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Abstract: We describe a Lie Algebra on the moduli space of non-rigid compact Calabi—
Yau threefolds enhanced with differential forms and its relation to the Bershadsky—
Cecotti—-Ooguri—Vafa holomorphic anomaly equation. In particular, we describe alge-

braic topological string partition functions Falg, g > 1, which encode the polynomial
structure of holomorphic and non-holomorphic topological string partition functions.
Our approach is based on Grothendieck’s algebraic de Rham cohomology and on the
algebraic Gauss—Manin connection. In this way, we recover a result of Yamaguchi—
Yau and Alim-Linge in an algebraic context. Our proofs use the fact that the special
polynomial generators defined using the special geometry of deformation spaces of
Calabi—Yau threefolds correspond to coordinates on such a moduli space. We discuss
the mirror quintic as an example.
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1. Introduction

Mirror symmetry identifies deformation families of Calabi—Yau (CY) threefolds. It orig-
inates from two dimensional sigma models into CY target spaces X and X and two
equivalent twists, which give the A- and the B-model, and which probe the symplectic
and complex geometry of X and X respectively [Wit88, Wit91].

Mirror symmetry is a rich source of far-reaching predictions, especially regarding
the enumerative geometry of maps from genus g Riemann surfaces into a CY threefold
X. The predictions are made by performing computations on the B-model side which
sees the deformations of complex structure of the mirror CY X. The non-trivial step,
which is guided by physics, is to identify the equivalent structures on the A-model side
and match the two.

The first enumerative predictions of mirror symmetry at genus zero were made by
Candelas, de la Ossa, Green and Parkes in Ref. [CDLOGP91]; higher genus predic-
tions were put forward by Bershadsky, Cecotti, Ooguri and Vafa (BCOV) in Refs.
[BCOVI3,BCOVY4]. To prove these predictions and formulate them rigorously is a
great mathematical challenge.

The formulation of the moduli spaces of stable maps by Kontsevich [Kon95] provided
a mathematical formulation of the A-model and a check of many results confirming the
predictions of mirror symmetry. The computations of Ref. [CDLOGP91] for genus zero
Gromov—Witten invariants were put in a Hodge theoretical context by Morrison in Ref.
[Mor92]. Genus zero mirror symmetry can now be understood as matching two different
variations of Hodge structure associated to X and X , see Refs. [Mor97,CK99, Voi99].

Mirror symmetry at higher genus remains challenging both computationally and
conceptually. A fruitful way to think about higher genus mirror symmetry is through
geometric quantization as proposed by Witten in Ref. [Wit93]. A mathematical refor-
mulation of BCOV for the B-model was put forward by Costello and Li in Ref. [CL12].

In the present work we will follow a different approach and put forward a new
algebraic framework to formulate higher genus mirror symmetry where we can work
over an arbitrary field of characteristic zero. Our approach is based on Grothendieck’s
algebraic de Rham cohomology and Katz—Oda’s algebraic Gauss—Manin connection.
It further builds on results of Yamaguchi—Yau [YY04] and Alim-Linge [ALO7], who
uncovered a polynomial structure of higher genus topological string partition functions.
This polynomial structure is based on the variation of Hodge structure at genus zero and
puts forward variants of BCOV equations which can be understood in a purely algebraic
context.

In the algebraic context, surprisingly, no reference to periods or variation of Hodge
structures is needed, as all these are hidden in the so called Gauss—Manin connection
in disguise." As a consequence, we do not need to look for an algebraic definition of

I The terminology arose from a private letter of Pierre Deligne to the second author [Del09].
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the propagators appearing in the BCOV equations. We will see that the propagators can
be expressed as rational functions of the entries of the period matrix. But this is just an
indirect algebraic formulation of the propagators that cannot be used as a definition. The
advantage of the analytic definition is of course that it is inherent that they transform
as sections of bundles on the moduli spaces. Here, we try to combine the best of the
frameworks.

The new way of looking at the Gauss—Manin connection was studied by the second
author, see Ref. [Mov12c] for elliptic curve case, Ref. [Mov12a] for mirror quintic case
and Ref. [Mov13] for a general framework. The richness of this point of view is due
to its base space, which is the moduli space of varieties of a fixed topological type and
enhanced with differential forms. Computations on such moduli spaces were already
implicitly in use by Yamaguchi—Yau [YY04] and Alim-Linge [ALO7] without referring
to the moduli space itself; however, its introduction and existence in algebraic geometry
for special cases go back to the works of the second author. Such moduli spaces give
a natural framework for dealing with both automorphic forms and topological string
partition functions. In the case of elliptic curves [Mov12c], the theory of modular and
quasi-modular forms is recovered. In the case of compact Calabi—Yau threefolds we
obtain new types of functions which transcend the world of automorphic forms. In the
present text we develop the algebraic structure for any CY threefold. As an example, we
study the mirror quintic in detail.

In the following, we recall the basic setting of Refs. [Mov13,Mov12a]. For a back-
ground in Hodge theory and algebraic de Rham cohomology we refer to Grothendieck’s
original article [Gro66] or Deligne’s lecture notes in [DMOS82]. Let k be a field of
characteristic zero small enough so that it can be embedded in C. For a non-rigid proe-
jetive Calabi—Yau threefold X defined over K let Hch (X) be the third algebraic de Rham
cohomology of X and

0=F*cF c F*cF'cF’=HiX),

be the corresponding Hodge filtration. The intersection form in H(fR(X ) is defined to be

1
(27‘[i)3/)(wluw2. (1)

All the structure above, that is, the de Rham cohomology, its Hodge filtration and inter-
section form, is also defined over k; that is, they do not depend on the embedding k — C,
see for instance Deligne’s lecture notes [DMOS82]. Let h = dim(F 2) — 1 and let @ be
the following constant matrix:

Hix(X) x Hix(X) = K, (01, @) = Tr(w; Uwy) :=

0o 0 0 -1
10 0 Ihxn O

®=10_ 1. 0 0| @
1 0 0 0

Here, we use (2h + 2) x (2h + 2) block matrices according to the decomposition
2h+2 = 1+h+h+1 and 1y denotes the h x h identity matrix. The following
definition is taken from Ref. [Mov13]. An enhanced Calabi—Yau threefold is a pair
(X, [w1, w3, ..., wns2]), where X is as before and wi, wy, ..., wiheo is a basis of
Hg’R(X ). We choose the basis such that

1. Itis compatible with the Hodge filtration, that is, | € F3,a)1, W), ...,WhHe] € F2,
w1, 0, ..., 001 € Fland w1, wa, ..., wonso € FO.
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2. The intersection form in this basis is the constant matrix ®:
[{wi, wj)] = ®. 3)

Let T be the moduli of enhanced Calabi—Yau threefolds of a fixed topological type. The
algebraic group

G:= {g € GL(2h +2, k) | g is block upper triangular and g &g = ® } 4
acts from the right on T and its Lie algebra plays an important role in our main theorem.

Lie(G) = {g € Mat(2h + 2, k) | g is block upper triangular and g" ® + &g = 0 } .
(&)
Here, by block triangular we mean triangular with respect to the partition 2h + 2 =
1 +h+h+1. We have

2

dim(G) = w, dim(T) = h + dim(G).
Special geometry and period manipulations suggest that T has a canonical structure of
an affine variety over Q and the action of G on T is algebraic. We have a universal family
X/T of Calabi—Yau threefolds and by our construction we have elements &; € H>(X/T)
such that @; restricted to the fiber X; is the chosen w; € Hg’R (Xt). For simplicity we
write @; = w;. Here, H3(X/T) denotes the set of global sections of the relative third
de Rham cohomology of X over T. Furthermore, there is an affine variety T such that
T is a Zarski open subset of T, the action of G on T extends to T and the quotient T/G
is a projective variety (and hence compact). All the above statements can be verified
for instance for mirror quintic Calabi—Yau threefold, see Sect. 5. Since we have now
a good understanding of the classical moduli of Calabi—Yau varieties both in complex
and algebraic context (see respectively Refs. [Vie95] and [Tod03]), verifying the above
statements is not out of reach. For the purpose of the present text either assume that the
universal family X/T over @Q exists or assume that T is the total space of the choices of
the basis w; over a local patch of the moduli space of X. By Bogomolov-Tian—Todorov
Theorem such a moduli space is smooth. We further assume that in a local patch of
moduli space, the universal family of Calabi—Yau threefolds X exists and no Calabi—
Yau threefold X in such a local patch has an isomorphism that acts non-identically on
H(%R (X). In the last case one has to replace all the algebraic notations below by their
holomorphic counterpart. Let

V: Hipg X/T) = Q1 @0, Hig(X/T)

be the algebraic Gauss—Manin connection of the family X/T due to Katz—Oda [KO68],
where Ot is the Q-algebra of regular functions on T and SZ-lr is the O1-module of
differential 1-forms in T. For any vector field R in T, let VR be the Gauss—Manin
connection composed with the vector field R. We write

VRw = ARw,

where Ag is a (2h+2) x (2h+2) matrix with entries in O1 and @ := [w1, .. ., @ns V.
To state our main theorem we will introduce some physics notation that will be
useful in the rest of the paper. We split the notation for the basis w in the following way
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[w1, w2, ..., won2] = [0, @, ,Bi, ,30], i =1,2,...,h. The distinction between upper
and lower indices here does not yet carry particular meaning. They are chosen such that
they are compatible with the physics convention of summing over repeated upper and
lower indices. We will write out matrices in terms of their components, denoting by an
index i the rows and an index j the columns. We further introduce 81.] , which is 1 when
i = j and zero otherwise.

Theorem 1. We have the following
alg

1. There are unique vector fields Ri, k = 1,2,...,h in T and unique Cijk c
Or, i,j,k=1,2,...,hsymmetricini, j, k such that
08 0 0
00 CY o
AR, = ki 0| ©)
00 0 ¢
00 0 O
Further ' .
alg alg
RilCi2i3i4 = RizCi1i3i4~ ™
2. Forany g € Lie(Q) there is also a unique vector field Rg in T such that
Ag, =g". ®)

Our proof of Theorem 1 is based on techniques from special geometry which deal
with periods of Calabi—Yau varieties, see for instance Refs. [Cd1091,CDLOGP91, Str90,
CDF*97,Ali13] and Sect. 2.1. For particular examples, such as the mirror quintic, one
can give an algebraic proof which is merely computational, see Sect. 5. Further partial
results in this direction are obtained in Ref. [Nik14]. The vector fields Rq can be derived
from the action of G on T and (8) can be proved in a purely algebraic context. This will
be discussed in subsequent works.

The Ot-module & generated by the vector fields

Ri, Ry, i=1,2,....h, geLieG), )

form a dim(T)-dimensional Lie algebra with the usual bracket of vector fields. In the
case of enhanced moduli of elliptic curves, one gets the classical Lie algebra s[5, see for
instance Refs. [Mov12b,Gui07]. Our main motivation for introducing such vector fields
is that they are basic ingredients for an algebraic version of the Bershadsky—Cecotti—
Ooguri—Vafa holomorphic anomaly equations [BCOV93,BCOV94]. First, we choose a
basis of Lie(G):

0 0 00\" 0 000\" 0 000\ "
(o 0 00 [ 0 000 [ o000
b =1 o Lsisf +sishoo | "= [ =siooof "= 0o000] "
0 0 00 0 8,00 —-1000
0000\" 0 0 0 0\" 1000\ "
_ 54000 «. 084, 0 0 ) 0000
t=10000| % =|o 0 ssco]| %] o0000] 1O
a b=j
00450 0 0 00 0001
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and we call it the canonical basis. The Lie algebra structure of & is given by the following
tables.

Rgo 0 0 0 —Ry,
Rg | 0 0 —57Ry, — 5°Ry, ~5R,,
Ry, | 0 [89Rg, +87Re, 0 0 .
R, | Ru| &R, 0 0 (an
R¢ 2R¢ 0 0 0
Re | Re| —8/Rw | —3(¢Ry +35R0) —26¢Ry
d 1 ~alg alg alg
Re | -Ra| 8/R.  |5(C™ Ry +CiERy)|—2R,, +CiERe
R Re R.
Ry | 2R _Re R.
Rg | 0 5 R 3R,
1,¢c ¢ 1 /alg alg
Rfab 0 f(saRtb + SbRta) E(CchngZ + CacngZl) (12)
R, | O 25¢Ry 2R, — C*¢ Rw
Re | 0 0 Re
Re | 0 0 —57Rg, + R
R, —R¢, | 3;Rg — Rge 0

The genus one topological string partition function Fjﬂg belongs to log(O7), where
Of7 is the set of invertible regular functions in T, and it satisfies the following equations:

1 1 X
RgoF?g=—§(2+h+§), (13)
1 1
Ry Fi8 = — 2%, (14)
Ry F?lg =0, all other g of the canonical basis of Lie(G). (15)

Here, x is the Euler number of the Calabi—Yau variety X. The genus g topological string
partition function leg € O turns out to be a regular function in T. The holomorphic
anomaly equations in the polynomial formulation of Refs. [YY04,AL07] can be written
in terms of vector fields:

-1
1§ 1
RuFy® = 5 2R Fo® RyFoe, + 3R RyFLE, .
h=1

Re,F¢® = 0, (16)
Ry Fa® = (2g — 2)F3E,
Ry F® =0.

The functions leg are not defined uniquely by the algebraic holomorphic anomaly
equation as above. Let S be the moduli of (X, @), where X is a Calabi—Yau threefold as
above and w is a holomorphic differential 3-form on X. We have a canonical projection
T — S which is obtained by neglecting all w;’s except wy. It is characterized by the fact
that f € Og does not depend on the choice of wy, ..., wyns. We also expect that S
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has a canonical structure of an affine variety over Q such that T — S is a morphism of
affine varieties. We get a sub-algebra Og of Ot which is characterized by the following:

Theorem 2. We have
m ker(Ry) = Os, (17)

g€ canonical basis g#go

where we regard a vector field in T as a derivation in OT.

1S means that , g > resp. 1S defined up to addition of an element
Thi hat F3® 2 (resp. FU'%) is defined up to addition of an el

of Og (resp. log(Og)), which is called the ambiguity of Fglg. The algebra Ot can be
considered as a generalization of the classical algebra of quasi-modular forms. For a
discussion of the g-expansion of its elements see Refs. [YY04,AL07,Mov11]. Once we
compute the g-expansion of a set of generators of the algebra O we substitute them in

F2 and compute the Gromov—Witten invariants of the A-model Calabi—Yau threefold

2

X, see Sect. 5 for the case of mirror quintic. The results are based on a considerable
amount of machine and hand computations, which are suppressed in this paper to enhance
readability.

The text is organized in the following way. In Sect. 2 we review basic facts about
special geometry, the original BCOV holomorphic anomaly equation, the polynomial
structure of topological string partition functions. New manipulations of periods inspired
by our geometric approach are explained in Sects. 3.2 and 3.4. In these sections we work
in the analytic setting, i.e. with complex differential geometry. The main aspect of Sect. 3,
however, is that the results admit an algebraic formulation. This factis essential for Sect. 4
which is dedicated to the proofs of our main theorems. We start with a brief discussion of
how the analytic and algebraic settings are related in general, and we explain the various
descriptions of the topological string partition functions and their interrelations between
the analytic and algebraic formulations. Then, in Sect. 4.2 we first recall the definition
of a generalized period domain for Calabi—Yau threefolds. Via the generalized period
maps, we interpret the polynomial generators and topological string partition functions
as functions on the moduli space T. The algebraic content of the period manipulations of
special geometry are explained in Sect. 4.6. Explicit computations of the vector fields (9)
and the construction of the moduli space T in the case of mirror quintic is explained in
Sect. 5. Finally, in Sect. 6 we review some works for the future and possible applications
of our algebraic anomaly equation.

2. Holomorphic Anomaly Equations

In this section we review some basic formulas used in special geometry of Calabi—
Yau threefolds. We use physics conventions of writing out the components of geometric
objects and for handling indices. In general (lower) upper indices will denote components
of (co-) tangent space. Identical lower and upper indices are summed over, i. e. x' y; :=
> xt yi. For derivatives w.r.t. coordinates x' we will write 9; := d;i, and 0; := %

The inverse of a matrix [M;;] is denoted by [M iJ]. We define 8; tobelifi = jand 0
otherwise.
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2.1. Special geometry. By Bogomolov-Tian-Todorov the moduli space M of pro-
jective Calabi—Yau threefolds is smooth and hence we can take local coordinates
7= (zl, 2., zh) € ((Ch, 0) for an open set U in such a moduli space. In our context,
M is just the quotient of T by the action of the algebraic group G. We denote by Q = €,
a holomorphic family of 3-forms on the Calabi—Yau threefold X . The geometry of M
can be best described using the third cohomology bundle H — M, where the fiber of H
ata point z € M is H, = H>(X,, C). This bundle can be decomposed into sub-bundles
in the following way:

H=LBLRTMS (L TM &L, (18)
where L is the line bundle of holomorphic (3, 0) forms in X, T M denotes the holo-
morphic tangent bundle and the overline denotes complex conjugation. This structure
gives the Hodge decomposition of the variation of Hodge structure arising from the
Calabi—Yau threefolds X,. It carries the intersection form in cohomology

(w):HxH—>C,
which is given by the same formula as in (1). Let

& =9/d7',9; = 8/97/

These are sections of 7 M and 2 is a section of £. We get in canonical way global
sections of the (symmetric) tensor product of £, T M and T* M which form a basis at
each fiber. Any other section can be written as a linear combination of such a basis and
we treat such coefficients as if they are sections themselves. Let

K := —1log(Q2, Q),

be the Kihler potential. It provides a Kéhler form for a Kihler metric on M, whose
components and Levi—Civita connection are given by:

Gij = 0;9;K, T};=G"%9,G . (19)

The description of the change of the decomposition of  into sub-bundles is captured
by the holomorphic Yukawa couplings or threepoint functions

Cijk 1= — (S, 8;0,%Q) € T (/:2 ® Sym3T*M) , (20)
which satisfy
0;Cijk =0, D;Cju=D;Ciu, 2D
the curvature is then expressed as [BCOV94]:
- - —kl
6. DiY'; = T; = 8,G i +8,Gir — CijnC (22)
where

ajk = eZKGkEijf 7

ke (23)

and where D; is the covariant derivative defined using the connections Ff‘j and K;, for
example for A’j‘. a section of L" ® T* M ® T M we have

D;AS = 0; AY — T A, + T, AT +n K AL

We further introduce the objects S ij St S, which are sections of £72 ® Sym™ T M
withm = 2, 1, 0, respectively, and give local potentials for the non-holomorphic Yukawa
couplings: N

&S =CY, &SI =GiSY,  9S=GuS'. (24)

7
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2.2. Special coordinates. We pick a symplectic basis {AI, By}, I,J = 0,...,h of
H3(X,, Z), satisfying

Al . B, =68/, Al A’ =0, B, -B; =0, (25)

We write the periods of the holomorphic (3, 0) form over this basis:
x'2) :=/ Q:, Fi(2) 2=/ Q. (26)
Al By

The periods X ), Fr(2) satisfy the Picard—Fuchs equations of the Calabi—Yau family

X . The periods X' can be identified with projective coordinates on M and F; with
aF(x!

derivatives of a homogeneous function F(X') of weight 2 such that F; = ox7-Ina
patch where X°(z) # 0 a set of special coordinates can be defined
Xa
t”:F, a=1,...,h. 27
The normalized holomorphic (3, 0) form Q=X 9=1Q. has the periods:
/ S0 = (119, Fo(0), 2F0() — (°Fu(0) 8)
AY A4 By, By
where
o Fy(t
Fo(t) = (X)) ™2F and F,(t) := 8,Fo(t) = a(z)s )
Fy(¢) is the called the prepotential and
Capbe = 0q abacFO(t)' (29)

are the Yukawa coupling in the special coordinates . See Refs. [CDF*97,Alil13] for
more details.

2.3. Holomorphic anomaly equations. The genus g topological string amplitude F2°"

are defined in Ref. [BCOV93] for g = 1 and Ref. [BCOV94] for g > 2. It is a section
of the line bundle £>~2¢ over M. They are related recursively in g by the holomorphic
anomaly equations [BCOV93]

- 1 —kl X
a,—ajF‘fO“ = ECJ»HCZ- +(1+ﬁ)Gﬁ’ 30)
where x is the Euler character of B-model CY threefold, and [BCOV94]

-1
- 1—i (%
GFE" =G | 2 DR DR, + DD | 31)

r=I1

Note that D;F}*" is a section of L2728 @ T* M.
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2.4. Polynomial structure. InRef.[YYO04]it was shown that the topological string ampli-
tudes for the mirror quintic can be expressed as polynomials in finitely many generators
of differential ring of multi-derivatives of the connections of special geometry. This con-
struction was generalized in Ref. [ALO7] for any CY threefold. It was shown there that
F2o" is a polynomial of degree 3¢ — 3 in the generators Sii, S!S, K;, where degrees
1,2, 3, 1 were assigned to these generators respectively. The proof was given inductively
and relies on the closure of these generators under the holomorphic derivative [ALO7].
The purely holomorphic part of the construction as well as the coefficients of the mono-
mials would be rational functions in the algebraic moduli, this was further discussed in
Refs. [ALM10,Hos08].

It was further shown in Ref. [ALO7], following Ref. [YYO04], that the L.H.S. of
Eq. (31) could be written in terms of the generators using the chain rule:

coon _ g OFEY (ORI OFE R
oF =T +Gl~,-(S e TS e e ) (32)

assuming the linear independence of Elf ¢ and Gj7 over the field generated by the gener-
ators in Definition 1, the holomorphic anomaly equations (31) could then be written as
two different sets of equations [ALO7]:

g Fnon 1 g—1 1
aSS;k = E z D F:,lonDk FI(‘EE,) + szDkF?g,’El), (33)
r=1
Fmon gFnon jFnon
S — + 5 + = (34)
N aS 0K;

This linear independence assumption is not at all a trivial statement. Its proof in the one
parameter case can be done using a differential Galois theory argument as in the proof
of Theorem 2 in [Mov11] and one might try to generalize such an argument to multi
parameter case. However, for the purpose of the present text we do not need to prove it.
The reason is that (33) and (34) always have a solution which gives a solution to (32).

3. Algebraic Structure of Topological String Theory

In this section we develop the new ingredients and tools which will allow us to phrase
the algebraic structure of topological string theory. We start by enhancing the differential
polynomial ring of Ref. [ALO7] with further generators which parameterize a choice of
section of the line bundle £ and a choice of coordinates as was done in Ref. [ASYZ13]
for one dimensional moduli spaces. We will then show that these new generators para-
meterize different choices of forms compatible with the Hodge filtration and having
constant symplectic pairing.

3.1. Special polynomial rings. We first fix the notion of holomorphic limit discussed in
Ref. [BCOV94]. For our purposes we think of the limit as an assignment:

ar¢

K 0
e " lhot =ho X", Gijlnal =haja_zl-

(35)

for a given choice of section X° of £ and a choice of special coordinates % where h is
a constant and h,; denote the components of a constant matrix.



Gauss—Manin Connection in Disguise: Calabi—Yau Threefolds 899

Definition 1. The generators of the special polynomial differential ring are defined by

g0 = hy'e X, (36)

gl‘.l = e_KGi]‘ hj_a, (37)

ot g gl 68

T .= go g?(Si — Sinj), (39)
2 i L i

T := gO(S—SKi+§SfK,-K,-), (40)

Lo =g0(g ),0iK. (41)

We will use the same notation for these generators and for their holomorphic limit.

Proposition 1. The generators of the special polynomial ring satisfy the following dif-
ferential equations, called the differential ring:

aagO = —L4 8o, (42)

dag! = 8¢ (8 Le = CeaaT" + g05%,) 43)

9T =80T+ TLy) +85(T" + TP Lyg) — Cage TP T + go bl (44)

3, T? =285(T + T°Le) — TP Ly — koo TP + g3 B2, (45)
1 bc b 3

8, T = 3 abeT"TC = 2L, T — kap T’ + g3 ha (46)

daLp = —LaLp — CapcTC + 85 kap. 47

Proof. The first two equations follow from Definition 1 and the special geometry dis-
cussed in Sect. 2.1, the other equations follow from the definitions and the equations
which were proved in Ref. [ALO7]. a

The generators go, g7 are chosen such that their holomorphic limits become:

0 ,a 0 9
8olhot = X7, &' lhot = X~ —, (48)
a7}

In these equations the functions s{‘j, hl’ k, hi] , hi and k;; are fixed once a choice of
generators has been made and we transformed the indices from arbitrary local coordinates
to the special coordinates using g;' and its inverse.

The freedom in choosing the generators St/ St S was discussed in Refs. [ALM10,
Hos08] and translates here to a freedom of adding holomorphic sections gl &L E of
L2 ® Sym" T M with m = 2, 1, 0, respectively to the generators as follows:

T — T + g gh €1, (49)
T — T+ 08", (50)
T — T +g3¢. (5D

It can be seen from the equations that there is additional freedom in defining the
generators go, g and L, given by:

L, — La+g0(g” Hi&, (52)
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g0 —> Cgo, (53)
g — C gl , (54)

where C denotes a holomorphic function, C’j a holomorphic section of T M ® T* M and
&; a holomorphic section of T* M. '

The number of special polynomial generators matches dim(G), where G is the alge-
braic group in the Introduction.

Definition 2. We introduce: .
FRon 1= gg 2Fen, (55)

which defines a section of Zzgiz. After taking the holomorphic limit discussed earlier
we get F1°! which will be a holomorphic function (and no longer a section) on the moduli
space

Proposition 2. |~:2,°n s satisfy the following equations:

0 0 J 0 Fnon Enon
(go;go + La aLa +T¢ 3T« + 2Tﬁ) Fg = (2g — 2)Fg (56)
d 0 d d ~
4 42T —— 4 T9— — L For =0, 57
(g'" agh arbe T BTh ”aLa) 8 (57)

9 1. 9 o1, 0)\:
— (Lhy—— +L, — Y+ ~-L L,— ) Fnon
(aTab 2 Logra Hlagge) + 5L baT) g

= -Za From g, Fpon. + a dpFnon (58)

g1

a Fl’l()n

=0. 59
oL, (59)

Fkg101 s satisfy the same equations in the holomorphic limit.

Proof. The first two equations follow from the definition of IEE"“ and the proof of Ref.
[ALO7], bearing in mind that the dependence on the generators go, g is introduced
through the definition of the special polynomial generators and the factor ggg =2 in Fon,
The third and fourth equation are a re-writing of Eq. (33) using the special polynomial
generators defined earlier. O

3.2. Different choices of Hodge filtrations. In order to parameterize the moduli space
of a Calabi—Yau threefold enhanced with a choice of forms compatible with the Hodge
filtration and having constant intersection, we seek to parameterize the relation between
different choices of Hodge filtrations. We start with a non-holomorphic choice of a
Hodge filtration @, defined by arbitrary local coordinates on the moduli space and relate
this to a choice of filtration in special coordinates @;. The choices are given by

z,0 £
- o 9 Q2
w7 = i | = (Cﬁ_l)ikaﬁakﬂ ’ (60)

A 3(CH% 0,0,
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where C;ji are given by (20). Here, Ay = (g_l)iAi, where x denotes a fixed choice
of special coordinate. One can write the holomorphic anonaly equation of [BCOV94]
using the non-holomorphic basis @, which is different from the standard holomorphic
basis. This is the following after taking holomorphic limit

o0 Q~
- O g 8aQ
= p = ~ ) 61
@ B (€1%9,,8 6
e 3, (C1)*0,0,Q

where Q = €, is given by (28) and * denotes a fixed choice of special coordinate.

Proposition 3. The period matrix of &; over the symplectic basis of H3(X,, Z) given in
Eq. (25) has the following special format:

Q.0 1t F. 2Fy—t9F,
at,a _ 0 82 Fac Fa _ tdFad

[/Ao N =100 84 _a ; (62)
By 00 O -1

with Fy == 8,F0, 84 = 7%
Proof. This follows from the defitions of Sect. 2.2. O
Proposition 4. The symplectic form for both bases @, and @, is the matrix ® in (2).

Proof. The computation of the symplectic form for @, follows from the Proposition 3.
The symplectic form of &, follows from the definition of C; j in (20) and from Griffiths
transversality, for instance,

/ QA (CH o0 = —(cn—l)-/k/ QA 302 = (C; ) Cyi = 8. (63)
X; X,

0

Proposition 5. The flat choice &, satisfies the following equation:

Q 08 0 0 Q
| copenan |~ loo 0 || corons | ©
3 (C1)*0,0,Q 00 0 O 3:(C71*0,0,Q
Proof. This follows from Eq. (62). O
We now want to find the matrix relating:

o =B - w,, (65)

and express its entries in terms of the polynomial generators. The matrix B is given by:

g(?l 01 i 00

1L ) 0 0
B — 8o ia 66
_g_lTa (g—l)l Tad glg 0 ) ( )

g (2T + Tde) +goH (g7 DT + TdeLe) +goH gL, go
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where a is an index for the rows and i for the columns and where:

T4 =T — ggglem, (67)
T =T — gh g e™, (68)
H = g5 (g D& + CimnE €™ — h)) (69)
H =gl (g7 (=8,E™ — CupEl ™ 4 51 €M 4 pim) (70)
et = hHlst;, (71)
£ = (C7 " ky;. (72)

The computation of G is done using the chain rule and the equalities in Proposition 1.
>From Proposition 4 and the definition of the algebraic group G it follows that B € G.
This can be also verified using the explicit expression of B in (66). Note that we have
written the matrix B after inserting the freedom in choosing the generators S*/, S, S in

(49) till (54). In this way the ambiguities &, hl] e.t.c. appear in the expression of B and
we get the most general base change B - w, such that B € G.

3.3. Lie Algebra description. In the following, we regard all the generators as indepen-
dent variables and compute the following matrices:

ad
M, = 8—B B!, (73)
g
where g denotes a generator and 9, := %. We find
0 0 00
M 0 0 00
T = —siL, 588 +8,84) 00
—LyLy 8} La 00
0 000
0 000
Mya = -8, 000 |°
—2L,8,00
0000
0000
Mr=1 0 000l (74)
—2000
0000
8000
M.=10000
0080
J
—g! 0 0 0
M. — —go 'L 0 0 0
s ciri 0 0 0
80

280 QTo+ T Ly) —g5' T/ —g5'L; g5
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0 0 0 0
8" La —5) " 0 0
Mg, = T'gy La+8,g (TY+T*Le) =8, Tgy — syTign S(g™hr 0
2Lagf (TY+T%Le) =848 (TY+T%Le) = g TV Ly (871 Lo 0
(75)

‘We now look for combinations of the vector fields which give constant vector fields. We
find the following:
1 1
tap = Mypar — E(La Mzs + LpM7a) + EL,;L[,MT,
t, = M7ra — L M7,
1
t=;Mr, 76
SMr (76)
t =M,
g = gZ,Magfgz — LpyMp, + 2TadMTdh + TMps,
g0 = goMy, + LMy, + TM7a +2M7.

Therefore, we get all the elements of the Lie algebra Lie(G) and for each g € Lie(G) a
derivation Ry in the generators.

3.4. Algebraic master anomaly equation. In genus zero we have

Cabe = Cijx (g™ Mg Mg ™% g0, 77)

Its holomorphic limit is (29) and for simplicity we have used the same notation. The
anomaly equations read:

Rgocabc = Cabes (78)
Ry Cede = =82 Cade — 8)Ceac — 8, Ceda (79)

and in genus one we obtain the anomaly equations (13) and (16) in the holomorphic
context. We combine all Fg‘ﬂ into the generating function:

00
Z=exp> 222 (80)
g=1

The master anomaly equations become:

2+h g
REOZZ (—T—ﬁ+9)\) Z, (81)
1
RpZ = _553 Z, (82)
22
Ry, Z = ?Rasz, (83)

Re,Z =0, (84)



904 M. Alim et al.

Ry Z =2 (—2)‘—4 + ek) R.Z. (85)
RZ = %2 (—% +9A) (—2’(—4 —1 +9A) zZ. (86)

4. Proofs

So far, we have used the language of special geometry in order to find several derivations
in the special polynomial ring generators. This is essentially the main mathematical
content of period manipulations in the B-model of mirror symmetry. In this section
we interpret such derivations as vector fields in the moduli space T introduced in the
Introduction and hence prove Theorems 1 and 2. We denote an element of T by t and
hopefully it will not be confused with the special coordinates ¢ of Sect. 2.2.

4.1. Holomorphic versus algebraic description. In order to give this interpretation we
first need to relate the derivations found in the framework of special geometry, i.e.,
complex differential geometry, to the framework of algebraic geometry used in the
Introduction.

The main observation is the following. Since polynomials over C can be viewed as
holomorphic functions, an affine variety X C A is also closed in the analytic topology
on C" and hence defines a complex analytic space. If X is smooth, it is even a complex
submanifold. This assignment behaves well under gluing, and hence can be extended to
the setting of projective varieties. More precisely, there is a functor, called analytification,
from the category of schemes of finite type over C to the category of analytic spaces
that associates to a scheme X its analytification X*". Furthermore, there is a natural
morphism of locally ringed spaces « : (X", O';(‘?}n) — (X, Ox) such that *" is universal
with this property, and is the identity on points. Here, (9};(‘2.1.1 is the sheaf of holomorphic
functions on X", while Oy is the structure sheaf of the variety X. If X is smooth, then
X2 is a complex manifold.

In the analytic setting, the holomorphic de Rham cohomology of the complex man-
ifold X®" is defined as the hypercohomology HéRan (X®) = Hi(X™, Q%) of the
holomorphic de Rham complex. The latter is built from the sheaf of holomorphic dif-
ferential p-forms on X?". In a similar manner in the algebraic setting, the algebraic de
Rham cohomology of the smooth variety X over C is defined as the hypercohomology
HéR (X) = Hi(X, Q%) of the algebraic de Rham complex. The latter is built from the
p-th exterior product of the sheaf of Kihler differentials over C on X.

The observation that any algebraic differential is holomorphic yields a natural mor-
phism of complexes o ! Q% — Q% whichinduces amap o™ : HéR (X)) —> HéRan (X
on cohomology. Serre has shown that if X is smooth and projective, then «™* is an isomor-
phism. This allows us to go back and forth from the analytic to the algebraic description
at the level of cohomology. The analytifcation functor is also compatible with inverse
and direct images. This property can be used to show that the algebraic and analytic
Gauss—Manin connections are compatible.

This change of framework is important from the arithmetic point of view. It is well
known that the Fourier coefficients of the topological string partition functions F, satisfy
integrality properties. The algebraic framework allows us to change the base field from
C to, say, the field @ of algebraic numbers, in which such arithmetic questions are more
natural to study.
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The results of Sect. 3 are originally derived for differential forms in complex geom-
etry. The manipulations though were purely algebraic, hence as far as cohomological
quantities are concerned they are also valid in the algebraic setting. In particular, the
change of trivialization of the Hodge bundle in (65) also holds in the algebraic de Rham
cohomology.

As far as the topological string partition functions F, in the analytic and the algebraic
setting are concerned, they cannot directly be compared due to the fact that the global map
of the moduli space M into the classical period domain is known to be nonalgebraic in
the case of Calabi—Yau threefolds. The embedding itself is not known (which manifests
itself in the absence of a global Torelli theorem for Calabi—Yau threefolds). For these
reasons, there are various versions of the topological string partition function. In Sect. 2.3
we introduced the nonholomorphic topological string partition function F1°" which is a
nonholomorphic section of a line bundle over M. In Sect. 3.1 we defined the notion of
the holomorphic limit f > f1no1 which yields holomorphic sections Fi°! = F3" |,
still over M. In the algebraic setting of the Introduction, we considered regular functions

Fz,lg € Or, which are living on the moduli space T of enhanced Calabi—Yau threefolds,

a much bigger space than M. In order to relate leg to Fg"l we would need a regular
embedding M — T. As in the classical case, such an embedding is not known and also
not expected to be regular. A workaround to this problem was first suggested in [Mov12a].
It consists of restricting to appropriate open subsets U C M and H C T, respectively. U
can be thought of as a neighborhood around the point of maximal unipotent monodromy
of the family = : X — M, while H is chosen such that the generalized period map of
the family X — T takes the standard form in special geometry, see Definition 3 below.
With these choices, the relation between the analytic and the algebraic versions of the
topological string partition function is

1
Feol (X y = Fe (X0l

and similarly for the Yukawa couplings

1

Cijklu = C?jilﬂ

as formal power series in variables ¢1, . .., gn. These formal power series are expected
to be Fourier series of generalized automorphic forms on the generalized period domain
T. The left hand side has been worked out in [BCOV94] while the right hand side is the
main focus of the present work and will be discussed below in more detail when proving
the statements from the Introduction. This is new in the sense that we provide a purely
algebraic framework for the topological string partition functions which does not rely
anymore on analytic, i.e. Kdhler geometry. Instead they are solutions to a set of algebraic
differential equations, the algebraic version of the holomorphic anomaly equations. The

advantage is that it is not necessary to look for an algebraic version of the propagators,
even though it is implicitly provided.

4.2. Generalized period domain. The generalized period domain IT introduced in Ref.
[Mov13], is the set of all (2h +2) x (2h + 2)-matrices P with complex entries which
satisfies P"WP = ® and a positivity condition which can be derived from the description
below. Here, W is the standard symplectic matrix and & is given in (3). The symplectic
group Sp(2h + 2, Z) acts on I from the left and the quotient

U:=Sph+2, Z)\1I,
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parameterizes the set of all lattices L inside HgR(Xo) such that the data (L, HgR(Xo),
Fg, (-, -)) form a polarized Hodge structure. Here, X is a fixed Calabi—Yau threefold as
in the Introduction and H S’R (Xo), F(;‘, (-, -) are its de Rham cohomology, Hodge filtration
and intersection form, respectively. It is defined in such a way that we have the period
map

P:T—>U,tr—>[/a)j], (87)
3

where t now represent the pair (X, ), §; is a symplectic basis of H3(X, Z). In order to
have a modular form theory attached to the above picture, one has to find a special locus
H in T. In the case of Calabi—Yau threefolds special geometry in Sect. 2.1 gives us the
following candidate.

Definition 3. We define H to be the set of all elements t € T such that P()" is of the
form (62).

In the case of elliptic curves the set H is biregular to a punctured disc of radius one,
see Ref. [Mov12c]. In our context we do not have a good understanding of the global
behavior of H. This is related to the analytic continuation of periods of Calabi—Yau
threefolds. The set H is neither an algebraic nor an analytic subvariety of T. One can
introduce a holomorphic foliation in T with H as its leaf and study its dynamics, see for
instance [Mov08] for such a study in the case of elliptic curves. For the purpose of g-
expansions, one only needs to know that a local patch of H is biregular to a complement
of a normal crossing divisor in a small neighborhood of 0 in ch.

In this abstract context of periods, we think of #' as h independent variables and of Fy
as a function in the #'’s. The restriction of the ring of regular functions in T to H gives a
(C-algebra which can be considered as a generalization of quasi-modular forms. We can
do g-expansion of such functions around a degeneracy point of Calabi—Yau threefolds,
see Ref. [Mov13] for more details.

4.3. Proof of Theorem 1. First, we assume that K = C and work in a local patch U of
the moduli space of Calabi—Yau threefolds X, t € U, where z(¢) is the inverse map
to (27). Therefore, we have assumed that over U the universal family X of Calabi—Yau
threefolds exists. In (61) we have defined @, and in Proposition 3 we have proved that
(X;(), @) € H. Therefore by the discussion in Sect. 4.1, we have the following map

f:U—H, t— (X)), ). (88)

Here, we implicitly use the fact that these objects both have an analytic and an algebraic
description. In particular, the entries of the matrix B in (66) are rational functions in
zi(t), i = 1,2, ..., hand the generators in Definition 1. The Gauss—Manin connection
matrix restricted to the image of the map (88) and computed in the flat coordinates ¢ is

just Z?:l A;dt', where A, is the matrix computed in (64). The analytic functions C; jx|u
appearing there, however, are now replaced by their algebraic counterparts, Cf.ljl% |- From
this we get the Gauss—Manin connection matrix in the basis Ba,:

h
dB-B'+> At (89)
i=l
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We consider the generators in Definition 1 as independent variables
X1, X2, ..., Xq, a:=dim(G)

independent of z;’s, and so, we write B = B , and A,- = A,-, -.x- We get an open subset
V of U x C* such that for (¢, x) € V we have B;(;) , € G. In this way

U := {(t, By xn) | (t,x) € V},

is an open subset of T. Using the action of G on T, the holomorphic limit of polynomial
generators can be regarded as holomorphic functions in U. Now the Gauss—Manin
connection of the enhanced family X/T in the open set U is just (89) replacing B
and A,- with B, , and A,-, 2.x» respectively. The existence of the vector fields in Theorem 1
follows from the same computations as in Sect. 3.3. Note that from (76) we get

R — ](L8+La)+1LL8
b = Jrab T 3 g T b yra) T ey
P 9
Ry = —L,Z.
W e T AT
19
Ri=-—,
20T
3 (90)
Ry = ——,
oL,
9 9 3 9
Ry =g%— — L +2T9 — 47—
& = 8myeb T V5L, oTd T GTh
9 9 9

8 a
Ry = goago + L, iL. +T T + 28T
and R,’s are given by the vector fields computed in Proposition 1.

We now prove the uniqueness. Let us assume that there are two vector fields R’, R”
such that Agr = AR is in one of the special matrix formats in Theorem 1. Let us assume
that R = R’ — R” is not zero and so it has a non-zero solution y (y) which is a regular
map from a neighborhood of 0 in C to T and satisfies 9, = R(y). We have VRw; = 0
and so w restricted to the image of y is a flat section of the Gauss—Manin connection.
Since z — ¢ is a coordinate change, we conclude that z as a function of y is constant,
and so if y(y) := (Xy, {@1,y, ..., won42,y}) € T then X, and w;,, do not depend on y.
For the case of the special matrix formats in (10) we have also VRw; , = 0 and so y (y)
is a constant map. In the case of the special matrix format in (6), in a similar way all
®1,y, Whs2,y, Whs3,ys - - -» @2he2,y do not depend on y. For others we argue as follows.
Since X = X, does not depend on y the differential forms wy y, @3y, ..., whyy,y are
linear combinations of elements F2 H, SR (X) (which do not depend on y) with coefficients
which depend on y. This implies that the action of VR on them is still in F 2HCfR(X ).
Using (6) we conclude that they are also independent of y.

Now let us consider the algebraic case, where the universal family X/T as in the Intro-
duction exists. We further assume that over a local moduli U no Calabi—Yau threefold
X, z € U has an isomorphism which acts non-identically on H, ng (X;). In this way, the

total space of choices of w;’s over U gives us an open subset T of the moduli space T.
The existence of the algebraic vector fields R in Theorem 1 is equivalent to the existence
of the same analytic vector fields in some small open subset of T. This is because to find
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such vector fields we have to solve a set of linear equations with coefficients in Ot. That
is why our argument in the algebraic context cannot guarantee that the vector fields in
Theorem 1 are holomorphic everywhere in T.

4.4. Proof of Theorem 2. We use the equalities (76) and (74) and conclude that the two
sets of derivations

Rg» Riys Re,s Regs Re

and
0 0 0 0 ]

are linear combinations of each other. Therefore, if f € Ot is in the left hand side
of (17) then its derivation with respect to all variables T T4 T L, gn 1s zero
and so it depends only on z;’s and go. In a similar way we can derive the fact that
MgeLie(a) ker(Rg) is the set of G invariant functions in T.

4.5. The Lie Algebra ®. In this section we describe the computation of Lie bracket
structure of (9) resulting in the Table 11. Let Ry, Ry be two vector fields in T and let
A; := Ag,. We have

ViR, Ry@ = ([A2, Ail+ Ri(A2) — Ra(A1)w
In particular, for g; € Lie(G) we get
[Rai Rgp] = [g1, 021"
We have also
[Ri,R;1=0, i=1,2,...,h
because R; (ARj) = R;(AR,) and [AR,, ARj] =0,i,j =1,..., h. These equalities, in
turn, follow from the fact that C?jli are symmetric in #, j, k. It remains to compute
[Rg,Ril, i=1,2,...,h, geG.

which is done for each element of the canonical basis of Lie(G).

4.6. Two fundamental equalities of the special geometry. The Gauss—Manin connection
matrix A satisfies the following equalities:

dA = —AAA 91)
0=Ad+ PA". (92)

The first one follows from the integrability of the Gauss—Manin connection and the
second equality follows after taking the differential of the equality (3). Note that ® is
constant and so d® = 0. Note also that the base space of our Gauss—Manin connection
matrix is T. For the mirror quintic this is of dimension 7, and so the integrability is a
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non-trivial statement, whereas the integrability over the classical moduli space of mirror
quintics (which is of dimension one) is a trivial identity. The Lie algebra Lie(G) is
already hidden in (92) and it is consistent with the fact that after composing Ry with A

we get g!'. Assuming the existence of R;’s and C?}i in Theorem 1, the equalities (91) and

(92) composed with the vector fields R;, R; imply that C?}i are symmetric in 7, j, k and
the equality (7). We want to argue that most of the ingredients of the special geometry
can be derived from (91) and (92). Special geometry, in algebraic terms, aims to find a
h-dimensional sub-locus ((Ch, 0) = M C T such that A restricted to M is of the form

0w 0 0
00 w 0
00 0 ws
000 0

A=

where the entries of w;’s are differential 1-forms in M. In Sect. 4.2 the union of such
loci is denoted by H. The equality (92) implies that w3 = a)tlr and wp = a)tzr and the
equality (91) implies that w; A w2 = 0 and all the entries of w;’s are closed, and since
M= ((Ch, 0), they are exact. Let us write w; = df, wy = d P for some matrices ¢, P
with entries which are regular functions on M and so we have

dt NdP =0. (93)

Special geometry takes the entries of ¢ as coordinates on M and the equation (93) gives

us the existence of a holomorphic function F on M such that P = [%]. This is exactly
i0lj

the prepotential discussed in Sect. 2.2. One can compute the special period matrix P in

(62), starting from the initial data

* X *

PY = : (94)

coo~
S O] ¥
OXR % *

—1

and the equality dP' = AP where A is the Gauss—Manin connection restricted to M.

5. Mirror Quintic Case

In Refs. [Mov11,Mov12a] it was proven that the universal family X — T exists in the
case of mirror quintic Calabi—Yau threefolds and it is defined over Q. More precisely
we have

S = Spec(Q[to, t4, D,

(1 — )ty

where for (1o, t4) we associate the pair (X, t,, w1). Inthe affine coordinates (x1, x2, x3, x4),
that is xo = 1, Xy, t, is given by

Xio.ty := {f(x) = 0}/G,
fx):=—t4 — xf — xg — xg — xi + Stox1x2x3x4,
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and
_ dxy Ndxy ANdx3 Adxy

df

@1 :

We have also 1

te, =————D
(5 — ttats

Here, for (1o, ti, ..., ts) we associate the pair (Xi, t,, [@1, @2, @3, w4]), where Xy, t, is
as before and w is given by

T = Spec(Q[to, t1, ..., 95)

—1 0 0 0 o)
w] -5t —t3 —5*(ty—1)) 0 0 V. o
@ ._ . 53 40 s "o
o | T (55t0+t3)t6—(5;tb+tz)t5 51 —t) 6 ts 0 v & )y
o Sttt ts v )
t bty 625(ts — t)) w5
(96)

The above definition is the algebraic counterpart of the equality (65), up to a change of
trivialization. Note that in this context t;’s are just parameters, whereas the generators
of the special polynomial differential ring are functions in a local patch of the classical
moduli space of Calabi—Yau threefolds. The relation between these two sets are explained
in Sect. 4.3. The genus one topological string partition function F IA is given by

Falg . 5—11 % 5\ %
e sl R (ty — ) T 2) ©7)

and for g > 2, we have

Fglg = = 3g-3" ©8)
(ty — to) 282"

where Q, is a homogeneous polynomial of degree 69(g — 1) with weights
deg(tj) :=3(G+1),i=0,1,2,3,4, deg(ts) := 11, deg(ls) := 8. (99)

. . . lg . .
and with rational coefficients, and so Fzg is of degree 6g — 6. Further, any monomial
048 i - 1 . S . ,
1) -t in Fy® satisfies ip +i3 +i4 +is +ic > 3g — 3. For the g-expansion of ;s see
Ref. [Mov12a]. We have
8 2
alg 5°(ty — to)
Cin= B (100)
5

and
- 37508 +toty — 625ty o, 390625t — 3125t¢t; — 390625ty — t)t3 Kl

ts ato ts aty

1=

. 5859375t + 62513t — 625018ty — 585937513ty — 625t1t4 — 2byt3 K}
ts at
. 9765625t§ + 62513ty — 9375ty — 9765625t3ts — 625tpty — 35 9

15 a3
- 156253ty + St3ty 9 625t — 93T5tGts — 23t — 625tyts 9
15 aty ts ats

9375t — 31251315 — 2t + 33t o
ts atg
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el )
R | =t5—+tg—.
ol ats  Oatg

) ) ) ) ) ) )
RB() = to o +2t) — +3t) —— +4t3 — + 5ty — +3t5 — + 25—,
oy at oy oty ots ot

4 3 1 1 . ) ;
. 75t0t6—5t0t5—ﬁtzt5+mt3t61+tﬁi+tsi
= = - —— s ——,
1 -t aty 0ot Dt
I 62513 — 625ty K}
tin = 15 e
_3125t% —t 6251 —t4)
R = 0~B 9 PR TW 8
tr = ts at 5 o’
9
Rg = —. (101)

ay

Using the asymptotic behavior of Fz,lg ’s in Ref. [BCOV93], we know that the ambiguities
of F4% arise from the coefficients of

Py (to, ta)
—————, deg(P,) =36(g —1). (102)
(-2 ETO TS
Knowing that we are using the weights (99), we observe that it depends on [@] +1
coefficients. The monomials in (102) are divided into two groups, those meromorphic
in t4 — tJ and the rest which is

ity —1)°, a+5b=2¢—2, a,beNy.

The coefficients of the first group can be fixed by the so called gap condition and the
asymptotic behavior of FgA at the conifold, see for instance Ref. [HKQO09]. One of
the coefficients in the second group can be solved using the asymptotic behavior of
F;lg at the maximal unipotent monodromy point. In total, we have [2%;2] undetermined
coefficients. Itis not clear whether it is possible to solve them using only the data attached
to the mirror quintic Calabi—Yau threefold. Using the generating function role that leg ’s
has on the A—model side for counting curves in a generic quintic, one may solve all the
ambiguities given enough knowledge of enumerative invariants, such computations are
usually hard to perform, see for instance Ref. [HKQO09] for a use of boundary data in the

B-model and A—model counting data which determines the ambiguities up to genus 51.

Finally, we discuss the g-expansion of the F;lg. Recall the special subset H of T
chosen in Definition 3 whose inclusion map we denote by i. Furthermore, recall the
map f : U — Hin (88), where U C M is a neighborhood of the point of maximal
unipotent monodromy with a local coordinate g such that ¢ = 0 corresponds to the
point of maximal unipotent monodromy. Pulling back functions g € Ot by i o f yields
functions g(¢g) on U. A formal g—expansion of the coordinate functions t; € Ot can be
obtained using the vector field R; in the following way. We write each t; as a formal
power series in g, t; = >, ti »¢", and make the ansatz that the pull-back vector field
(iof)*RitoUis5q %. We see that this ansatz determines uniquely all the coefficients
t; » with the initial values:

1
to0 = 3 to1 =24, t40=0 (103)

and assuming that t5 o # 0, see [Mov12a] for few coefficients of t;’s. Substituting these
g-expansions in Fz,lg yields the g-expansions of the leg pulled back to U, and we recover
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the generating functions of the genus g Gromov—Witten invariants. For instance, we get

the following product formula for the expression inside In of Falg

=) =57 [Ta-a=HqJa-art a0

s=1

where n; = 2875, 609250, 317206375, - - - (resp.d; = 0, 0, 609250, 3721431625, - - -)
is the virtual number of rational (resp. elliptic) curves of degree s in a generic quintic.

6. Final Remarks

We strongly believe that a mathematical verification of mirror symmetry at higher genus
will involve the construction of the Lie algebra & in the A-model Calabi—Yau variety
X. The genus zero case was established by Givental [Giv96] and Lian et al. [LLY97]
for many cases of Calabi—Yau threefolds and in particular the quintic case, that is, the
period manipulations of the B-model lead to the virtual number of rational curves in
the A-model. The genus one case was proved by Zinger in Ref. [Zin09]. The amount of
computations and technical difficulties from genus zero to genus one case is significantly
large. For higher genus there has been no progress. The period expressions involved in
higher genus, see for instance Ref. [YYO04], are usually huge and this is the main reason
why the methods used in Refs. [Giv96,LLY97,Zin09] do not generalize. This urges us for
an alternative description of the generating function of the number of higher genus curves
in the A-model. The original formulation in Ref. [BCOV94] using holomorphic anomaly
equation for genus g topological string partition functions is completely absent in the
mathematical formulation of A-model using quantum differential equations. Motivated
by this, we formulated Theorem 1 and the algebraic holomorphic anomaly equation
(16). Our work opens many other new conjectures in the A-model Calabi—Yau varieties.

The most significant one is the following. Let CA ik and F4, g > 1 be the generating
function of genus zero and genus g Gromov—Wltten invariants of the A-model Calabi—

Yau threefold X, respectively

Conjecture 1. Let X be a Calabi—Yau threefold with h := dlm(H (X)) and let M
be the sub-field of formal power series generated by C4 exp(FA), FA, g > 2 and

ijk’
their derivations under g; W’ i = 1,2,...,h. The transcendental degree of M over
1
. 2 .
C is at most ap = w, that is, for any an + 1 elements x, x2, ..., Xg,41 Of

M there is a polynomial P in an + 1 variables and with coefficients in C such that
P(x17x27 R »xah+l) = 0'

The number ay, is the dimension of the moduli space T in the Introduction. Our mathe-
matical knowledge in enumerative algebraic geometry of Calabi—Yau threefolds is still
far from any solution to the above conjecture.

Our reformulation of the BCOV anomaly equation opens an arithmetic approach
to Topological String partition functions. For many interesting example such as mirror
quintic, T can be realized as an affine scheme over Z[%] for some integer N. In this

way we can do mod primes of Fz,lg’s which might give some insight into the arithmetic

al
of Fourier expansions of F &5
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In the case of mirror quintic we have partial compactifications of T given by t; = 0,
- tg = 0 and t5 = 0. The first two correspond to the maximal unipotent and conifold
singularities. The degeneracy locus ts = 0 corresponds to degeneration of differential
forms and not the mirror quintic itself. Our computations show that the vector fields in
Theorem 1 are holomorphic everywhere except ts. These statements cannot be seen for
the proof of Theorem 1 and one may conjecture that similar statements in general must
be valid. Of course one must first construct the universal family X/T and enlarge it to a
bigger family using similar moduli spaces for limit mixed Hodge structures.
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