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Hilbert’s sixteen problem:

Figure: A limit cycle crossing (x, y) ~ (—1.79,0).

X:2y+§
: : R, 0).
4 {y=3X2—3+0.9y € (R0

-] y 7.
/// == —~—
=SS K
7 )
/7 T L7
RIEE ‘24, /7 IRER 8 ])H\}k %ﬁ., Jole 1P 16 Eﬁ e ™
IATARARN /1Y) M 9 /A )o EERE
AR/IAlY) i1 o / . 1
('1 {H\H-» I I
T W\ ) AN
[HIREREEL) SN RN
O S i
TRV ——F—— T
N | S== AR
A [ YRR n
W‘\\\\‘V“r’ﬂ'\11ﬁ/1'i/\




Center Problem:
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Figure: f:=y? —x3 +3x,f—t=0,t=-1.9,-1,0,2,3,5,10
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Painleve VI differential equation

Heun differential equation

Picard-Fuchs differential equations

Gauss hypergeometric equation and continued fractions
Darboux and Halphen differential equations
Bershadsky-Cecotti-Ooguri-Vafa anomaly equation



Gauss-Manin connection:’
Let P(x) :=4(x — t )3 + b(x — t) + t3. We have
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'Carl Friedrich Gauss (1777-1855), Yuri Ivanovitch Manin, (1937-..)



Gauss-Manin connection:’
Let P(x) :=4(x — t )3 + b(x — t) + t3. We have
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A =278 — £, a = 3t3dt, — 2bdts.

'Carl Friedrich Gauss (1777-1855), Yuri Ivanovitch Manin, (1937-..)



Gauss-Manin connection:’
Let P(x) := 4(x — t)3 + to(x — t;) + t3. We have
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A =278 — £, a = 3t3dt, — 2bdts.

The above data is the Gauss-Manin connection of the family of
elliptic curves y? = P(x) before the invention of cohomology
theories (before 1900).
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'Carl Friedrich Gauss (1777-1855), Yuri Ivanovitch Manin, (1937-..)



We are looking for parameters t;(7), t2(7), t3(7) such that

7dx = ar+b
v P(x)
= —b

/ xax

VP(X)
where a, b are two constants which do not depend on 7. This
happens if and only if t;, &, {3 satisfies the differential equation



Ramanujan differential equation:?

?121‘%2—11*212 P
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ty = 6tit; — 312

2Srinivasa Ramanujan (1987-1920)



Halphen property:?

If t;, I, t3 is a solution of the Ramanujan differential equation
then for any element in

SL(2,C) = {(i 2)

the functions

ab,c,decC, ad—bc:1}

(cr +d)2t (Z :Lr Z) —c(cz+d),
_4 a7_+b -6 a7_+b
(cz+d) b (CT+d>’(CZ+d) b (CT—l—d

are also coordinates of a solution of R.

3George Henri Halphen (1844-1889)



Transcendency of solutions vs. transcendency of
numbers:

(M. 2008) For any point t € C3\{27t2 — t3 = 0} and L; the
solution of R through t, the set Q3 N L; is either empty or it has
only one element. In other words, every solution contains at
most one point with algebraic coordinates.



Write each t; as a formal power series in q := €™,

ti = o tinG" and substitute in the above differential
equation. We will get a recursion.

. ot
t=129—
qaq

Initial values
to=1, t1=-24



Eisenstein series:

After calculating some coefficients and consulting the
encyclopedia of integer sequences we may conjecture that t’s
are well-known Eisenstein series:

= a,-<1 + b,'ZUg,'_1(n)qn>, i=1,2,3, (1)
n=1
where

(by, bo, b3) = (—24,240,-504), (a,a»,az) = (1,12,8).

ox(n) =Y _d~.

din



Modular forms:

1. Monstrous moonshine conjecture:

3
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Modular forms:

1. Monstrous moonshine conjecture:
3

4
E3-EZ

j=1728 = g '+744+1968849-+21493760G°+ - -

Let n(q) = Site = q [, (1 — q")2*.

2. Arithmetic modularity theorem:

n(9)?n(q'")"? = g-2¢°-¢*+2q* +g°+2¢°—2q" —2¢°—2q"°

attached to the elliptic curve:

E:y?+y=x3-x2



A generalization of Ramanujan differential equation:



A generalization of Ramanujan differential equation:
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(-5 t6 + 553t + 581ty + i 1)

(-3 59t7 — 53t +2- 5213t + 3 - B2ty + 5t s + 2brt3)
(—5'018 — 5*13t, + 3 - 5°t3 15 + 5043ty + 5%tty + 32)

(58 t4t4 + 5t3ty)

(—5*t5t: + 3 - 5°t3t5 + 2t3t5 + 5*tats)

(3-5%t3ts — 53ts — 2ol5 + Bists)
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