uniqueness of such ergodic measure when the dynamics f is
transitive.

Theorem A. Let f : M → M be a local homeomorphism and let
φ : M → R be a hyperbolic Hölder continuous potential. Then, there
exist a conformal measure ν associated to the eingenvalue λ = ePf (φ).
Moreover, ν is expanding and there is a finite number of f -invariant
ergodic measures absolutely continuous with respect to it.

Under the same hyperbolicity condition on the potential φ, the exis-
tence of an expanding conformal measure ν associated to the eingen-
value λ = ePf (φ) implies that every equilibrium state of (f, φ) has to
be absolutely continuous with respect to ν. Thus, we use the semicon-
tinuity property of the entropy map to ensure the existence of some
equilibrium measure and we combine this with the Theorem A to ob-
tain

Theorem B. Let f : M → M be a local homeomorphism and let
φ : M → R be a hyperbolic Hölder continuous potential. Then, there
exist finitely many ergodic equilibrium states associated to (f, φ). In
addition, the equilibrium state is unique if f is transitive.

Since each equilibrium state µφ is an expanding measure, by a con-
sequence of this result we obtain that all the Lyapunov exponents of f
are positive at µφ-almost every point, if f is a local diffeomorphism.

We would like to point out that our results remains true if the poten-
tial φ satisfies a weaker condition than Hölder continuity, that of having
summable variation on hyperbolic dynamical balls, which means that
there exist some positive constant K such that if for some n ∈ N holds

d(fn−j(y), fn−j(z)) ≤ σjd(fn(y), fn(z))

for every 1 ≤ j ≤ n and every y, z in the dynamical ball Bδ(x, n) then

K−1 ≤
n−1∑
j=1

φ(f j(y))− φ(f j(z)) ≤ K

A class of examples which satisfies our hyperbolicity condition on the
potential was studied by Arbieto, Matheus and Oliveira [2]; Oliveira
and Viana [16]; Varandas and Viana [19]. We describe this example
below.

Example 2.1. Let f : M → M be a C1-local diffeomorphism on a
compact manifold M . Assume that there exist positive constants σ1
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close to one and σ2 > 1, and a covering R = {R1, ..., Rq, Rq+1, ..., Rs}
of M by domains of injectivity for f that satisfies

(1) For some open region A ⊂M , ‖Df−1(x)‖ ≤ σ1 for every x ∈ A
and ‖Df−1(x)‖ ≤ σ−1

2 for all x ∈M \ A.
(2) The region A above can be covered by q elements of the partition

R with log q < log deg(f).

Suppose φ : M → R be a Hölder continuous potential with small
oscillation, i.e., supφ− inf φ < log deg(f)− log q.

The authors show that there exists some non-uniformily expanding
region Σ ⊂ M such that Pf (φ,Σ

c) < Pf (φ,Σ) = Pf (φ). Thus, there is
a finite number of ergodic equilibrium states for the system.

Besides this class described above, we can also apply our result on
the following class of examples.

Example 2.2. Let f : M → M be the dynamics of the last example
and Σ ⊂ M be the non-uniformly expanding set. Since we have the
inequality htop(f,Σ

c) < htop(f,Σ) then any Hölder continuous function
φ : M → R that satisfies

sup {φ(x); x ∈ Σc} ≤ inf {φ(x); x ∈ Σ}

is a hyperbolic potential. In fact,

Pf (φ,Σ
c) ≤ htop(f,Σ

c) + sup
x∈Σc

φ(x) < htop(f,Σ) + inf
x∈Σ

φ(x) ≤ Pf (φ,Σ)

Thus, by Theorem B, there exists finitely many ergodic equilibrium
states for (f, φ). If f is transitive, the equilibrium is unique. Note that,
in this class it is not necessary φ has small oscillation. For example,
any positive potential that vanishes on Σc satisfies the hypoteses of our
theorem.

Example 2.3. Let f0 : M → M be an expanding map and fix some
cover P = {P1, P2, . . . , Pn} of f0 by injectivity domain. On each Pi
consider a fixed (or periodic) point pi. Deforming f0 on a neighborhood
Bi of pi by a Hopf bifurcation or Pitchfork bifurcation, the result map
f : M →M coincides with the expanding map f0 outside B1∪· · ·∪Bn.
Thus, if the deformation satisfies

(1) f(B1 ∪ · · · ∪Bn) ⊂ B1 ∪ · · · ∪Bn

(2) htop(f,B1 ∪ · · · ∪Bn) < htop(f, (B1 ∪ · · · ∪Bn)c)

then the f -invariant Cantor set

Σσ =
⋂
j≥0

f−j((B1 ∪ · · · ∪Bn)c)
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is a non-uniformly expanding and holds the inequality

htop(f,Σ
c
σ) < htop(f,Σσ)

Thus, there exist finitely many maximal entropy measure for f .
Morevover, any Hölder continuous function φ : M → R such that

sup {φ(x); x ∈ B1 ∪ · · · ∪Bn} ≤ inf {φ(x); x ∈ (B1 ∪ · · · ∪Bn)c}
is a hyperbolic potential and, by Theorem B, there is a finite number
of ergodic equilibrium states for (f, φ).

The next example shows that the hyperbolicity property is essential
for the uniqueness of equilibrium measure.

Example 2.4. Fix some positive constant α ∈ (0, 1) and define on S1

the local homeomorphism

fα(x) =

 x(1 + 2αxα), if 0 ≤ x ≤ 1
2

x− 2α(1− x)1+α, if 1
2
≤ x ≤ 1

Then, f is a transitive non-uniformily expanding map. Consider the
potential φ : S1 → R defined by φ(x) = − log |f ′(x)|.

Note that, by Pesin formula the SRB measure µφ satisfies the equality
hµφ(f) −

´
log |f ′(x)| dµφ = 0 and by Ruelle inequality it is an equi-

librium state for (fα, φ). On the other hand, for the Dirac measure δ0

supported at the fixed point 0 we also have hδ0(f)−
´

log |f ′(x)| dδ0 = 0.
Thus, µφ and δ0 are two distincts ergodic equilibrium states. In this
case, uniqueness fails because the pressure on hyperbolic region is equal
to the pressure on nonhyperbolic region.

We also prove existence of equilibrium states for partially hyperbolic
skew-products whose base dynamics is a non-uniformly expanding local
diffeomorphism and the fiber dynamics is uniformly contracting. Let
us state the precise setting.

Let M be a compact manifold with dimension m and N be a compact
metric space. Consider f : M →M be a C1 local diffeomorphism and
g : M×N → N be a fiber contraction that varies β-Hölder continuously
on M , i.e., there are constants C > 0, λ ∈ (0, 1) and β ≤ 1 such that

dN(gx(y), gx(z)) ≤ λdN(y, z) for all y, z ∈ N and x ∈M
and

dN(gx(y), gz(y) ≤ CdM(x, z)β for all x, z ∈M and y ∈ N

Define on M ×N the skew-product:

F : M ×N →M ×N, F (x, y) = (f(x), gx(y) )
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Let γ > 0 be a constant such that γ ≤ ‖Df(x)‖ for all x ∈ M. Fix
δ < 1 some positive constant such that δβγ−1 < 1. Thus there exists
σ̃ ∈ (0, 1) such that λγ−1 ≤ λδ−β ≤ σ̃ < 1 for all x ∈M and we call F
a partially hyperbolic skew-product.

Remark. If N is a compact n-dimensional manifold, f is partially hy-
perbolic of type Ec ⊕ Eu and g is differentiable with ‖Dyg‖ ≤ λ for
all y ∈ N then F is a partially hyperbolic in the usual sense. But in
our work, it is not necessary N to be finite dimensional and f to be
partially hyperbolic.

Let φ : M ×N → R be a Hölder continuous potential. When we add
to φ our hyperbolicity hypothesis on the base M , which means that
there exists some non-uniformly expanding region Σσ on M such that

PF (φ,Σc
σ ×N) < PF (φ,Σσ ×N) = PF (φ)

we obtain:

Theorem C. Let F : M × N → M × N be a partially hyperbolic
skew-product and φ : M × N → R be a Hölder continuous potential
hyperbolic on M . Then:
(i) There exist some equilibrium state µφ associated to (F, φ).
(ii) If the potential φ does not depends on the fiber N then there exist
a finitely many ergodic equilibrium states for (f, φ). In addition, there
exists only one equilibrium measure, if f is transitive.

On the item (ii) of the Theorem C, the condition φ does not depends
on the fiber, it has the meaning φ(x, ·) : N → R is a constant function
for each x ∈ M fixed. In particular, Theorem C says that there exist
finitely many maximal entropy measures for the partially hyperbolic
skew-product, if the topological entropy of the base dynamics f is lo-
cated on the non-uniformly expanding region. And there exist only one
such measure, if f is transitive.

Example 2.5. Let f : Tn → Tn be a local diffeomorphism like in the
Examples 2.1, 2.2 or 2.3 with M = Tn. Consider any Hölder conti-
nuous map h : Tn → Tn and a positive constant λ < 1 such that
λ‖Df(x)‖−1 < 1 for every x ∈M. Then the skew-product

F : Tn × Tn → Tn × Tn, F (x, y) = (f(x), h(x) + λy)

satisfies the hypotheses of the Theorem C. Hence, it has finitely many
ergodic equilibrium states associated to any Hölder continuous poten-
tial φ : Tn × Tn → R hyperbolic on M and constant on the fiber. In
particular, if f is transitive then there exists a unique maximal entropy
measure.
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3. Preliminary Results

In this section, we state some facts and notations which will be used
throughout this work. This content may be omitted in a first reading
and the reader can return here whenever necessary.

3.1. Equilibrium States. Let f : M → M be a continuous transfor-
mation defined on a compact metric space (M,d). Let φ : M → R be
a real continuous function that we call by potential.

Given an open cover α for M we define the pressure Pf (φ, α) of φ
with respect to α by

Pf (φ, α) := lim
n→+∞

1

n
log inf

U⊂αn
{
∑
U∈U

eφn(U)}

where the infimum is taken over all subcover U of αn =
∨
n≥0 f

nα and

φn(U) indicates sup
x∈U

n−1∑
j=0

φ ◦ f j(x).

Definition 3.1. The topological pressure Pf (φ) of the potential φ with
respect to the dynamics f is defined by

Pf (φ) := lim
δ→0

{
sup
|α|≤δ

Pf (φ, α)
}

where |α| denotes the diameter of the open cover α.

An alternatively way to define topological pressure is through the
notion of dynamical balls. This approach is from dimension theory and
it is very useful to calculate the topological pressure of non-compact
sets.

Fix δ > 0. Given n ∈ N and x ∈M let Bδ(x, n) the dynamical ball:

Bδ(x, n) := {y ∈M / d(f j(x), f j(y)) < δ , for 0 ≤ j ≤ n}
Denote by FN the collection of dynamical balls

FN = {Bδ(x, n) / x ∈M and n ≥ N}
Given a f -invariant subset Λ of M , non necessarily compact, let U

be a finite or countable family of FN which cover Λ.
For every γ ∈ R define

mf (φ,Λ, δ, N, γ) = inf
U⊂FN

{
∑

Bδ(x,n)∈U

e−γn+Snφ(Bδ(x,n))}

As N goes to infinity we define

mf (φ,Λ, δ, γ) = lim
N→+∞

mf (φ,Λ, δ, N, γ)
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Taking the infimum over γ we obtain

Pf (φ,Λ, δ) = inf {γ / mf (φ,Λ, δ, γ) = 0}

The relative pressure Pf (φ,Λ) of a subset Λ of M is given by

Pf (φ,Λ) = lim
δ→0

Pf (φ,Λ, δ)

and holds the inequality

Pf (φ) = sup {Pf (φ,Λ), Pf (φ,Λ
c)}

We refer the reader to [17] for more details and properties of the
relative pressure.

The relationship between the topological pressure Pf (φ) and the me-
tric entropy hµ(f) of the dynamics is given by

Theorem 3.2 (Variational Principle). LetMf (M) be the set of proba-
bility measures invariants by a continuous transformation f : M →M
defined on a compact metric space M and let φ : M → R be a conti-
nuous potential. Then,

Pf (φ) = sup
µ∈Mf (M)

{
hµ(f) +

ˆ
φ dµ

}
When Λ is a non-compact f -invariant set for the relative pressure

holds the inequality Pf (φ,Λ) ≥ sup
{
hµ(f) +

´
φ dµ

}
where the supre-

mum is taken over all invariant measures µ such that µ(Λ) = 1.
The variational principle gives a natural way of choosing important

measures of Mf (M).

Definition 3.3. A measure µφ ofMf (M) is called an equilibrium state
for (f, φ) if µφ is characterized by the variational principle:

Pf (φ) = hµφ(f) +

ˆ
φ dµφ.

3.2. Hyperbolic Potentials. Let f : M → M be a local homeomor-
phism defined on a compact metric space (M,d) and φ : M → R be
a hyperbolic potential, that means, there exists some σ ∈ (0, 1) such
that

Pf (φ,Σ
c
σ) < Pf (φ,Σσ) = Pf (φ).

where Σσ denotes the set

Σσ :=

{
x ∈M ; lim sup

n→+∞

1

n

n−1∑
i=0

log σ(f j(x)) ≤ log σ

}
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The above inequality allows us to explore the non-uniform expansion
property on Σ. In this direction, the key ingredient are the so called
hyperbolic times.

Definition 3.4 (Hyperbolic Times). Given σ ∈ (0, 1) we say that n is
a hyperbolic time for x if for each 1 ≤ k ≤ n− 1 we have

n−1∏
j=n−k

σ(f j(x)) ≤ σj

The next lemma shows that every point in Σσ has infinitely many
hyperbolic times. In fact, these times appear with a positive frequence
θ > 0. For details see [1] and replacing ‖Df(·)−1‖ by σ(·).

Lemma 3.5. If x ∈M satisfies

lim sup
n→+∞

1

n

n−1∑
j=1

log σ(f j(x)) ≤ log σ < 0.

Then, there exists θ > 0, that depends only on f and σ, and a sequence
of hyperbolic times 1 ≤ n1(x) ≤ · · · ≤ nl(x) ≤ n for x with l ≥ θn.

Moreover, if η is a probability measure for which the limit above holds
in almost everywhere then for every borelean A ⊂ M with positive η-
measure we have

lim inf
n→∞

1

n

n−1∑
j=1

η(A ∩ Σj)

η(A)
≥ θ

2

where Σj denotes the set whose points have j as hyperbolic time.

The next result point out that on hyperbolic times the dynamics f
locally behaves as if it were an expanding map: we see the existence
of inverse branches with uniform backward contraction on some small
neighborhood.

Lemma 3.6 (Distortion Control). There exists δ > 0 such that for
every n = n(x) hyperbolic time for x, the dynamical ball Bδ(x, n) is
mapped homeomorphically by fn onto the ball B(fn(x), δ) with

d(fn−j(y), fn−j(z)) ≤ σjd(fn(y), fn(z)) (3.1)

for every 1 ≤ j ≤ n and every y, z ∈ Bδ(x, n).
Moreover, given a Hölder continuous potential ψ there exists a posi-

tive constant K such that

K−1 ≤ e−Snψ(y)+Snψ(z) ≤ K (3.2)

for every y, z ∈ Bδ(x, n).
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Note that, since the potential ψ is Hölder continuous, the inequality
(3.2) above is a direct consequence of the local contraction until hy-
perbolic time n given by the first property (3.1) of the Lemma. For a
proof of the property (3.1) see [1] and replacing ‖Df(·)−1‖ by σ(·).

In order to finish this subsection, we observe that every f -invariant
set contains a topological disk up to a set of zero measure.

Lemma 3.7. Let ν be an expanding measure. If A is an f -invariant set
with positive ν-measure then there exists a topological disk ∆ of radius
δ/4 so that ν(∆ \ A) = 0.

For a proof of this result, see [19].

3.3. Natural Extension. Let (M,d) be a compact metric space and
let f : M → M be a continuous non-invertible transformation. Define
the space

M̂ = {x̂ := (. . . , x2, x1, x0) ∈MN ; f(xi+1) = xi for all i ≥ 0}.

Fixed δ̂ ∈ (0, 1) we can define the following metric on M̂ :

dM̂(x̂, ŷ) :=
∑
j≥0

δ̂jdM(xj, yj).

The natural extension of f is the homeomorphism

f̂ : M̂ → M̂, f̂(x̂) = f̂(..., x2, x1, x0) = (..., x2, x1, x0, f(x0))

Let π̂ : M̂ →M be the natural projection, which is,

π̂(x̂) = π̂(. . . , x2, x1, x0) = x0

Note that, π̂ is continuous, surjective and (semi)conjugates f and f̂ .
On ergodic point of view, given an ergodic measure µ defined on

Borel subsets of M there exists a unique measure µ̂ defined on Borel
subsets of M̂ such that π̂∗µ̂ = µ, that mean,

µ(A) = µ̂(π̂−1(A)), for every measurable set A ⊂M.

Moreover, since

π̂−1(x) = {(. . . , x2, x1, x0) ∈ M̂ ; x0 = x}

we observe that htop(f, π̂
−1(x)) = 0 for every x ∈ M because we can

choose a subset of π̂−1(x) with finite cardinality as n-generator for every
n ∈ N.

Thus, we apply the Ledrappier-Walter’s formula, and we conclude
that if µ̂ projects on µ then hµ̂(f̂) = hµ(f).
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Theorem 3.8 (Ledrappier-Walter’s formula). Let M̃ , M be compact

metric spaces and let f̃ : M̃ → M̃ , f : M → M , π : M̃ → M be
continuous maps such that π is surjective and π ◦ f̃ = f ◦ π then

sup
µ̃;π∗µ̃=µ

hµ̃(f̃) = hµ(f) +

ˆ
htop(f̃ , π

−1(y)) dµ(y)

See [14] for a proof of this theorem and [18] for more details about
natural extension.

4. Proof of Theorem A

Here, we will show the existence of an expanding conformal measure
ν for (f, φ) associated to the eingenvalue λ = ePf (φ). Next, we will cons-
truct invariant ergodic measures absolutely continuous with respect to
ν. In addition, we will get the uniqueness of such ergodic measure
when the dynamics f is transitive.

Let Lφ : C(M)→ C(M) be the transfer operator of (f, φ) :

Lφ(ψ)(x) =
∑

y∈f−1(x)

eφ(y)ψ(y)

Since f is a local homeomorphism defined on a compact metric space
and φ is a continuous function follows that Lφ is a linear continuous
operator with ‖Lφ‖ ≤ deg(f)e‖φ‖∞

Note that, by induction, we have for all n ≥ 1 :

Lnφ(ψ)(x) =
∑

y∈f−n(x)

eSnφ(y)ψ(y)

where Snφ denotes the Birkhoff sum Snφ =
n−1∑
k=0

φ ◦ fk.

Let (C(M))∗ be the dual space of C(M). Since M is compact we
can identify (C(M))∗ with the space M(M) of finite signed measure
defined on M , i.e., (C(M))∗ ' M(M). Therefore, the dual operator
L∗φ of Lφ acts on (C(X))∗ as follow:

L∗φ : (C(M))∗ −→ (C(M))∗

µ 7−→ L∗φ(µ) : C(M) −→ R

ψ 7−→ L∗φ(µ)(ψ) =

ˆ
M

Lφ(ψ)dµ

Let Φ : (C(M))∗ → (C(M))∗ be the operator: Φ(µ) =
L∗φ(µ)´
Lφ(1)dµ
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This operator is continuous onM(M) because L∗φ is continuous and

Lφ(1) =
∑

y∈f−1(x)

eφ(y) ≥ deg(f)e−||φ||∞ = c > 0

implies ˆ
M

Lφ(1)dµ ≥ cµ(M) > 0, ∀µ ∈M(M).

In particular, Φ gives invariant the convex compact subset

M1(Σσ) = {η ∈M1(M) ; η(Σσ) = 1}

of all probabilities measures defined on M whose full weight is lo-
cated on the non-uniformly expanding region Σσ. So, we can apply
the Schauder-Tychonov theorem to conclude that there is some fixed
point ν ∈M1(Σσ) for Φ.

Theorem 4.1 (Schauder-Tychonov). Let K be a compact convex subset
of a locally convex topological vectorial space and let Φ : K → K be a
continuous application. Then, Φ has some fixed point.

This fixed point ν is an eigenmeasure for L∗φ :

Φ(ν) = ν =⇒ L∗φ(ν) = λν where λ =

ˆ
M

Lφ(1)dν > 0

Next we derive some importants properties of this eigenmeasure.
The Jacobian of a measure µ with respect to f is a measurable

function Jµf satisfying

µ(f(A)) =

ˆ
A

Jµfdµ

for any measurable set A such that f |A is injective.
In general, a jacobian may fail to exists, in the meantime it is a

standard result that a λ-eigenmeasure has jacobian and it is equal to
λe−φ. Indeed, let A be a measurable set such that f |A is injective. Pick
a limited sequence {ψn} ∈ C(M) such that ψn → χA for ν-qtp. Then,

λν(e−φψn) = L∗φν(e−φψn) =

ˆ
M

Lφ(e−φψn)dν −→ ν(f(A))

Since the first member converges to
´
A
λe−φdν, we conclude thatˆ

A

Jνfdν = ν(f(A)) =

ˆ
A

λe−φdν.
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From now on, we will consider hyperbolic potentials φ : M → R,
that mean, there exists some constant σ ∈ (0, 1) such that

Pf (φ,Σ
c
σ) < Pf (φ,Σσ) = Pf (φ).

The above inequality allows us to explore the non-uniform expansion
property on Σσ. In this direction, we will use frequently the hyperbolic
times. For remenber this property see the preliminaries.

Fix δ > 0 such that the dynamical ball Bδ(x, n) is mapped homeomo-
morphically by fn onto the ball B(fn(x), δ)whenever n is a hyperbolic
time for x.

Proposition 4.2. Let f : M → M be a local homeomorphism and let
φ : M → R be a hyperbolic Hölder continuous potential. A conformal
measure ν (L∗φ(ν) = λν) associated to (f, φ) has the following proper-
ties:
(i) Fixed ε ≤ δ there exists Kε > 0 such that if x ∈ supp(ν) and n is a
hyperbolic time for x then

K−1
ε ≤

ν(Bε(x, n))

eSnφ(y)−n log λ
≤ Kε

for all y in the dynamical ball Bε(x, n).
(ii) The pressure of (f, φ), Pf (φ), is equal to log λ.
(iii) Any two conformal measures associated to λ are equivalents.
(iv) If f is transitive then ν is an open measure, i.e. ν(U) > 0 for
every open subset U ⊂M .

Proof. (i) Let x ∈ supp(ν) and n be a hyperbolic time for x. Since
fn maps homeomorphically Bε(x, n) into the ball B(fn(x), ε) and the
jacobian of ν is bounded away from zero and infinity follows that there
exists a uniform constant γε depends on the radius ε of the ball such
that

γε ≤ ν(fn(Bε(x, n))) =

ˆ
Bε(x,n)

λne−Snφ(z)dν ≤ 1

By distortion control on hyperbolic times (Lemma 3.6), we have

γε ≤
ˆ
Bε(x,n)

λne−Snφ(z)dν =

ˆ
Bε(x,n)

λne−Snφ(y)

(
λne−Snφ(z)

λne−Snφ(y)

)
dν

≤ Ke−Snφ(y)+n log λν(Bε(x, n))
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and

e−Snφ(y)+n log λν(Bε(x, n)) ≤ K

ˆ
Bε(x,n)

λne−Snφ(y)

(
λne−Snφ(z)

λne−Snφ(y)

)
dν

Thus,

γεK
−1 ≤ ν(Bε(x, n))

eSnφ(y)−n log λ
≤ K

for all y ∈ Bε(x, n).

(ii) To see the equality Pf (φ) = log λ, let α be a cover of M with
diameter less than δ. Given n ∈ N denote by U a subcover of αn. As ν
is an eigenmeasure we have

λn = λnν(M) =

ˆ
M

Lnφ(1)dν ≤
∑
U⊂U

ˆ
U

eSnφ(x)dν

≤
∑
U⊂U

eSnφ(U)ν(U)

≤
∑
U⊂U

eSnφ(U)

Taking the infimum of all subcover U of αn we obtain the inequality

log λ ≤ 1

n
log inf

U⊂αn

{∑
U⊂U

eSnφ(U)
}

n→+∞−→ Pf (φ, α) ≤ Pf (φ)

The converse inequality will be consequence of the property of the
conformal measure ν on hyperbolic times. Since every point x of Σσ has
infinitely many hyperbolic times, given ε < δ small we can fix N > 1
suficiently large such that

Σσ ⊂
⋃
n≥N

⋃
x∈Σn

Bε(x, n)

where Σn denotes the set whose points have n as hyperbolic time.
By Besicovitch’s covering lemma, see [17], there exist a countable

family Fn ⊂ Σn such that every point x ∈ Σn is covering by at most
d (depending only the dimension m of the space M) dynamical balls
Bε(x, n) with x ∈ Fn, for each n ≥ N.

Let FN = {Bε(x, n); x ∈ Fn and n ≥ N} be the family of dynamical
balls centered on the points x ∈ Fn with diameter less than ε. In this
way, FN is a countable open cover for Σσ.
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Now, given γ, γ > log λ, using the definition of relative pressure and
the property (i) above we calculate

inf
U⊂FN

∑
Bε(x,n)∈U

e−γn+Snφ(Bε(x,n)) ≤
∑
n≥N

Ke−(γ−log λ)n
{ ∑
x∈Gn

ν(Bε(x, n))
}

≤ dK
∑
n≥N

e−(γ−log λ)n

≤ dK

1− e−(γ−log λ)
e−(γ−log λ)N

Taking the limite on N we obtain

mf (φ,Σσ, ε, γ) = lim
N→+∞

inf
U

∑
n>N

e−γn+Snφ(Bε(x,n))

≤ lim
N→+∞

dK

1− e−(γ−log λ)
e−(γ−log λ)N

= 0

Since this inequality is true for every ε and every γ > log λ we have

Pf (φ,Σσ) ≤ log λ

Since by hypothesis, Pf (φ,Σ
c
σ) < Pf (φ,Σσ) = Pf (φ) we conclude

Pf (φ) = Pf (φ,Σσ) ≤ log λ

(iii) Let ν1 and ν2 two conformal measures. By inequality that we
obtained in (i), if n is a hyperbolic time for x then there exist some
positive constant K̃ such that

K̃−1ν2(Bε(x, n)) ≤ ν1(Bε(x, n)) ≤ K̃ν2(Bε(x, n)).

Since the family of hyperbolic dynamical balls has small enough dia-
menter and it covers the full measure set Σσ we get this inequality is
true for every Borel set. Therefore ν1 and ν2 are equivalent measures.

(iv) Suppose that f is transitive, given U ⊂M an open set, we have
M =

⋃
s∈N f

s(U).
Since for each s, f s is also a local homeomorphism we can decompose

U into subsets Vi(s) ⊂ U such that f s|Vi(s) is injective. Hence,

1 = ν(M) ≤
∑
s

ν(f s(U)) ≤
∑
s

∑
i

ˆ
Vi(s)

λse−Ssφ(x)dν

≤
∑
s

λs
∑
i

sup
x∈Vi(s)

(eSsφ(x))ν(Vi(s))
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Thus, there exists some Vi(s) ⊂ U such that ν(U) ≥ ν(Vi(s)) > 0.
�

Until now, we have shown the existence of an expanding conformal
measure ν associated to the eingenvalue λ = ePf (φ). In the following, to
conclude the proof of Theorem A, we will construct f -invariant ergodic
measures absolutely continuous with respect to ν and, by a compact-
ness argument, we will get the finiteness.

Let (µn)n be the sequence of the averages of the positive iterates of
the measure ν restricted to the expanding set Σσ:

µn :=
1

n

n−1∑
j=0

f j∗ (ν|Σσ)

Denoting by Σj the set of points in Σσ that have j ≥ 1 as hyperbolic
time, we consider the sequence

ηn :=
1

n

n−1∑
j=0

f j∗ (ν|Σj)

Applying Lemma 3.5 there are some θ > 0 and n0 ∈ N such that for
all n ≥ n0 holds:

ηn(M) ≥ 1

n

n−1∑
j=0

ν(Σj) ≥
1

n

n−1∑
j=0

ν(Σσ ∩ Σj) ≥ θν(Σσ).

Since the jacobian of the measure ν is a positive function bounded
away from zero and infinity follows that each ηn is absolutely continuous
with respect to ν.

Let (nk) be a subsequence nk → ∞ such that µnk and ηnk converge
in the weak* topology to measures µ and η respectively. By construc-
tion, µ is an f -invariant measure and η is a component of µ absolutely
continuous with respect to ν. Therefore, if we decompose µ = µac +µs
with µac absolutely continuous with respect to ν and µs singular to ν
we get µac(Σσ) ≥ η(Σσ) > 0. Normalizing µac, we show the existence
of some f -invariant probability measure absolutely continuous to ν.

Suppose, by contradiction, that there is an infinite number of ergodic
f -invariant probabilities µ1, µ2, µ3... absolutely continuous with respect
to ν. Let B(µi) be the attraction basin of the measure µi, for each
i = 1, 2, ... Since the basins B(µi) are disjoint invariant sets of positive
ν measure, we can apply Lemma 3.7 to conclude that there exists a
topological disk ∆i of radius δ/4 such that ν(∆i \ B(µi)) = 0, for
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each i = 1, 2, ... But due to the compactness of the space M , it is just
possible to the existence of a finite number of such topological disks,
which is a contradiction.

Remark. If the dynamic f is transitive then we get uniqueness of such
ergodic measure because in this case, given two distinct ergodic mea-
sures µ1 and µ2 absolutely continuous with respect to ν, applying the
same argument on the attraction basins B(µ1) and B(µ2), there are
topological disks ∆1,∆2 such that ν(∆i \ B(µi)) = 0 , for i = 1, 2.
Thus, by the transitivity property of f we have fn(∆1) ∩ ∆2 6= ∅ for
some positive iterate. Since B(µ1) and B(µ2) are invariant sets and
ν is an open measure whose jacobian is uniformly bounded we obtain
ν(B(µ1) ∩B(µ2)) > 0, that is a contradiction.

5. Proof of Theorem B

In this section, we are interested on the existence and finiteness
of equilibrium states for local homeomorphisms. In our setting it is
enough to require hyperbolicity condition on the potentials.

Lemma 5.1. The map η 7→ hη(f) +
´
φdη is upper semicontinuous

over the measures that gives full weight to the expanding set Σσ.

Proof. Let P be a finite patition with diameter less than δ and η be an
expanding measure. For each n ≥ 1, define the partition Pn by

Pn =
{
Pn = Pi0 ∩ · · · ∩ f−(n−1)(Pin−1) ; Pij ∈ P , 0 ≤ j ≤ n− 1

}
Let Pn(x) be the atom of Pn that contains the point x. Note that,

by Lemma 3.6, if k is a hyperbolic time for x then diamPk(x) ≤ σkδ.
Since η-almost every point x ∈M has infinitely many hyperbolic times
and the sequence diamPn(x) is non-increasing, we conclude that the
diameter of Pn(x) goes to zero when n goes to infinity for η-almost
every x ∈M.

Thus, P ≺P1 ≺ . . .≺Pn ≺ · · · is a non-increasing sequence of par-
titions with diamPn(x) → 0 for η-almost every point x ∈ M . By
Kolmogorov-Sinai Theorem, holds that hη(f) = hη(f,P) for any ex-
panding measure η.

On the other hand, if η(∂P) = 0 then the map β 7→ hβ(f,P) is
upper semicontinuous on η.

This shows that if η(∂P) = 0 then the map β 7→ hβ(f) is upper
semicontiuous on η when restricted to the expanding measure. In fact,
given ε > 0 we have

hβ(f) = hβ(f,P) ≤ hη(f,P) + ε = hη(f) + ε
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Thus, combining this fact with the continuity of the integral we con-
clude that the map η 7→ hη(f) +

´
φdη is upper semicontinuous when

restricted to expanding measures.
�

Let {µk}k be a sequence that aproximate the pressure, that is,

lim sup
k→+∞

{
hµk(f) +

ˆ
φdµk

}
= Pf (φ)

Since the potential φ is hyperbolic, by the Variational Principle, we
have that µk is expanding for k big enough because

Pf (φ,Σ
c
σ) < Pf (φ,Σ) = Pf (φ) = lim sup

k→+∞

{
hµk(f) +

ˆ
φdµk

}
By compacteness of M1(M), there exist some acumulation point µ

of the sequence {µk}k. Using the upper semicontinuity of the map
η 7→ hη(f) +

´
φdη, we obtain

Pf (φ) = lim sup
k→+∞

{
hµk(f) +

ˆ
φdµk

}
≤ hµ(f) +

ˆ
φdµ ≤ Pf (φ)

This show that µ is an equilibrium state associated to (f, φ).
To get the finiteness of this measures, we need to evoque the following

abstract result done by Ledrappier [13] for SRB measures and extended
by Varandas and Viana [19] for conformal measures.

Theorem 5.2. Let f : M →M be a local homeomorphism, φ : M → R
be a Hölder continuous potential and ν be a conformal measure such
that Jνf = λe−φ, where λ = ePf (φ). Assume that η is an equilibrium
state for (f, φ) gives full weight to supp(ν). If η is expanding then η is
absolutely continuous with respect to ν.

Now we are in position to conclude the Theorem B. Let η be an
equilibrium state for (f, φ). By The Ergodic Decomposition Theorem,
we may assume that η is an ergodic measure. Observing that

Pf (φ) = Pf (φ,Σσ) > Pf (φ,Σ
c
σ) ≥ sup{hµ(f) +

ˆ
φdµ}

where the supremum is taken over all measures such that µ(Σc
σ) = 1,

we conclude that if η is an ergodic equilibrium state then we must have
η(Σσ) = 1, i.e. η is an expanding measure.

Applying the Theorem 5.2. we have that η is absolutey continuous
with respect the reference measure ν. By the Theorem A, there is only
finitely many ergodic measures with this property. In particular, if f
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is transitive there is only one such a measure. This ends the proof of
Theorem B.

6. Proof of Theorem C

Finally, we are going to prove the existence of equilibrium states for
partially hyperbolic skew-products F : M × N → M × N and Hölder
continuous potentials φ : M ×N → R. In this scenario, it is enough to
require uniform contraction on the fibers and hyperbolicity condition of
the potential on the base, i.e., there exists a non-uniformly expanding
region Σσ on M such that

PF (φ,Σc
σ ×N) < PF (φ,Σσ ×N) = PF (φ).

Let us start to proving the item (ii) of the Theorem C.
Consider φ : M×N → R be a Hölder continuous potential hyperbolic

on M that does not depends on the fiber. This means that the function
φ(x, ·) : N → R is constant, for each x ∈M fixed.

In this way, fixed a point y0 ∈ N , the potential φ induces a Hölder
continuous potential ψ : M → R defined by ψ(x) = φ(x, y0).

Let π : M × N → M be the projection on M , i.e., π(x, y) = x,
for every y ∈ N. Observe that the application π is a continuous semi-
conjugation between F and f because π(F (x, y)) = f(x) = f(π(x, y)).
The next lemma states that there exist a bijection between equilibrium
measures of (F, φ) and (f, ψ).

Lemma 6.1. Let µψ ∈ M1(M) be an ergodic measure. There exists
only one ergodic measure µφ ∈ M1(M × N) such that µψ = π∗µφ.
Moreover, if µψ is an ergodic equilibrium state of (f, ψ) then µφ is an
equilibrium state for (F, φ).

Proof. Suppose the existence of two ergodic measures µ1
φ and µ2

φ such

that π∗µ
1
φ = µψ = π∗µ

2
φ.

Denote by Bµ1φ
(F ) and Bµ2φ

(F ) the attraction basins of µ1
φ and µ2

φ

respectively. Since g is a fiber contraction and µ1
φ, µ2

φ are ergodic
measures follows that

Bµ1φ
(F ) = A1 ×N, Bµ2φ

(F ) = A2 ×N with A1 ∩ A2 = ∅

From the ergodicity of the measure µψ and the f -invariance of the
sets π(Bµ1φ

(F )) and π
(
Bµ2φ

(F )
)

we conclude that

µψ
(
π(Bµ1φ

(F ))
)

= µψ
(
π(Bµ1φ

(F ))
))

= 1

Thus,
π
(
Bµ1φ

(F )
)
∩ π
(
Bµ2φ

(F )
)
6= ∅
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i.e. A1 ∩ A2 6= ∅. Hence, by ergodicity, µ1
φ = µ2

φ.
For the second statement of the lemma, observe that the uniform

contraction of g on the fiber π−1({x}) gives us htop(F, π
−1(x)) = 0 for

every x ∈M. Applying Ledrappier-Walters formula, we have

Pf (ψ) ≤ PF (φ) = sup

{
hµ̃(F ) +

ˆ
φdµ̃

}
= sup

{
hµ(f) +

ˆ
htop(F, π

−1(x)) dµ(x) +

ˆ
ψdµ

}
= Pf (ψ)

This inequality shows that Pf (ψ) = PF (φ). Thus, if µψ is an er-
godic equilibrium state of (f, ψ) then µφ is an equilibrium state for
(F, φ). Conversely, note that any equilibrium for (F, φ) projects on an
equilibrium for (f, ψ).

�

To complete the proof of item (ii) of Theorem C, it is just observe
that ψ : M → R is a hyperbolic potential. In fact,

Pf (ψ,Σ
c
σ) ≤ PF (φ,Σc

σ ×N) < PF (φ,Σσ ×N) = PF (φ) = Pf (ψ)

Thus, by the Theorem B jointly with the above lemma, we conclude
that there exists finitely many ergodic equilibrium states for (F, φ).
In addition, the equilibrium measure is unique if the dynamics f is
transitive.

For the proof of item (i), we will understand the dynamics of the
skew-product

F : M ×N →M ×N, F (x, y) = (f(x), gx(y) )

from the natural extension of the base dynamics.
Let f̂ be the natural extension of f :

f̂ : M̂ → M̂, f̂(x̂) = f̂(..., x2, x1, x0) = (..., x2, x1, x0, f(x0))

Since δ < 1 is fixed, we will consider M̂ provided with the metric

dM̂(x̂, ŷ) :=
∑
j≥0

δjdM(xj, yj).

Define the new skew-product on M̂ ×N by

F̂ : M̂ ×N → M̂ ×N ; F̂ (x̂, y) = (f̂(x̂), gπ̂(x̂)(y) )

In order to not load the notation, we will denote gπ̂(x̂)(y) by g(x̂, y).
However, it is clear that g depends only on x and not of his past, that
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means, if π̂(x̂) = π̂(ẑ) then g(x̂, y) = g(ẑ, y) for all y ∈ N. Moreover,
we will denote by gn the iterates of g:

gn(x̂, y) := g(f̂n(x̂), gn−1(x̂, y)) with g1(x̂, y) = g(x̂, y)

for all (x̂, y) ∈ M̂ ×N.
Note that, f̂ is a homeomorphism dominated by g, because for all

n ∈ N holds

dM̂(f̂−n(x̂), f̂−n(ẑ)) ≤ δ−ndM̂(x̂, ẑ) and λδ−1 ≤ σ̃ < 1 (6.1)

Furthermore, g is a fiber contraction which varies β-Hölder continu-
ously on M̂ :

dN(g(x̂, y), g(ẑ, y)) ≤ CdM(x, z)β ≤ CdM̂(x̂, ẑ)β (6.2)

for all x̂, ẑ ∈ M̂ and y ∈ N.
Thus, we can apply the following proposition due to M. Hirsch, C.

Pugh and M. Shub [10] which ensures that F̂ has an attractor Λ̂ given
by a graph of a Hölder continuous function.

Proposition 6.2. Let M̂ be a compact metric space and N be a com-
plete metric space. Consider F̂ : M̂ ×N → M̂ ×N be the skew-product
F̂ (x̂, y) = (f̂(x̂), gπ̂(x̂)(y) ). Suppose that f̂ : M̂ → M̂ is a homemor-

phism satisfies (6.1) and g : M̂ ×N → N is continuous satisfies (6.2).

Then, there exists a Hölder continuous function ξ : M̂ → N such that
the graph of ξ is F̂ -invariant and attracting for all (x̂, y) ∈ M̂ ×N .

This result allows us to ensure that the behavior of the skew-product
F̂ is essentially equal to the behavior of the base dynamics f̂ . In fact,
given a potential φ̂ : M̂ ×N → R, since graph(ξ) is an attracting inva-

riant set for F̂ we have, by variational principle, PF̂ (φ̂) = PF̂
(
φ̂
∣∣
graph(ξ)

)
.

Let F : M ×N →M ×N be the partially hyperbolic skew-product
F (x, y) = (f(x), gx(y) ) and φ : M × N → R be a Hölder continuous
potential, hyperbolic on M .

Define the potential φ̂ : M̂ ×N → R by φ̂(x̂, y)=φ ( π̂(x̂), y) where

π̂ : M̂ → M is the natural projection. Notice that φ̂ is Hölder conti-
nuous on M̂ ×N :

dR(φ̂(x̂, y), φ̂(ẑ, w)) = dR(φ(π̂(x̂), y), φ(π̂(ẑ), w))

≤ k dM×N((π̂(x̂), y), (π̂(ẑ), w))

≤ k dM̂×N((x̂, y), (ẑ, w))

for all (x̂, y), (ẑ, w) ∈ M̂ ×N.
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Lemma 6.3. There exist some equilibrium state µφ̂ for (F̂ , φ̂).

Proof. First we observe that since f is a C1 local diffeomorphism then
the natural extension f̂−1 is locally Lipschitz continuous, i.e., given
x̂ ∈ M̂ there exists a neighborhood Vx̂ such that for every ŷ, ẑ ∈ f̂(Vx̂)
we have

dM̂(f̂−1(ŷ), f̂−1(ẑ)) ≤ σ̂(x̂) dM̂(ŷ, ẑ)

where σ̂(x̂) = ‖Df−1‖ ◦ π̂(x̂).

In particular, if Σσ is a non-uniformly expanding set on M then for
every x̂ ∈ π̂−1(Σσ) holds

lim sup
n→+∞

1

n

n−1∑
j=0

log σ̂(f̂ j(x̂)) ≤ log σ < 0

Hence, f̂ is a non-uniformly expanding map on Σ̂σ := π̂−1(Σσ).

Furthermore, since Rec(F̂ ) = graph(ξ) and ξ : M̂ → N is a Hölder

continuous function follows that φ̂ induces a Hölder continuous poten-
tial ψ̂ for f̂ defined by

ψ̂ : M̂ → R, ψ̂(x̂) := φ̂(x̂, ξ(x̂)) with Pf̂ (ψ̂) = PF̂ (φ̂
∣∣
graph(ξ)

) = PF̂ (φ̂)

Note also that fixed ε > 0 and n0 ∈ N, if F̂n0 is a collection of
dynamical balls

F̂n0 = {Bε(x̂, n) / x̂ ∈ M̂ and n ≥ n0}

that cover Σ̂c
σ ⊂ M̂ then the collection Fn0 of dynamical balls

Fn0 = (π̂, ξ)(F̂n0) = {(π̂, ξ)(Bε(x̂, n))/π̂(x̂) ∈M, ξ(x̂) ∈ N andn ≥ n0}

cover Σc
σ × ξ(Σ̂c

σ) ⊂M ×N and for every α ∈ R holds

inf
Bε(x̂,n)

∑
n≥n0

e−αn+Snψ̂(Bε(x̂,n)) ≤ inf
Bε((x,ξ(x̂)),n)

∑
n≥n0

e−αn+Snφ((π̂,ξ)(Bε(x̂,n)))

Thus for every ε holds

Pf̂ (ψ̂, Σ̂
c
σ, ε) ≤ PF (φ,Σc

σ ×N, ε)

So,

Pf̂ (ψ̂, Σ̂
c
σ) ≤ PF (φ,Σc

σ ×N) < PF (φ,Σσ ×N)

= PF (φ)

≤ PF̂ (φ̂) = Pf̂ (ψ̂)
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In this way, ψ̂ is a hyperbolic Hölder continuous potential for f̂ .
Hence, by the semicontinuity of the map η 7→ hη(f̂) +

´
ψ̂dη, there

exists some equilibrium state µψ̂ for (f̂ , ψ̂).

Let π : M̂ × N → M̂ be the canonical projection. Since g is an
uniform contraction on the fiber π−1(x̂) follows that htop(F̂ , π

−1(x̂))=0

for all x̂ ∈ M̂. Thus, we can apply the Ledrappier-Walter’s formula to
conclude that the measure µφ̂ such that π∗µφ̂ = µψ̂ is an equilibrium

state for (F̂ , φ̂):

PF̂ (φ̂) = Pf̂ (ψ̂) = hπ∗µφ̂(f̂) +

ˆ
ψ̂dµπ∗µφ̂

= hµφ̂(F̂ )−
ˆ
htop(F̂ , π̂

−1(x)) dµπ∗µφ̂ +

ˆ
φ̂
∣∣
graph(ξ)

dµφ̂

= hµφ̂(F̂ ) +

ˆ
φ̂dµφ̂

�

To complete the proof of item (i) of the Theorem C, we consider
µφ =

(
π̂, id

)
∗µφ̂ the projection of µφ̂ by

(
π̂, id

)
. In this way, µφ is an

equilibrium state for (F, φ) :

PF̂ (φ̂) ≥ PF (φ) ≥ hµφ(F ) +

ˆ
φdµφ

= hµφ̂(F̂ )−
ˆ
htop(F̂ , (π̂, id)−1(z)) dµφ(z) +

ˆ
φ̂dµφ̂

= PF̂ (φ̂)

On the equality, we used the fact htop(F̂ , (π̂, id)−1(z)) = 0 for all

z ∈ M̂ × N because f̂ is the natural extension of f and g is a fiber
contraction.
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