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1. Article: Gauss-Manin connection in disguise:
Noether-Lefschetz and Hodge loci

2. Book: A course in Hodge Theory: with emphasis on
multilple integrals

These slides are hyperlinked and can be found in my
homepage. Click on the link below to find an elementary
problem.

An elementary problem


http://w3.impa.br/~hossein/myarticles/GMCD-NL.pdf
http://w3.impa.br/~hossein/myarticles/GMCD-NL.pdf
http://w3.impa.br/~hossein/myarticles/hodgetheory.pdf
http://w3.impa.br/~hossein/myarticles/hodgetheory.pdf
http://w3.impa.br/~hossein/WikiHossein/files/Mathematical Olympiad Problems/2015-06-InfinitesimalVariationOfHodgeStructures-II.html 
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Let X be a smooth projective variety, m be an even number and
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Then there is an algebraic cycle

Z=Y"niz) ez, dmz)="7

such that § = [Z] := " ni[Z]].
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Infinitesimal Hodge Conjecture:

Let {Xi}:c T be a family of smooth projective varieties, m be an
even number and let Z, C Xy be a fixed algebraic cycle of
dimension 7. Let us assume that for a paprameter t the
monodromy §; of 5o = [Zp] is a Hodge cycle. Then there is an
algebraic deformation (X;, Z;) of (Xo, Zo) such that 6; = [Z].
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Let T be the parameter space of hypersurfaces of degree d in
P™+1, Letalso X = X;, t € T be given by

X f(Xo,X1,"- ,Xm+1) =0.

Fix integers 1 < ¢, dz,...dn 4 < dlet T C T be the
parameter space of hypersurfaces with

f=fgi+- - +fo,gn,y, deg(f)=d, deg(g;) = d - d;
We have the algebraic cycle

ZZ:{f-]IfgI”-:f%n_HIO}CX

Conjecture
Infinitesimal Hodge conjecture is true for pairs (X, Z) as above.



Theorem (Green, Voisin, 1991, m =2, M., 2015, m > 2)
The infinitesimal Hodge cojecture is true for linear projective
spaces inside hypersurfaces of degree d and dimension m with
d>2+ 2.

Thisisthecase dy =db =--- = dg+1 = 1 in the previous slide.
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Let

m+1 1/X.dxo/\~--/\aX'/\"‘/\de+1
j )
fhk+1

wj := Residue (

m+1
with k = ™2 2ek0 ke We have w; € HL(X). After Griffiths
1970, we know that:

Definition
A cycle 6 € Hn(X,Z) is a Hodge cycle if

/w,-:o, Vi, k<
1

N3



Let § be a Hodge cycle. Let also

m+1
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Let § be a Hodge cycle. Let also

m+1

X :zm/éw,, Y o= (3 +1)d—(m+2)
e=0

(Deligne 1970) If § is the homology class of an algebraic cycle
and X is defined over an algebraically closed field k C C then
X; € k.



Proposition (Voisin 2002+M. 2015)
Let Xy be the Fermat variety

onx(§’+x1d+-~+x,‘,j,+1:0.

and let§ € Hn(Xo,Z) be a Hodge cycle. The rank of [x; ] is the
codimension of the tangent cone of the Hodge loci passing
through 0 € T and corresponding to 6 € Hn( Xy, Z).
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Let Xy be the Fermat variety

onxg+x1d+-~+x,‘,j,+1:0.

and let§ € Hn(Xo,Z) be a Hodge cycle. The rank of [x; ] is the
codimension of the tangent cone of the Hodge loci passing
through 0 € T and corresponding to 6 € Hn( Xy, Z).

Hodge cycles of Fermat variety was extensively studied by
Shioda around 1970.



