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Preface

The guiding principal in this book is to give a detailed and historical exposition of
the theory of holomorphic foliations in the projective space of dimension two. Its ob-
jective is to introduce the reader with a basic knowledge in holomorphic foliations.
Our approach is purely algebraic and we avoid many transcendental arguments in
the literature. For our purpose we take foliations in the two domensional plane and
given by polynomial vector fields. We would like to rise the need for working with
arbitrary fields instead of the field of complex numbers. This makes our text different
from the available texts in the literature such as Camacho-Sad’s monograph [[CS87]]
which emphasizes local aspects, Brunella’s monograph [BruQ0] which emphasizes
the classification of holomorphic foliations similar to classification of two dimen-
sional surfaces, Lins Neto-Scardua’s book [LNS]] and Ilyashenko-Yakovenko’s book
[LYOS8]] which both emphasize analytic and holomorphic aspects. We have in mind
an audience with a basic knowledge of Complex Analysis in one variable and Al-
gebraic Geometry of curves in the two dimensional projective space. The text is
mainly written for two primary target audiences: undergraduate students who want
to have a flavor of an important class of holomorphic foliations and algebraic ge-
ometers who want to learn how the theory of holomorphic foliations can be written
in the framework of Algebraic Geometry.

Hossein Movasati
January 2021
Rio de Janeiro, RJ, Brazil
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Chapter 1
Hilbert’s sixteen problem

In this chapter we introduce limit cycles of polynomial differential equations in
R? and state the well-known Hilbert 16-th problem. Despite the fact that this is
not the main problem of the present text, it must be considered the most important
unsolved problem on polynomial differential equations. Our aim is not to collect all
the developments and theorems in direction of Hilbert 16-th problem (for this see for
instance [Ily02]), but to present a way of breaking the problem in many pieces and
observing the fact that even such partial problems are extremely difficult to treat.
Our point of view is algebraic and we want to point out that both real and complex
Algebraic Geometry would be indispensable for a systematic approach to Hilbert
16-th problem.

1.1 Real foliations

What we want to study is the following ordinary differential equation:

x=P(x,y)
. , 1.1
{y =0(x,y) (b
where P, Q are two polynomials in x and y with coefficients in R and x = %, where x

and y are functions depending on the real parameter ¢ which is sometimes called the
time. The differential equation (I.I)) is called an autonomous differential equation
as its right hand side is independent of 7. We may assume that P and Q do not have
common factors. The solutions of (I.I) are the trajectories of the vector field:

0 d
X:= P(xvy)a_FQ(xmy)aiy

We will also write X = (P, Q). The reader may interpret % and a% as
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9 = (1,0) 9

- = (0,1).

] aiy .
This is introduced in order to distinguish between points and vectors in R?. Let us
first recall the first basic theorem of ordinary differential equations.

Theorem 1.1 For a € R? if X (a) # O then there is a unique analytic function
¢: (R,0) —R?

such that
¢(0) =a, ¢ =X (o))

Proof. Let us write formally
o=Y o', g eR* @y:=a
i=0

and substitute it in ¢ = X (¢). It turns out that ¢; can be written in a unique way in
terms of of ¢;, j <. This guaranties the existence of a unique formal @. Note that if
X(a) =0then ¢; =0 for all i > 1 and so ¢ is the constant map ¢(¢) = a. It is not at
all clear why ¢ must be convergent. For this we use Picard operator associated with
the differential equation [I.T]and the contracting map principle. For more details see
[IYO08 §1.4, page 4]. Let

P: 6y — 6y, P(f) ::aJr/OtX(f(t)).

where U is a small neighborhood of 0 in R, let us say U = (&, €) for some positive
small number €, Oy is the set of analytic functions f in a neighborhood of U with
£(0) = a. We regard X as a function (R%,a) — (R?,X(a)), and we can find suitble
a neighborhood of a and a constant C such that |X (b) — X (c)| < C|b — ¢| for all
b,c € (R?,a), where we have used the usual norm of R?. We have

Py —Pel < [ (X(0) ~X(e(e))ar| < Clr — gl

For Ce < 1 this implies that for an arbitrary analytic function f, P"f is a Cauchy
sequence of functions and hence it converges to an analytic function ¢ which
is the desired function. For instance, if f(#) = a is the constant function then
Pf = a+t(P(a),Q(a)) whose image is the line tangent to the solution of X
through a. The entries of the second iteration P f are poynomials in ¢ of degree
< max{deg(P),deg(Q)}+1. O

Exercise 1.1 Rewrite the proof of Theorem[1.2]in many variables x = (x1,x2, ..., x,)
instead of (x,y) and replacing R with C.

Exercise 1.2 In the proof of Theorem [I.I] we have introduced two methods to ap-
proximate a solution of a vector field X. First, by taking a formal power series ¢ and
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finding its coefficients by recursion given by X. Second, iterating Picard’s operator
starting from a constant function. Which method converges faster? Justify your an-
swer. For instace, implement both methods in a computer and justify your answer
upon this.

In Theorem [I.T] we even claim that ¢ depends on a analytically, that is, there is a
small neighborhood (Rz,a) of a in R? and an analytic function

I':(R%a) % (R,0) = (R? a)

such that I"(b,-) for all b € (R?,A) is the solution in Theoremcrossing the point
b. In this way we may reformulate the following theorem:

Theorem 1.2 For a € R? if X(a) # O then there is an analytic isomorphism F :
(R?,0) — (R?,a) such that the push-forward of % by FisX.

Proof. The push forward of the vector field % by F is X. This is equivalent to

JdF JF
EE)0-Ga
95, %—Fy? 0 O(F,F)
where F = (F},F>). In a similar way as in Theorem [I.1| we have a unique solution

(F1,F») to the above differential equation with

(Fl(ovy)7F2(an)) :a+(07y)'

ad d

0,0 F1(0,0)) _ <P(a) 0)

22.(0,0) %2(0,0) Q(a) 1
By a rotation around a, we may assume that P(a) # 0, and so F = (F1,F) :
(R?,0) — (IR?,A) is an analytic isomorphism. O

We have

Exercise 1.3 Describe the trajectories of the following differential equations:

{x—y {x—x X=x
y=—x' |y=-y" |y=y

These are respectively called a center, a saddle and a node (or radial) singularity.

Example 1.1 The trajectories of the differential equation
2
P — X
{3“ AR (12)

are depicted in Figure (L.1).

The collection of the images of the solutions of (I.I)) gives us us an analytic sin-
gular foliation .# = .% (X)r = .%# (X) = .Zg in R?. Therefore, when we are talking
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Fig. 1.1 A limit cycle crossing (x,y) ~ (—1.79,0)

about a foliation we are not interested in the parametrization of its leaves (trajecto-
ries). It is left to the reader to verify that:

Exercise 1.4 For a polynomial R € R[x,y], a vector field X in R? and a point a € R?
with X (a) # 0 and R(a) # 0, the image of a solutions of X and R- X passing through
a are the same.

In other words, the foliation associated to X and R-X in R?\{R = 0} are the same.
For this reason from the beginning we have assumed that P and Q have no common
factors. Being interested only on the foliation .7 (X ), we may write (1.1) in the form

dy _ P(x.y)
dx  Q(x,y)’

® =0, where ® = Pdy— Qdx € Qp,.

In the second case we use the notation .# = .% (@)gr = % (®). In this case the folia-
tion .7 is characterized by the fact that @ restricted to the leaves of .% is identically
zero. A systematic definition of differential 1-forms will be done in

Definition 1.1 The singular set of the foliation .# (Pdy — Qdx) is defined in the
following way:

Sing(F) = Sing(F )r := {(x,y) € R*| P(x,y) = Q(x,y) = 0}.

By our assumption Sing(.%) is a finite set of points. The leaves of .% near a point
A € Sing(.%) may be complicated.

Exercise 1.5 Using a software which draws the trajectories of vector fields, de-
scribe the solutions of (T.2)) near its singularities.

By Bezout theorem we have
#Sing(F) < deg(P) deg(Q)

The upper bound can be reached, for instance by the differential equation .# (Pdy —
0dx), where P = (x— 1)(x—2) - (x—d), 0 = (y— 1)(y=2) - (=),
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1.2 Poincaré first return map

From topological point of view a leaf L of .% = .% () is either homeomorphic to
R or to the circle S' := {(x,y) € R? | x> +y* = 1}. In the second case L is called a
closed solution of .% (but not yet a limit cycle).

Exercise 1.6 For a foliation .# = .% ()R the curve {R =0}, where d® = Rdx A\ dy,
intersects all closed leaves of ..

Exercise 1.7 Show that if d(Pdy — Qdx) = 0 then there is a polynomial R € R]x,y]
of degree < deg(P) + 1 and deg(Q) + 1 such that @ = dH.

We consider a point p € L and a transversal section X to .% at p. For any point g
in X near enough to p, we can follow the leaf of .% in the anti-clockwise direction
and since L is closed we will encounter a new point (g) € X. We have obtained an
analytic function

h:X—= X,

which is called the Poincaré first return map. Later, in the context of holomorphic
foliations we will call it the holonomy map. Usually we take a coordinate system z
in X with z(p) = 0 and write the power series of / at 0:

h(z) = i

K
0,
n!

Definition 1.2 /'(0) is called the multiplier of the closed solution L. If the multiplier
is 1 then we say that % is tangent to the identity and we have

h(z)=z++a, "+, a, €C, a,#0.

for some n € N>, which is called the tangency order of 4. In order words, the tan-
gency order is n if

hD(0) =0,V 1<i<n, andh®™(0)#0.

A closed solution L of .% is called a limit cycle if its Poincaré first return map is
not identity. In case the Poincaré first return map is identity then the leaves of .%
near L are also closed. In this case we can talk about the continuous family of cycles
O,, z € X, where &, is the leaf of # through z.

Exercise 1.8 Prove that the multiplier and order of tangency do not depend on the
coordinate system z in X.

Proposition 1.1 In the above situation, we have

do

H (0) = exp(— ;

).

The proof will be presented in Chapter ??
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1.3 Hilbert 16-th problem

It is natural to ask whether a foliation .% (Pdy — Qdx) has a finite number of limit
cycles. This is in fact the first part of Hilbert 16-th problem:

Theorem 1.3 (Ilyashenko [Ty91], Ecalle [E92]) Each polynomial foliation .F (Pdy—
Qdx) has a finite number of limit cycles.

The above theorem was proved by Yu. Ilyashenko and J. Ecalle independently. We
have associated to each foliation .# the number N(.%) of limit cycles of .%. It is
natural to ask how N (%) depends on the ingredient polynomial P and Q of Z.

Conjecture 1.1 (Hilbert 16’th problem) Fix a natural number n € N. There is
a N(n) € N depending only on n such that each foliation F(Pdx — Qdy) with
deg(P),deg(Q) < n has at most N(n) limit cycles.

Of course, it would be of interest to give an explicit description of N(n) and more
strongly determine the nature of

N(n) := max {N(gf(w))‘w — Pdy — Qdx, deg(P),deg(Q) < n} .

One of the objective of the present text is to explain the fact that Hilbert 16’th
problem is a combination of many unsolved difficult problems. We note that even
the case n = 2 is open.

1.4 Algebraic curves invarant by foliations

Let f € R[x,y]. An algebraic curve over R is defined to be

{f =0} :={(x,y) €R?| f(x,y) = 0}.

It can happen that such an algebraic curve is empty, for instance take f = x> 4+y*+1,
or it is a point, for instance take f = x>+ y>. For a moment assume that {f=0}
near to a point look like a smooth curve, for instance take f = x> +y> — 1 for which
the curve is a circle of radius 1.

Let Z(X), X = P% + Qa% be a foliation in R? as before. We would like to
see when the smooth part of f isa part of trajectories of X (leaves of # (X)). The
gradient vector

df d df d
dx ox * ox dy

is perpendicular to the curve and so if we have

I p, 9f o _
$P+&—yQ_f~R. (1.3)
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then {f = 0} in neighborhood of p is a part of a leaf of .Z. If the equality (1.3)
occurs then we say that the algebraic curve {f = 0} is #-invariant.






Chapter 2
Darboux’s theorem

In this chapter we will state and prove a theorem due to G. Darboux in [Dar78]. It
says that if an algebraic foliation in C? has an infinite number of algebraic leaves
then it must have a first integral. We will actually work over an algebraically closed
field k of characteristic zero instead of C, and this will force use to use the algebro-
geometric notation Aﬁ instead of C2. This will also automatically lead the reader to
think about similar problems when the characteristic of the field k is not zero.

2.1 Some algebraic notations

The set of polynomial differential O-forms, 1-forms and 2-forms are respectively
given by

.Qgﬁ = k[x,y],
Qo = {Pdy—Qdx| P.Q € k[x,y]},
.Qgﬁ = {PdxNdy| P € k[x,y|}.

The wedge product is defined in the following way:
(Pldx+ 01dy) A (Pzdx+ Ordy) := (Pl 0> — P,Q1)dx Ndy.

It follows from the definition that for all @;, @, € Q }&2 we have @; A @; = 0 and
k
W A\ @y = —» A @p. We have the differential maps:

oP  OP
do: Qs = Qa0 do(P) = ——dx+ FRC

dy: .Q}&ﬁ - Qgﬁ, dy(Pdx+ Qdy) = doP Ndx+doQ A dy.
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Exercise 2.1 Show that d; ody = 0.

From now one we do not write the sub-index of d; being clear in the context which

of dy or d; it is.

Exercise 2.2 If d® = 0 for some @ € Q,, then there is a f € Q7, such that ® =
k k

df. Is this true for char(k) # 0? Can you classify all ®’s which do not satisfy the

mentioned property.

An easier statement is that if df =0 for f € .Qgﬁ then f is a constant, that is,

f € k. This is false if the characteristic of k is not zero. For instance, in a field of
characteristic p we have dx? = px?~dx = 0 but x” is not a constant.

Let k =R or C. Let also ¥ = (x(¢),y(¢)) : (k,0) — k> be an analytic map and
® = Pdx+Qdy € .Q&a. The pull-back of @ by 7 is defined to be

v = (P(0),50) 2+ 0(xte) () 22

Exercise 2.3 Show that y*® = 0 is independent of the parametrization ¢, i.e if a :
(k,0) — (k,0) is an analytic map and y*® = 0 then (yoa)*® =0.

If v*@ = 0 then we say that @ restricted to the image of ¥ is zero. We denote by
P
k(x,y) := 0 | P,Q € k[x,y]

the field of rational (meromorphic) functions in Aﬁ. The set of meromorphic differ-
ential i-forms is denoted by £, , (*) (instead of k[x, y| we have used k(x,y)).
k

Exercise 2.4 Show that if for @, @, € Q fl%ﬁ (*) we have @; A @, =0 then @, = R,

for some R € k(x,y). Formulated in a different way, show that if for @; = Pdy —
QOdx,m € .Qéz we have @; A @, =0 and P and Q are relatively prime then @, = Rw;

k
for some R € k|x,y]. Is this exercise true for char(k) # 0.

Definition 2.1 For Q € .an and w € Qéﬁ we denote by % any meromorphic dif-

ferential 1-form o such that
Q=0Nd.

For instance, if if Q = Rdx Ady and @ = Pdx+ Qdy then we can choose

R
o= —dy.
Py

It follows from Exercise [I2] that the difference of two such o is an element in
k(x,y)®.
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Exercise 2.5 (Stokes formula) Let § be a closed anti-clockwise oriented path in
R? which does not intersect itself. Let also A be the region in R? which & encloses.

Then
/a):/dw.
S A

which is called the Stokes formula. Give a proof of this using the classical books in
calculus.

2.2 Invariant algebraic sets

In §1.4] we have seen that if an algebraic curve is tangent to a vector field, this
amounts to a polynomial equation. In this section we take this as definition.

Definition 2.2 We say that a curve {f = 0} given by a polynomial f € k[x,y] is
F (o)-invariant if
oNdf=fn, forsomene.Q}v. 2.1

The geometric descnptlon of the equality (2.1} is as follows. Let us write @ = Pdy —
Qdyand X = pPe 5=t Q Jy as usual. We know that

o Ndf = (Pdy— Qdx) A (g—i{dx—&— (zijdy) = (X-Vf)dxAdy= fRdxNdy (2.2)

where 11 = Rdx Ady. At a smooth point of f =0 we have X -Vf =0 and Vf is
perpendicular to { f = 0}. These imply that X is tangent to { f = 0} at that point. Let
us take f € k[x,y] which is not necessarily irreducible. We take the decomposition
f=TI-, f{", ni € Ninto irreducible polynomials f;. We have

n

a)/\— Z ,w/\—

and so in Definition[d] we do not need to assume that f is irreducible. We may extend
Definition E]to meromorphic functions, that is, n; € N. Let us define

le(f) = iniD,-, Dl' = {f, = 0}
i=1

and assume that D;’s are distict, that is, for distinct 7 and j, f; is not a multiple of f;
by a constant in k.

Exercise 2.6 For f € k(x,y), {f =0} is .% invariant if and only if all D;’s are .% -
invariant.
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2.3 First integral

Definition 2.3 We say that f € k(x,y) is a (rational) first integral of the foliation
F (o) if
wAdf =0. 2.3)

If this is the case we say that .% () has a first integral. If f € k[x,y], thatis, f is a
polynomial then we say that .% (@) is Hamiltonian.

Exercise 2.7 Using Exercise show that if .% (w) has the first integral f then
there is g € k(x,y) such that

w=gdf.

Let us assume that f = % where F,G € k[x,y] have no (non-constant) common

factors. We have G.dF — FdG
df = T

and so .7 (G.dF — F.dG) has the first integral %

Proposition 2.1 If the foliation .7 (®) has the first integral f := % as above then
all the algebraic curves curves F —cG = 0,¢ € k are % (®)-invariant .

Proof. The polynomial F and G have no common facors, and so by Exercise[T4]it is
enough to show that % = f—c¢=0is F-invarint. This follows from @ Ad(f —
c)=oANdf=0. O

2.4 Darboux’s theorem

Theorem 2.1 (G. Darboux, [Dar78]) If the foliation .F has infinite number of in-
variant algebraic curves then F has a rational first integral.

Recall that by definition two algebraic curves {f; = 0},{f> = 0} are the same if
f1 =c- f» for some ¢ € k.

Proof. The proof is classical and can be found in [LNS] page 92. Let us assume
that % (w) has infinite number of invariant algebraic curves {f; = 0}, i € N. By
definition @ Adf; = fi.ni, Mi € Qiﬁ. We rewrite this

df
oA Tf’ = pidxANdy where p;€Kklx,y]

1

A key observation in the proof is that deg(p;) is independent of the degree of f;. To
see this fact we write
afi . dfi

(Pdx+ Qdy) A (axdx+ aydy) = f;i-pidxN\dy
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and so
pofi 9fz _
P~ Q5 =fipi
Let d := max{deg(P),deg(Q)}. Then
0 af;
deg(p) +deg(f) = deg(f- i) = deg(P5E ~ 051) < d+deg( ) -

and so deg(p;) < d — 1. The vector space k|x,y|<, = {f € k|x,y]|degf < n} is finite
dimensional and in fact )
s (*7)

We set n = d — 1 and define a, to be the dimension of the k-vector space generated

by pi’s. We have
d+1
<
e

We choose a basis p1,pa,...,pq, for such a vector space. The element p, 1 is
linearly dependent with the element of such a basis, that is , there are r; € k, i =

1,...,aq+ 1 such that
ag+1

Y ripi=0
i=1

and ry, 41 # 0. In other words

ag+1 d ag+1 d
on ¥ nE f' = X f' 0.
ag+1
Let a = Z T fl which is a closed form, that is, da = 0. We repeat the same
argument fOI' P1,P2;s---3PaysPag+2
ag+2
Y Fopi=0
i=1,i#ag+1
ag+2 df
for some 7; € k and 7,42 # 0 and we get WAB =0 with B := ) f,-Tf’.We
i=litag+1
have

oNoa=wAB=0.

From this we conclude that @ = /3, @ = gf3 for some non-constant functions f, g €
k(x,y) (see Exercise[12]). Since dot = 0 we conclude that d f A B = 0 which together
with @ = gf implies that f is a first integral of % (®). Note that f is non-constant

because o = f and in the expression of o and B we have respectively the terms
dfazt1 n dfa,+2
Jag+1 Jag+2~
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Exercise 2.8 The last step in the proof of Darboux’s theorem must be rewritten in
order to make it algorithmic. Write such an algorithm with the input @, f;, i =
1,2,3,... and the output f.

It is possible to derive refinements of the Darboux’s theorem by analyzing its proof.

Theorem 2.2 If the foliation 7 (®), ® = Pdy— Qdx, max(deg(P),deg(Q)) =d
has (dgl) + 2 number of invariant algebraic curves then % has a rational first
integral.

Proof. Same as proof of Theorem[2.1] O

We observe that we have new examples of foliations appearing in the proof of Dar-
boux’s theorem.

Definition 2.4 A holomorphic foliation .#(®) has a logarithmic first integral if
there are polynomials fi, f2,..., fs € klx,y] and A1, A2,...,As € k such that

co/\(i/li%) 0.
i=1 i

For k =R or C, the level surfaces of the multi-valued functions f]’l : 2/1 2. fh are
tangent to the foliations .% (). We call this a logarithmic first integral of # (o).

Theorem 2.3 If the foliation .7 (®), ® = Pdy— Qdx, max(deg(P),deg(Q)) =d
has (dgl) + 1 number of invariant algebraic curves then ¥ has a logarithmic first
integral.

Proof. Same as proof of Theorem[2.1] O

Exercise 2.9 Discuss Darboux’s theorem over a field of non-zero characteristic.

2.5 Optimal Darboux’s theorem

Are the lower bounds for the number of algebraic solutions in Theorem @] and
Theorem optimal? More presiely, is there a foliation of degree d with (7}') +
1 (resp. (d;rl)) algebraic solutions and without a rational (resp. logarithmic) first
integral? In this section we would like to discuss this issue.

Theorem and Theorem are valid using the projective degree. For a folia-
tion & (@), ® = Pdy— Qdx of projective degree d the 1-form seen as mermorphic

form in IF’& has a pole of order d + 2 at the line at infinity. If @ A % = pdx A dy then
we know that dx, dy, df—f and p have respectively pole order 2, 2, 1 and deg(p) at the

line at infinity. This implies that deg(p) < d — 1. Therefore, we can re state these
theorem using projective degree.
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The previous observation impplies that Theorem is not optimal if we use
affine degree. The reason is as follows. Let us take a foliation .7 (®) of affine degee
d and with @ algebraic leaves in A,%. We consider two cases:

1. The line at infinity is not invariant. In this case .%# has projective degree d — 1
and (d+1)d/2 > d(d —1)/2 + 1. Therefore, Theorem in the projective case
implies that .% is logaritmic.

2. The line at infinity is invariant. We take an affine chart of P} such that the
line at infinity is not invariant, and hence, % has (d + 1)d/2+ 1 invariant algebraic
leaves. Theorem [2.3]in the projective case implies that .Z is logaritmic again.

The conclusion is that the projective degree is more natural when we deal with
an optimal version of Darboux’s theorem.

Proposition 2.2 Consider the foliation
F (), @ :=xPdy —yQdx, P,Q € k[x,y|<i. (2.4)

For generic choice of P and Q, the lines x =0, y = 0 and the line at infinity are
the only invariant algebraic curves of [2.4). In particular, the foliation () is not
logarithmic.

Proof. The first part of the theorem must be worked out by analysing the separa-
trices of the seven singularities of .% (). For the second part we take a chart for
P2 such that the line at infinity is not invariant and we have three invariant lines
li(x,y) =0, i=1,2,3.1f .7 (w) is logarithmic then d(%) = 0, for some product of
lines /;, as .% (@) has no other algebraic leaves except /; = 0. This is an algebraic
relation betwenn the cofficients of P and Q.

2.6 Projective spaces

In algebraic geometry many theorems are stated for compact/complete varieties.
A typical example is the Bezout theorem on the number of intersections of two
curves. Curves in A,% may not intersect each other at all, even if we assume that
k is an algebraically closed field. For instance, take xy — 1 = 0 and x = 0. In this
case there are many intersection points at infinity, and we are going explain what
means infinity in this case. This will lead us into various compactifications such
as the usual projective space Pﬁ, the product of two lines P! x P! and weighted
projective space P'"1:"2 y; w, € N. Holomorphic foliations are also best viewed
in a compactification of A2 and it turns out that depending on the foliation .7 in A?
one compactification is better than another one.

The projective space of dimension 7 as a complex manifold is defined as follows:

P = (€ - {0})/ ~

where
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a,b € C""' —{0}, a~b < a=kb, forsomekec C—{0}.

For the purpose of the present text, we will mainly use P! and P?. The projective
space of dimension one P! is covered by two charts x,x’ biholomorphic to C and the
transition map is given by

The projective space of dimension two P2 is covered by three charts (x,y), (u,v), (i,
biholomorphic to C? and the transition maps are given by

y 1 r_ X
v==>u=—, V==
x X y y

Considering the chart (C?, (x,y)), P? becomes a compactification of C2.

2.7 Projective spaces as schemes

In this section we define the projective space of dimension two P over an arbitrary
field. We also explain the main idea behind the definition P as a scheme. By the
affine scheme A2, we simply think of the polynomial ring k[x,y]. Open subsets of A?
are given by the localization of k[x,y]. We will need two open subsets of Aﬁ given
respectively by

1 1
k[xvya 7] and k[x7y7 7]
y x
By the projective scheme P? we mean three copies of AZ, namely
klx,y], klx,2], k2]

together with the isomorphism of affine subsets:

1 1 1
k[xayaf] = k[x7zu7}7 X = ‘Ev y= - (25)
y Z Z Z
1 1 1
k[xmyv*] = kb@Za*]a Xt —, Yy X
X Z Z Z
1 1 1
k[xazvf] = k[y,Z,*}, X= —, 2 E
X y y

The best way to see these isomorphisms is the following. We look at an element of
k[x,y] as a function on the k-rational points k? of the first chart and for (a,b) € k2,
we use the identities

a 1 L b 1

i1 =[] = [1:2:0)
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Let C be a curve in AZ given by the polynomial f(x,y) € k[x,y]. It induces a curve
Cin IP’& in the following way. Let us define f} := f and

1 1
fE ) =02, £(5,2) =2A02)
Z Z Z Z

We think of the the curve C in the same way as Pﬁ, but replacing k[x,y] with
klx,y]/{f1) and so on. Here, (f1) is the ideal k[x,y] generated by a single element
f1. We can also think of C in the same way as P} but with the following additional
relations between variables:

fl (X,y) =0in k[xvy]

fZ(x7Z) =0in k[x,z]

and
f3(y,2) = 0in k[y, z].

The above discussion does not use the fact that k is a field. In fact, we can use an
arbitrary ring R instead of k. In this way, we say that we have an scheme C over the
ring R. The function field of the projective space Pﬁ is defined to be

k(P7) :=k(x,y) 2 k(x,2) 2 k(y,2),

where the isomorphisms are given by (2.3). The field of rational functions on the
curve C is the field of fractions of the ring k[x,y]/(f). Using the isomorphism (2.3)),
this definition does not depend on the chart with (x, y) coordinates. We can also think
of k(C) as k(x,y) but with the relation fi(x,y) = O between the variables x,y. Any
f € k(C) induces a map

C(k) =k

that we denote it by the same letter f.

2.8 Foliations in projective spaces

A foliation .7 (@), ® = Pdy — Qdx extends to a holomorphic foliation in P2. For
instance, in the chart (u,v) we have

R B U 1w, 1. Pluv)dv—0(uv)du
w—P(;,;)d(;)—Q(?;)d(;) = A2 ) (2.6)
P,0 € Ku,v]

Definition 2.5 The smallest number d in the equality is called the (projective)
degree of the foliation .# (®).
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It is also natural to define the (affine) degree of % ():

deg(.7) := max{deg(P),deg(Q)}.

These two notions if degree are different. Working with foliations in Pﬁ it is useful
to use the projective degree.

Proposition 2.3 A foliation of the projective degree d in the affine coordinate A% C
Pﬁ is given by the differential form:

Pdx+ Qdy + g(xdy — ydx)

where either g is a non-zero homogeneous polynomial of degree d and deg(P), deg(Q) <
d or g is zero and max{deg(P),deg(Q)} = d. In the first case the line at infinity is
not invariant by % and in the second case it is invariant by 7.

Proof?

Proof. O

Proposition 2.4 Let k be an algebraically closed field and let F be a foliation in
Pﬁ of projective degree d. A line in Pﬁ which does not cross any singularity of F has
d (counted with multiplicity) tangency points with the foliation .% . In particular, for
a generic line we have exactly d simple tangency points.

Proof?

Proof. 0O

There are foliations in ]P’i which are naturally given by meromorphic 1-forms @,
see for instance In homogeneous coordinates we write

o= f{' f32 - f2(Pdx+ Qdy+Rdz), ki € Z, Px+Qy+Rz=0

where f;, P,Q,R are homogeneous polynomials in k[x,y,z] and P, Q, R have no non-
constant common factors. We define

DiV(O)) = ikiDiv D, = {ﬁ = 0}
i=1

We use the following in order to determine the degree of ..

Proposition 2.5 Let 7 (@) be a foliation in P} giveb by the meromorphic form ©
as above. The projective degree of F is Yi_, kideg(f;).
Proof. O

Remark 2.1 Let .7 (@) be a foliation in A7 given be a meromorphic form @. We
consider ® as a meromorphic form in P? and hence @ might have zeros or poles
along the line at infinity. The affine degree of .% is the projective degree of .% if the
line at infinity is .% -invariant and it is equal to the projective degree of .# plus 1 if
the line at infinity is not .%# -invariant.
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2.9 Jouanolou foliation

The holomorphic foliation defined in Aﬁ by the 1-form
o = (y —xNdy — (1 —x%y)dx

is called the Jouanolou foliation of degree d. One usually compactify Aﬁ inside Pﬁ.
Consider the group

G:={ecC|el T =1}
It acts on Aﬁ (and hence in Pﬁ):
(g,(x,y)) = (9 x,ey) € € G, (x,y) € A}

It has a fixed point p; = (0,0) at A2 (and two other fixed points p» =[0:1:0], p3 =
[1:0:0] at infinity). For each & € G we have £*(®) = €' ® and so G leaves the
Jouanolou invariant. We have

Sing(Fa)c = {(e,67™) | e € G}
(there is no singularity at infinity) and G acts on Sing(.%) transitively. For pictures of Jouanolou foliation see

[MY09)

2.10 Ricatti foliations

Another natural compactification of A? = Al x Al is P! x P! which is useful for
studying the Riccati foliations is given by:

o = q(x)dy — (po(x) + p1(x)y + p2(x)y*)dx, po,p1,p2,q € k[x].

Substituting y = % we have

o= y%(_Q(x)dy = (Po(x)y* + p1(x)y + pa(x) )dx)

and so all the projective lines {a € C | g(a) # 0} x P! are transversal to the foliation.
This will be later used to define the global holonomy of Ricatti foliations.
2.11 Weighted projective space

Let w := (wg,w1,...,wy), Where w; are natural numbers. The multiplicative group
C* acts on C"*! — {0} by
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k-x= (K"xp, k" x1,- -, k""x,), x € C"T1 — {0}, keC
The weighted projective space P" is a toplogical space defined by the quotient:
PY = (C"*! —{0})/C".

For w=(1,1,---,1) this is the usual projective space of dimension n. In general P"
might have singularities, and hence, it is not necessarily a complex manifold. For
the purpose of the present text, we need P12, that is, the first weight is 1. We
have an open subset of P* = P1:¥1:"2 given by

AZCPY) (x,y)—[1:x:y].

In this way we consider weights deg(x) := w;, deg(y) := wyp and define the
weighted degree of a polynomial with these weights: deg,,(x"y™) = nw; + mwy.
For a polynomial P we write its homogeneous decomposition P = Py + P, +
-+ P, P, #0, where deg, (P,) =i, and define deg,,(P) = a . For a foliation
F (o), ®=Pdy— Qdx we define

deg,,(F) := max(deg,,(®)).

where we have considered weights for differential forms: deg,, dx :=wy, deg, (dy)=
wjp.
We consider the weighted projective space P!>, A foliation .% of degree 2d is
given by
® := (y+R(x))dy + (Q(x) + yP(x))dx,

deg, (R) <d, deg,,(Q) <2d—2, deg,(P)<d-2.

We can make the change of variable (x,y) — (x,y+ R(x)) and arrive at the Liénard
foliation in AZ:

2.12 Foliations given by closed forms

Let us consider a moromorphic 1-form in AZ. In an affine coordinate system (x,y)
P(x.y)dy—0(x,y)
‘ R(zy) .
classify closed meromorphic 1-forms, that is, those with d@ = 0. This will give us
the class of foliations with Liouvillian first integrals. The following proposition in

the complex context has been proved in [LNS, Propostion 2.5.1].

we can write @ = , where P,Q, R € k[x,y]. In this section we want to

Theorem 2.4 A meromorphic 1-form in Aﬁ is closed if and only if it can be written
as
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k

dfi 8

CO:ZA,’ _l—l-d P pp—— el ri €N, A €k, ﬁ,gek[x,y]. (2.8)
= fi N e f

Proof. Clearly the differential form in is closed. Let us prove the other direc-
tion. Let w be a meromorphic closed 1-form in Aﬁ. It is enough to prove the theorem
over complex numbers. If @ is defined over k then we take { f; = 0} the irreducible
components of the pole divisor of @, and so, f € k[x,y]. Moreover, r; is the pole
order of @ along f; = 0 which can be read directly from the expression of ®. We
claim that A;’s and g are also defined over k. If not we take ¢ € Gal(k/k) which do
not fix the expression in the right hand side of (2.8). After acting this on both hand
side of (2.8)) and taking the difference with (2.8) we get an equality of the form:

k df: —
Z(Af—d(ll’))ﬁ—i_d( rlflgrzfcl(g) rkl> =0.
i 1 2 fk

Since r; is the pole order of @ along f; = 0, f; does not divide g. All these and the
above equality imply that 6(4;) = A;, 0(g) = g and so these are dfined over k. Now
let us prove the theorem over complex numbers. [

Exercise 2.10 Rewrite Theorem [2.4] and its proof for a meromorphic differential
1-form in P} and in homogeneous coordinates, see [LNS|, Propostion 2.5.1].

Definition 2.6 Let  be as in (2.8). The following multi-valued function

A oA A g
T 22"'fkkeXP< =1 -1 rk1> 2.9)
1 > fk

is called the Liouvillian first integral of .# (o).

Definition 2.7 A foliation . in A7 given by
k dﬁ
o= Zﬂviia rneN, A€ k, fie k[x,y].
=i
is called a logarithmic foliation.

For the deformation of holomorphic foliations the projective degree is more suit-
able. Let .# be a foliation in IP’& given by a closed meromorphic 1-form. Similar to
the affine case we can write

L dfi g
w:_{‘,x,-fjtd T ) rneN, ek, Y Adeg(f)=0, .
i=1 1 2 k
(2.10)

proof?

ri—1 prp—1 re—1

and f;, g’s are homogenenous polynomial in k[x, y,z] and deg(g) =deg(f;' ™ f;
By Proposition EI we know that the projective degree of .7 is ):;‘:1 d; - s;, where
d; = deg(f;).

k
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Proposition 2.6 (Lins Neto, [Net07], Observation 3.3.1, page 104) The foliation
F as above is in the Zariski closure of £ (dy,ds, . ..,dy,¥* (sj—1)d;).

i=1

Proof.

2.13 Foliations and schemes

Most of the experts in holomorphic foliations has avoided to use the machinery of
schemes for foliations. The main reason is that still for holomorphic foliations there
are many open problems related to their dynamics and topology, and so producing
more arithmetic problems and in this way justfying the usage of schemes, does not
seem to accesible, or to be a priority. In this section by a simple example we explain
why the language of schemes can be useful for deling with foliations. Of course, the
content of this section is just a glance into a territory which might produce fruitful
applications in the future.

We assume that k is algebraically closed field of characteristic zero. By definition
A? := Spec(klx,y]) is the set of all prime ideals p of k[x,y]. It has three types of
points.

1. A closed point of AZ is given by the ideal (x —a,t —b) for a,b € k, and hence,
the set of closed points is usually identified with k?. A geometer usually think of
AZ as the set of its closed points.

2. The generic point p is simply given by the zero ideal, and one might identify it
with whole AZ.

3. For an irreducible polynomial f € k[x,y] we have the prime ideal p € (f) € Aﬁ.
1 €klx,y].

In AZ we have a natural topology, see [hor77, page 70], and so we can talk about
neighborhood of points, the ring of germs of regular functions &, and the ring of
formal functions at p.
0, = lim @f.
n—o0 p
For a closed point p, this is just the ring of formal power series around p. Let
Z (), = Pdx— Qdy be a foliation in A?

Definition 2.8 We say that @ has a first integral near a point p € Aﬁ if there is
f € 0y, suchthat o Ndf = 0.

Let us write down this definition in simple words. By definition .% (@) has a first
integral around the generic point if and only if it has polynomial first integral f &
k[x,y], that is, @ Adf = 0. For a closed point p, .% has a first integral around p =
(a,b) if there is a formal power series f in x —a,x — b and with coefficients in k such
that w Ad f = 0. The first fundamental theorem in ordinary differential equation says
that if p is not a singularity of .% then .% has a first integral f around p. Moreover
f is convergent in a small neighborhood of p if k = C. Now assume that p is neither
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a closed nor generic point. Therefore, p = kx,y]f for an irreducible polynomial
[ eklxyl.

Proposition 2.7 A foliation % (®) has a first integral around p = (f), f € k[x,y] an
irreducible polynomial, if and only if there are sequence of polynomials f, € k[x,y]
such fo1 — fu = f"gn for some g, € k[x,y] and

oANdf, € o,
for some 6, € .an and and for large enough n.
Proof. This is just the translation of a first integral around p. Note that
OA-: ﬁ,,/p”“ — ﬁp/p"“dx/\dy.
O

Proposition 2.8 If .7 as Proposition has first integral around p = (f) then it has
first integral around any closed point (a,b) with f(a,b) = 0.






Chapter 3
Holomorphic foliations

In Chapter [I] we have considered foliations over the field of real numbers as this
is needed in the announcement of Hilbert’s 16-th problem and in Chapter [2] we
have considerd foliations over a fairely arbitrary field as in the announcement of
Darboux’s theorem we do not need a specific field. In this chapter we work with fo-
liations over the field of complex numbers and call them holomorphic foliations. We
replace C? with R? and hence the defining differential form @ of a foliation .7 (@)
might have coefficients in C. This is the beginning of the theory of holomorphic
foliations on complex manifolds. We will also introduce the notion of holonomy
which is a natural counterpart of the Poincaré’s first return map introduce in

3.1 Complexification

Most of the discussion in Chapter [I]is valid replacing R with C. In this way, we
replace the term analytic with holomorphic. In particular,

Theorem 3.1 Fora € C? if X (a) # O then there is a biholomorphism F : (C%,0) —
(C?,a) such that the push-forward of% byFisX.

The images of the complex solutions of the vector field X give us a (singular)
holomorphic foliation .# = .% (®)c = .Z¢ in C2. The leaves of .%¢ are two dimen-
sional real manifolds embedded in a real four dimensional space C> = R*. If the
differential 1-form o is defined over R, that is P, Q € R][x,y], we can talk about both
foliations . #g = .Z(w)g and Fc = .7 (@)c in R? and C? respectovely. Note that
R? C C? and

Fr=R*’NZ¢, (3.1

that is, the intersection of a leaf of .%¢ with R? is a union of leaves of .%g. Note that
Z¢ may have more singularities which do not lie in the real plane R?. In order to
get some intuition of (3.I)) we explain it for a very simple curve, that is, the equation
of a circle. Let

C:¥’4+y*=1, D:xy—1=0.

25
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Fig. 3.1 Correct intuition

The curve C(R) is the circle of radius 1 and D(R) is a hyperbola and they are not
isomorphic topological spaces because the first one has one connected component,
whereas the second one has two. However, over complex numbers these two curves
are the same and the isomorphism is given by

C(C) = D(C), (x,y) > (x+iyx—iy),
where i = v/—1. The curve D(C) is parameterrized in the polar coordinates by
x=re?™0 y= 1720 LR 9 e0,1]. (3.2)

Since the bijection RT — R™, x+ x~! sends 0 to oo, both curves C(C) and D(C)
are cylinders with two infinities, let us say —eco and +c0. A cycle 6 travels from —oo
to +oo and it covers the whole cylinder. We would like to make a correct intuition
of this travel. This is fairly easy in the case of C(C). This cycle is in the real four
dimensional space C?. In a certain time it fully lies in the two dimensional space
R? C C? which is seen as a circle of radius 1 and center 0 € R2. It disappears from
the two dimensional world and continues its travel toward —oo, see Figure A.
The case of D(C) is a little bit tricky as the first reasonable intuition turns out to be
false. First of all we have to identify two connected components of the hyperbola
D(R) inside the cylinder D(C). These are just two lines in D(C) coming from —eo
and going to 4o without touching each other. Our cycle touches each of these lines
at exactly one point and it seems to make the intuition in Figure B. However,
a simple check with the parametrization gives us the intuition in Figure[3.1]B,
that is, the cycle 6 near —oo is stretched along the y-axis and as it goes to +oo it
becomes stretched along the x-axis.

3.2 Integrating form and transversal section

In this section we take a regular point a € C? of a foliation .% (@) in the complex
manifold (C2,a) which is just an small open neighborhood of @ in C2. In this context
the ingredient P and Q of @ := Pdy — Qx can be holomorphic functions in (C?,a).
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We denote by O , the ring of holomorphic functions in (C?,a) and hence P,Q €
Oc2 .. We denote by L, the leaf of .7 (@) through p € (C?,a).

Theorem 3.2 Assume that a is not a singularity of % (®) (regular point). There are
holomorphic functions f,g € O , such that

wo=g-df

Further, g(a) #0, f(a) =0and f is regular at a, that is, the derivation of f at zero
is not zero.

Proof. The proof follows from Theorem (3.1} Since @(X) = 0 and the push-forward
of % by F is X, the pull-back @ of @ under the map F necessarily satisfies (I)(%) =
0 which implies that @ = gdy, for some holomorphic function g € ﬁ((lz,O' Therefore,
o = g-df, where g is the push-forward of g and f is the second coordinate of the
inverse of F. 0O

Definition 3.1 In Theorem[3.2} we call f a local first integral of .7 (®) and call g a
local integrating factor of .7 ().

In Theoremwe usually need the inverse § := F~' = (f,f), f,f€ Ocz, of F
and call it a Tocal chart for . around a. Note that by our proof of Theorem a
local first integral is a second coordinate of a local chart. We would like to discuss
the issue of different choices of pairs (f,g).

Proposition 3.1 In Theoremlet us consider two pairs (f;,gi), i =1,2 such that
0 =gidfi=gdf.
There is a biholomorphism h : (C,0) — (C,0) such that

81
W(fi1)

Proof. Since the derivative of f;, i=1,2 at a is non-zero, we can find a holomorphic
function f; € Oz, such that §; := (g;, f;), i = 1,2 is a chart of .%. The map {, o
¢! (C2,0) — (C2,0) is a biholomorphism and it sends dy to hdy, for some & €
O - Therefore, § 0 & (x,) = (h(x,y),h(y)) which can be rewritten as (> (x,y) =

(h(&1(x,y)),h(f1(x,y))). This implies that f> = ho f;. The second equality in (3.3))
follows from this and g1d f1 = g2df. O

fa=hofi, &= (3.3)

Definition 3.2 Let .# = .% (®) be a foliation in C? and let a be a regular point of
Z . A transversal section to . at a is

Li:={q€(C*a)| f(q)=0)}
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where f € O , together with a first integral f € 02, give us a local chart § =

(f, f) around a. The transversal section X, has always the coordinate system given
by the image of f.

Proposition 3.2 Let { = (f,f) : (C?,a) — (C?,0) be a local chart for F, p,q €
(C2,a) be two points in the same leaf and X,, X, be two transversal sections to F
at p and q, respectively. There is a unique biholomorphism

h: (Emp) — (Eqa‘I)

which is characterized by the fact that z € (X,, p) and h(z) € (X,4,q) are in the same
leaf of F.

The map £ is called a local holonomy of .%.

3.3 Holonomy

In this section we take a foliation .% in C2. Let § : [0,1] — L be a path in a leaf L
of the foliation .# with initial point p and end point ¢g. Assume that  has a finite
number of self intersecting points and take two transversal sections X, and X, at p
and g, respectively. We cover the image of 6 with local charts for .% and since [0, 1]
is compactt we can do this by a finite number of local charts:

&:U — (C%0),i=0,1,2,3,...,n.

Further, we can assume that U; N U;_1 # 0. We also take a transversal section X; at
some point p; of the path é in U;_; NU;. By convention, we set

Z:0 = va En+1 = an Po =P, DPni1:=4¢.
Using Proposition |l 1| we get biholomorphisims

hi - (Zi,pi) = (Zig1,piv1), 1=0,1,2,...,n

Fig. 3.2 Holonomy
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Definition 3.3 The holonomy map from X, to X, is defined to be
h:=hyo---ohjohy: (Ep,p) — (Zq,q).

The following discussion may help to have a better geometric picture of the notion
of holonomy.

There is a neighborhood Uy of the path & such that for every ¢ € [0,1] and z € Us
near 6(t), the lifting path &, . of J [jo, in the leaf L; is well-defined. Roughly
speaking, the path ;) ., in the leaf L;, connects k(z) € X, to z in the direction of
the path & \[0_’[]. In Figurewe have shown that in the self intersecting points of &,
depending on the choice of 7, we can choose non-homotop Sk(z)x’s. These paths are
depicted by dash-dot-dot lines. Let Us be the set of all homotopy classes [5k(z)7z] in
an small neighborhood Us of &. The reader can easily verify that Ug is a complex
manifold and the natural map 7 : Us — Us may not be one to one near the self
intersecting points of § (see Figure . All functions, for example k(z), that we
define on the set Us are multivalued near such points and are one valued in Us.
For simplicity, we will work with Us instead of Us. Let g = 8(¢;), 0<t; < 1,be a
point of 6 and X, be a small transverse section at ¢ to .%. For any point z € X, the
lifting &) . of & \[07,1] defines the holomorphic function k : X, — X,. The function
h=k"':X,— X, is the holonomy of .Z along & from £, to X,.

If 6 is a closed path, ¢ = §(1) and X, = X,, we have the holomorphic germ

h=h5:2p—>2p

his called the holonomy of .% along § in Z,. In general, we get the following group
morphism:
n(L,p) — Bihol(X,p), 6 — hs. 3.4

Note that the fundamental group (L, p) is discrete, however, the group of biholo-
morphims of (Z,,0) is not at all discrete. For instance, after choosing a coordinate
system in X, we have multiplication by a constant in X,

3.4 Holonomy II (written by Olivier Thom)

The following proposition explains the dependance of the holonomy on the path §.
It is an easy consequence of the fact that in a local chart, the holonomy does not
depend of the path, but only of its endpoints.

Proposition 3.3 Suppose .7 is smooth around an open subset U C L of a leaf,
and that 8,8, : [0,1] — U are homotopic with fixed ends inside U. Then for any
transversals Xy, X1 above 8,(0),8) (1), the holonomies hy,hy : Xy — Xy of & along
61 and 8, are equal.
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Thus for any leaf L, any point py € L\ Sing(.%#) and any transversal X above py,
the holonomy induces an anti-representation

Pz . T (L\ Sing(y),po) — Diff(z,po).

If § is a closed loop based at p, and ¢ is a parametrization ¢ : (C,0) — (X, po)
of a transversal X, we can use this parametrization to express the holonomy as a
diffeomorphism of (C,0):

¢~ ' oho ¢ € Diff(C,0).

If y € Diff(C,0), then ¢ o y is another parametrization of X and the holonomy
in this new coordinate writes W' o (¢ ~'h¢@) o y. Thus the holonomy written in a
coordinate is not well-defined, but is only defined modulo conjugacy.

There is another way to define the holonomy. Consider again a path 6 in a leaf L,
covered by local charts U;. On each Uj;, choose a local first integral f; of .# such that
LNU; ={f; = 0}. On an intersection U;_; NU;, both functions f;_; and f; are local
first integrals of .# so by Proposition there exists a germ of diffeomorphism
h; € Diff(C,0) such that f; = h;o f;_|.

Note that the function /; 1., oﬁi_l o f; extends fj to U;. If § is closed we can
take U, = Uy and fy = f,,; the construction above then gives another first integral

I 'o.. .0k "o fyof . Denote by
hs=hjo...0h,.

This diffeomorphism is in fact equal to the holonomy of .# along § in the fol-
lowing sense:

Proposition 3.4 In the context above, let p € LNUy, X a transversal above p
and ¢ : (C,0) — (X,p) the parametrization of X satisfying foo ¢ = id. Then
hs = ¢~ 'hs9.

Proof. Lety € C and L, be the leaf of .# passing through ¢(y). On Uy the function
fois constant on Ly, equal toy. On UyNUj, we have fi = hj o fy so that fi (L,NU;) =
i1 (y). It follows that /i, ' o f; is constant equal to y on Ly. We carry on until U, to

obtain that ﬁfl o fo takes the value y on this leaf. But the leaf L, might cross X at a
different point after the loop &, let @(z) be this point.
Thus we get

~ 1
hs o fo(e(z) =,
but by definiton, ¢(z) = hs o @(y) and the result follows.
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3.5 A formula for integrating factor

Let .7 (@) be a holomorphic foliation in C? and let p be a regular point of .%. There
is a Zariski neighborhood U of p and a regular 1-form ¢ defined in U such that

do=0Na

For example, if % is given by a 1-form Pdy — Qdx, then we can define ¢ as follows:

9P | 90 9P | 90
o= D ora=2 gy, (3.5)
p 0
This is defined in the Zariski open set P = 0. For every two such 1-forms a; and oy,
we have:
do=oANoy=0Ntw=0A(0g—0)=0.

This implies that for a ratioanl function f € C(x,y) we have op — oy = f® and so
oy |p= o | for any leaf L of F#

Therefore, @; ’s coincide in the leaves of .%. Using two choices of o in (3.5), we
know a|y, is actually holomorphic in L. We denote it by

do
(0]

If two 1-forms @ and @’ induce the same foliation .%, then there is a rational func-
tion f = f(x,y) such that @ = f® and therefore:

do' =d(fo) :df/\a)+fda):a)’/\(—g+a)1):>

f

o =a——= (3.6)

Definition 3.4 The integrating factor g and first integral f along the path & are
defined as follows:

g, f 1 Us—C

g(z) = exp </5( —da()o>,

7).z

()

f(z) = ‘/‘Sk(z),z IS

The following proposition justifies the names.
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Proposition 3.5 At each point q along the path 6, f and g are local first integral
and integrating factor, that is, ® = gdf in Us, f(gq) = 0 and the derivative of f at q
is non-zero.

Proof. Let us take a local chart, first integral f and integrating factor g around p.

. Y do _ dg C e . o~
Since w = gdf,wehave — 2 = T and so up to multiplication with a constant g = g
and f = f. By analytic continuation we have @ = gdf in Us. Since f(p) =0, we
know that f is zero in the laef passing through p and since ® = gd f and @ does not
vanish in Ug, the derivative of f in any point of Ug is non-zero. O

Now assume that the path 6 is closed and consider a transversal section X to .#
at p. We get the holonomy map 4 : X — X. In a coordinate system z € (C,0) @ X
we can write the Taylor series & = iz +hpz> + -+ and compute #; = /#'(0). The
number /'(0) does not depend on the choise of coordinate system z in X, and so by
abuse of notation, we also denote it by #'(p). It is sometimes called the multiplier
of % along 4.

Theorem 3.3 (Poincaré formula) Ler 6 be a closed path in a leaf L of the foliation
ZF, X be a transverse section at p € 8 to the foliation and h : X — X be the holonomy

along 8. Then
by do
H (p) = exp ( 15 ) 3.7)

Proof. This is a direct consequence of Proposition[I4] Let us consider f, g as holo-
morphic functions in a neighborhood of p and f, g be the analytic continuation of
f,g along 8. All four functions are defined in a neighborhood of p. We choose the
restriction of f on X as a coordinaet system. The holonomy written in this coordi-
nate system and viewed as /2 : (C,0) — (C,0) satisfies f(z) = ho f(z) forallz € X.
Therefore, by Proposition [I0] we have

oo (- [ 6) =80 =it = iy

This finishes the proof. O

The author learned Proposition [I4]and Theorem [3.3]in a course in complex dynam-
ical system with S. Shahshahani in Iran.

3.6 Minimal set

For a holomorphic foliation in IP% one may formulate many problems related to the
accumulation of its leaves. The most simples one which is still open is the following:

Problem 3.1. Is there a foliation .% in ]P% with a leaf L which does not accumulate
in the singularities of .%.
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For instance the above problem for Jouanolou foliation is proved numerically for
d < 4 and it is still open for general d. Let us suppose that such an .# and L exist
and set M := L, where the closure is taken in P2. It follows that M is a union of
leaves of .%. We may suppose that M does not contain a proper .% -invariant subset.
In this case we call M a minimal set.

Proposition 3.6 A foliation in P* with algebraic leaf has not a minimal set.

For many other useful statement on minimal sets see [CLNS88].






Chapter 4

Singularities of holomorphic foliations (written
by Hossein Movasati and Olivier Thom)

In this chapter we collect some local aspect of holomorphic foliations. We would
like to study

F(0), ©=P(x,y)dy—Q(x,y)dx, P,Q€ 0.

with P(0) = Q(0) = 0. This study will be important for the algebraic aspects of holo-
morphic foliations. For instance, the fact that many holomorphic foliations do not
have algebraic invariant curves is closely related to the analysis of their singularities.

4.1 Singularities of multiplicity one

The following discussion can be found partially in [CS87] page 40 page 44-48. Let
® = P(x,y)dy—Q(x,y)dx, with P,Q € 02 )» be a germ of a holomorphic foliation
at 0 € C%. We assume that 0 is a singularity of . (®), this is, P(0) = Q(0) = 0.
Writing the Taylor series of @ at 0 we get

0= Wy + Opp1+ ...

with @; = P;(x,y)dy — Q;(x,y)dx such that P;, Q; are homogeneous polynomials of
degree i. The number m is called the multiplicity of @ at 0 € C2. If m = 1 then we
say that o, is the linear part of @. We will also use the notation .# (X ), where X is
the vector field X := P% + Q(%.

In this section we are mainly interested in the germ of holomorphic foliations
with a non-zero linear part. To each vector field X we can associate the jacobian
matrix J(X;x,y) in the basis (x,y) given by

%(0) ‘9‘.’(0)1
‘X _ | ox dy )

35
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We can use Jordan canonical form for a 2 x 2 matrix with complex coefficients and
get the following result.

Proposition 4.1 Let % (X) be a germ of holomorphic foliation at 0 and let 0 be a
singularity of F (X). Then, up to biholomorphisms h : (C*,0) — (C2,0), X can be
written in one of the following formats:

1 y%—l—...
2. (ax—l—y)%—l—aya%—l-...witha#o.
3. ax% +bya% + ... with (a,b) # (0,0)

Proof. This comes from the fact that a diffeomorphism 4 € Diff(C?,0) acts on ja-
cobians matrices by conjugation. Indeed, suppose ¥ = h*X so that (dh)(Y) =X oh,
we then get

J(W*X;x,y) = dh™ " J(X:x,y)dh.

Exercise 4.1 State and prove a similar proposition as Proposition|l6|over the field
of real numbers. One have to use the Jordan canonical form of two times two matri-

—b
ces over real numbers. Note that the matrix (Z a ) , a,beR, b0 over complex

numbers has two complex eigenvalues a=+ib and it cannot be diagonalized over real
numbers.

Definition 4.1 We say that the foliation % (X) has a simple singularity at the origin
if the jacobian matrix J(X;x,y) has two distinct eigenvalues a # b with a/b ¢ Q1.

We will see in the chapter about blowing-up that we can reduce the study of
singular foliations to the study of foliations with only simple singularities, so in
this chapter we will mainly focus on these. Note that if X = ax% + bya%, the cor-

responding ordinary differential equation and its solution passing through (xo,yo)

are
X =ax x(t) = xoe™
; = bt
y=by | y(t) =yoe™.
Note also that around a point p € {xy # 0}, the foliation .% (X) admits the first
integral
flry) =y’

This function is holomorphic on every simply connected subset of {xy # 0}; the
other first integrals £'/¢ and f~'/? can be extended respectively to simply connected
subsets of {x # 0} and {y # 0}, but in general no first integral of .7 (X) extends to
a holomorphic function at the origin.

Exercise 4.2 For a leaf L of % (X), describe the topological closure L of L (Hint:
See [[CSS87] pages 44-46)

Let us calculate some holonomies. From the above equation we see that the x-
and y-axes are leaves of .#(X). We will name them L; and L,, respectively. Let
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p #0bein Ly, that is p = (x¢,0). Let also 6 be the circle through p turning around
0in L; anti clockwise and X = {(x,y),y € C}. We take a point z = (xp,y) € X and
would like to compute the action of the holonomy on z. We can parametrize 0 by
3(s) = (x0e*™,0) for s € [0,1]. The analytic continuation of the leaf L of .7 (X)
passing through z and along & is of the form &(s) = (xge™, yezmgs ).

For s = 1 we get the holonomy map

h:2—X
(¥0,5) = (0,364
If we parametrize X by y this is simply

(C,0)— (C,0)
i ezmgy (4.1)

:

Fig. 4.1 Holonomy around a singularity
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4.2 Examples

Let us collect some examples of singularties of foliations. If the foliation is simple,
we will suppose that its linear part is already in Jordan canonical form:

d d
X=y—+ax—+... 4.2
y 2 o (4.2)
with a € C. For each type of singular point, the questions are always the same: is
the foliation diffeomorphic to its linear part ? If not, how can we classify the set of
such germs of foliation modulo diffeomorphisms ? Is it true that X has two invariant
curves tangent to the axes ?

4.2.1 Hyperbolic singularities: o ¢ R

A foliations .7 (X) is said to have an hyperbolic singular point at the origin if the
exponent ¢ in equation (4.2) is not real.

Fig. 4.2 The foliation y §- — (1+&i)x 5
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Let X be a linear vector field with an hyperbolic singularity of exponent ¢. Note
that |¢%7%| = 1 so that the holonomy of each axis is either contracting or dilating.
As a consequence, each leaf accumulates both the x-axis and the y-axis.

4.2.2 Saddle singularities: o € R~

The foliation . (X) is said to have a saddle point at the origin if in equation [@2),
we have ot € R™.

Note that although there are no differences between them over C, this class re-
groups both real saddles and real centers.

-2 -1 ] 1 2

Fig. 4.3 The real saddle {xy = cst}

The situation is quite different depending on whether @ € Q™ or not. Indeed, if
X is a linear saddle with exponent & € Q~, then .%# (X) admits a holomorphic first
integral. In particular the holonomy is periodic and every leaf is closed.

In contrast, if X is a linear saddle but & € R™\ Q7, the holonomy of the x-axis
writes h(y) = e2ima! y. So A is an irrational rotation and the adherence of a generic
leaf is a 3-dimensional real manifold contained in {xy # 0}.

4.2.3 Node singularities: o« € R™

The foliation .7 (X) is said to have a node at the origin if in equation (4.2)), we have
acR*.
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P

2 -1 o 1 2

Fig. 4.4 The real center {x* 4y = cst}

2 1 o 1 2

Fig. 4.5 The foliation {y/x = cst}

Once again, the situation depends on whether the exponent ¢ is rational or not. If
o= 5 € Q, then the linear model X has a meromorphic first integral f(x,y) = yx—z,
so each leaf is closed and passes through the origin. On the other side, is & € R\ Q,
= b
W _
leaf L of % (X) is exactly L = g~!(g(L)). Since each manifold L passes through the
origin, it follows that L separates the space C? in two components: C>\ L = U; UU,
and each U; is a neighborhood of an axis.

the real function g(x,y) is constant on each leaf, and in fact the adherence of a
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4.2.4 Saddle-node singularities: o« =0

Note that if X is a vector field with linear part ya%, the foliation associated to the
linear part is smooth so we cannot expect X to behave like its linear part.

2 L L L L L
2 1 o 1 2

Fig. 4.6 The saddle-node y% +x2 %

Take as an example the vector field X = y% —&—xZ%. The foliation .# (X) is also

defined by the closed meromorphic 1-form % — f—;‘ which can be integrated to give

the first integral f(x,y) = ye«lr.
We see in figure that .7 (X ) behaves as a saddle for negative x and as a node
for positive x, hence the name “’saddle-node”.

4.3 Separatrices

Let #(X), X := P% + Qa% a germ of holomorphic foliation in (C2,0), also de-

scribed by the 1-form @ := P(x,y)dy — Q(x,y)dx and let 0 € C? be a singularity of

F (o).

Definition 4.2 For f € O 2 ) with f(0) = 0, the curve { f = 0} is a separatrix of

Z(0)if o Ndf = f.n for some N € 9(26270).
For a formal series f € C[[x,y]] with f(0) =0, the formal curve {f =0} is a

Sformal separatrix of & (@) if @ Ndf = f.n for some N € 'Q(Z(CZ,O) ®ﬁ( Cl[x,y])-

If {f = 0} admits the local parametrization ¢t — ¥(¢) (ie. foy =0 and y # 0),
then this equation is equivalent to the existence of a function r(f) with

c2,0)
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Xoy(t)=r(t).dy <§t) .

In the global (algebraic) context we say that { f = 0} is .% (®)—invariant .

Proposition 4.2 Let % (X) be a germ of foliation with a singularity of multiplicity
1 at the origin. Suppose J(X;x,y) has two eigenvalues a,b € C with b/a ¢ 7 and
consider an eigenvector v associated to a. Then F has an holomorphic separatrix
tangent to v.

Proof. Suppose that the linear part of X is already diagonal:

d d

X = &)=—+by+&)=—

(ax+ l)ax+( y+ 2)aya

with a,b € C and €, &, functions vanishing at order 2. Consider the dilatation A; :
(x,y) € C? s (tx,ty) and the vector field X; = A,*X:

X; = (ax+ %81 (tx,ty))% + (by+ 182(tx,ty));y.
Remark that the family (X;) is a holomorphic deformation of the linear part Xy of X.
Consider the loop (s) = (re*”*,0), the curve T = {x = r} and a disk D = D(0,r) C
T for r small enough. Note also that the fibration {x = cst} is transverse to Xj above
¥ so will be transverse to X; above 7 for t small enough. Thus the holonomy #; of X,
on T along y will be well-defined for small # and gives an holomorphic application

hy:D—T.

By continuity, %, is a deformation of g (y) = e*™/%y. Now, the holomorphic variety
V ={h(y)—y=0} C C, x C, contains the point (0,0) and is smooth and transverse
to {r = 0} at (0,0) since a%(ht (y) —y) # 0 by hypothesis. Hence the existence of
a unique fixed point y, of &, for every small ¢, which can also be seen as a fixed
point of the holonomy of X on A,(T) along A,(y). The collection of points F :=
{(rt,y;)} C C? is thus a closed leaf of .7 (X) passing through the origin, that is,
a separatrix. Note finally that by construction the tangent of F at the origin is the
tangent of the horizontal separatrix of Xy at the origin.

Remark 4.1 To complete this proposition, let us mention what happens when b/a €
Z.Ifbj/a € N~* or if b= 0, there exists an holomorphic separatrix tangent to v. If
a = 0, there also exists a separatrix tangent to v, but in general it is only formal.
This is the case for the following example given by Euler:

d d
29 a2
Xm0y x)ay

which has the formal separatrix y =}~ nix"tl,
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ha=y...

X=Xrk X1=ax.(0/0x)+by.(0/3y)

Fig. 4.7 Poincaré linearization theorem

The existence of formal separatrices can be proven by writing the equation for
a curve Y(t) to be a separatrix and solving it term by term. The convergence must
then be proven by estimating the coefficients.

Ifb/a € N7, it might happen that there are no formal separatrix tangent to v, as
for example for

d d
—+(2 H—.
Xo-+(2y+x7) P
For a general foliation, we have the following result.

Theorem 4.1 (Camacho-Sad) The germ of any holomorphic foliation F(®) in
(C2,0) has a separatrix .

This will be proved after introducing the notion of “blow up” of singularities.

4.4 Poincaré theorem I

Definition 4.3 We say that de foliation F (ax% —|—bya% +...) belongs to the Poincaré
domain if

1. % ¢R- .

2. 9¢{2,34,.,1 11 1

Theorem 4.2 Let us assume that the holomorphic foliation 7 (X), X = ax% +
bya% + ... is in the Poincaré domain. Then there exists a biholomorphism h :

(C?,0) — (C2,0) such that the pull-back of X by h is its linear part ax% + byaiV
We will give a proof for the special case when the foliation is hyperbolic (ie.

a/b ¢ R); the general case can be shown using a proof similar to that of Dulac’s
theorem thereafter.
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We already know by Propositionthat Z (X) has two separatrices tangent to the
axes so we can look at the holonomy of the horizontal separatrix: by hyperbolicity
this is a diffeomorphism which is either strictly contracting or strictly dilating. The
following lemma shows that in this case the holonomy is linearizable; we will then
use this fact to construct a diffeomorphism between X and its linear part.

Lemma 4.1 (Poincaré Theorem) Let h: (C,0) — (C,0) be the germ of a diffeo-
morphism and suppose that |W'(0)| # 1. Then there is a unique diffeomorphism
@ € Diff(C,0) tangent to the identity such that @ oho ¢~ '(z) = I'(0)z for all z.

Proof. Put A = h'(0). Even if it means replacing 4 by 4~!, we can suppose |1| < 1.
Choose a pt € R such that 0 < u? < [A| < < 1 and a small disk D C C such that

P2l < |h(z)] < mlz| VzeD.

In particular, #(D) C D. Let § € R be such that |(z) — Az| < §|z|* for z € D. Then

[1"(z) = A"2| < i AR (2) = An ()]

k=1

=

< Y IAESH T )P

k=1
n
< Z ‘l|n7k6‘u2(k71)‘z|2
k=1
2\ k-1
<6|A‘n 1|Z|22 (” )
4]
< ClA["[zf?
where we defined C = W%#z In particular, the application

()

An EC

¢:z2€D—limy e

is well-defined.
Moreover, for each integers n, p,

n+ n
LS ’“;,M < Mn+plh”<h"< )~ A% ()

@)

(B
(8)

| /\
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The sequence (A"/A™") thus satisfies Cauchy’s uniform criterium and its limit ¢ is
holomorphic on D. Note that ¢(0) =0, ¢’(0) = 1 and for each z € D,

) hil+1
@ oh(z) = lim,_el TJEIZ) =210(z).

Therefore the diffeomorphism ¢ is the one we were seeking.

Suppose @ is another such diffeomorphism. Note that y := @ o ¢! satisfies
V(Az) = Ay(z) for all z. If y(z) = 2+ Y52 a,2", the latter equation gives at order
n the equality a,A"7" = Aa,z". Since A is not a root of unity, the only possibility is
a, =0, so that ¢ = ¢.

Proof (Proof of Theorem{.2). By Proposition [17] the foliation .7 (X) has two sep-
aratrices, and without loss of generality we can suppose that they are the axes Cy
and C,. Fix a transversal T = {x = xo} to Cy, and h(y) the holonomy of the loop
¥(s) = (e*™xp,0) C C, on T. We have already noticed that when .% is hyperbolic,
1'(0) # 1 so by Lemma [1} there exists ¢ € Diff(C,0) tangent to the identity with
Qoh="H(0)o.

Let U be the universal cover of (C2,0) \ Cy: it comes equipped with the pullback
of .Z(X) and the vertical fibration {x = ¢st}. Since U is simply connected, .# has a
first integral f on U equal to ¢(y) on 7. Similarly, the linear part Xy of X has a first
integral fo on U equal to y on T. Consider the diffeomorphisms

v:(xy) €U = (x,f(x,y) € C?,

Yo (%)) €U = (x, folx,y)) € C?
and
D=y, oy.
Now remark that y(e*”x,h(y)) = (e*™x, f(x,y)) and Wo(e?™x, 1’ (0)y) = (¢*™x,y)
by definition of the holonomy. Thus @ (xp,y) = (x, ¢(y)) and
(p(ezmx()vy) = W()_l(ezmxmf(xO?h_l(y)))
=y, ' (Tx0, 00k (y))
= (""x0, K (0)po k™ (y)
= (¢"x0,0(y))-

)

This proves that the diffeomorphism @ : U — U descends to a diffeomorphism
@ : (C%,0)\ Cy — (C%,0)\ Cy which by construction sends the leaves of X to the
leaves of Xy. By construction the diffeomorphism @ is fibered over x and we can
consider it as a family of diffeomorphisms ¢y of the vertical transversals 7,. The
diffeomorphism ¢, is a conjugation between the holonomies of X and Xy on 7
computed in the variable y. By unicity, it is the diffeomorphism given by LemmalT}
We want to prove that ¢, has a limit ¢y when x — 0.
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Since .% (X) has two separatrices C, and C, it can be written X = ax(1 +
£ (x,y))% +by(1+ sz(x,y))g%. Introduce the operator A, (x,y) = (tx,y) and X, =
AX =ax(14€(tx,y)) % +by(1+&(tx,y)) a% The holonomy #, of .% on T, com-
puted in the variable y is the holonomy of X; on Ty, computed in the variable y for
t = x/xg ; it is clear that A, is a holomorphic family with a limit / at x = 0. Notice
that in this context, the majorations in Lemma [T| can be done in family so that the
conjugacies ¢, can be defined on a common disk D and ¢, — ¢y when x — 0 on D.
Thus @ can be extended by ¢y on Cy and gives the sought diffeomorphism.

Theorem 4.3 (Dulac) let #(X), X = axa% + bya% +--+) be a holomorphic foli-
ation in (C%,0) with a = kb, k € N and k > 2. Then either X is holomorphically
linearizable, or there is a unique biholomorphic function h : (C?,0) — (C2,0) tan-
gent to the identity such that the pull-back of X by h is

9 P
(ax+cy )a + (bya—y). (4.3)

Proof. The theorem admits generalizations for vector fields in (C”,0) (see [Arnold]).
For this reason, we adopt the notation (x1,x2) = (x,y) and (a,b) = (A1,12). Let

h= (u1,uz) = (x1 + &1 (x1,%2),x2 + & (x1,%2)) (4.4)

where &, & are two formal power series §; = ‘ ‘22 Ej X", where n = (n1,m) is
n|>

a multi index, |n| = n; +ny and x" = x|'x32. Write X = (A1x1 + ¢; (xhxz))a%1 +

(7ng)€2 + ¢ (xy ,)cz))a%2 ?lnd L= Aix 3%1 + lzngixz its linear part. Let us try to lin-

earize X formally, that is, find / as before such that

L~uj=7tjuj—|—¢j(u1,u2) 4.5)

where L-u; = du (L) denotes the derivative of u; in the direction L. This is the same
as to say that the pull-back of X is L. The equalities (4.4) and (4.5]) imply that

JE. JE.
L-xj+ T)‘%L‘xl + Tf;L'xz = lj(xj +§j) +¢j(X1 +€1,x2+:§2) 4.6)
we have L-xj = Ajx; so
Z (Aj—mAr —naAp) & x" = —@(x1 + &1, 00+ &). (4.7)

[n|>2
By hypothesis, A; = kA, so we have
)Lz—nlﬂ,l—nzﬂ,zz(l—knl—nz)ﬁ,z#o, and

QL] —nM] —nz/'Lz = (k(l —n]) —nz)lz
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which can only be zero for (n1,n,) = (0,k). We can solve the equalities in
recursively for each multi-index (n;,n2) except (0,k). The equation for & (o) is
either 0 = 0, in which case we can determine the coefficients of &;, &, and they are
unique except for él,((),k)’ or this equation is 0 = ¢ for some ¢ € C. In this case we
have already found a polynomial biholomorphism % such that 4*X = N+ ..., where
N=L+ cxé a%]. The equation N - h = X o h, consists of two equations

N-uj= ljuj—l—(Pj(ul,uz);
the second one is the same as before, and the first one becomes

Y -ma — )&y X" exh = — ¢y (x1 + €100 — &).

|n|>2

It follows that we can determine the coefficients of &1, &, and they are unique except
for 51.,(0,1()-

Now, let us check that these series are in fact convergent. Given two series
A(x1,x2) and B(x1,x;) with positive coefficients we say that A < B if A, < By
Vn € N2. We denote by C‘(xl ,X2) the series C(x},x;) replacing its coefficients by

their norm and by C(x) the series C(x1,x;) by taking x; = x, = x. We know that C is
convergent in |x;| < R and |x2| < R if C is convergent for |x| < R. Let us prove now
that & + &, is convergent. The hypotheses on A, 4, imply that there exists a 8 > 0

such that
8 <A —mM —mhal, Vin| = 2,n # (0,K). 48)

From @.7), if we choose 51.(0,k) =0, we get
8& < dim+én+§) (4.9)

ﬁgﬂréz<5_1[51(x+$1+$2)+(52(X+51+$2)] (4.10)

Our problem is reduced to the following one. Let F(x) € O(c,0) be a convergent
series with positive coefficients and assume that its multiplicity at x = 0 is > 2. By
implicit function theorem, there exists a holomorphic function y(x) € &(c gy such
that

y(x) = F(x+y(x)), (4.11)

the multiplicity of y at x =0 is > 2 and y is the unique solution, even as a formal
series. Consider the application z € R[[x]] — F(x+z) € R[[x]], we see easily that
if z; — zo cancels at order k > 1 at the origin, then F(x+z1) — F(x +z) cancels
at order k + 1. It follows that for every zo € xR[[x]], the sequence z;.1 = F(x+ z)
converges to the unique solution y of z = F(x + z) satisfying z(0) = 0. In particular,
y has real positive coefficients. Now, F is increasing so if z(x) is a formal series with

2(x) < F(x+z(x)), 4.12)
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then denoting again zx; = F(x+zx), we get zx(x) < F(x+z(x)) for each k, and
s0z<z; <...<y. This proves that z(x) converges.

Exercise 4.3 Use a computer and draw & (X) with X as in @.3) fora=n=2,b=
1.

Definition 4.4 A biholomorphism h : (C%,0) — (C2,0) is tangent to the identity if
h=(x+C(x,y),y+ &(x,y)) where the multiplicity of §;, 8 at 0is > 2.

4.5 Siegel domain

In the Poincaré theorem we have excluded a class of holomorphic foliations and it
is natural to ask whether they are also linearizable. Let us start with the definition of
such a class.

Definition 4.5 The foliation % (X), X = ax% + bya% +--- is in the Siegel domain
if
a _
ab 7& 07 E € R

We say that 7 (X) has resonance if §; € Q™.

For a holomorphic foliation .% (X) in the Siegel domain and without resonance,
we have still the formal power series & conjugating X with its linear part. However,
it can happen that this formal power series is not convergent.

Definition 4.6 We say that #(X) is of type (c,v), c,v > 0 if

|a —nia— nab c
—_ >
{|b—n1a—n2b| (n]—l—nz)v an,l’lzionl,l’ZQEN

Theorem 4.4 (Siegel) If 7 (X) is of type (c,v) then there exist a local biholomor-
phism h: (C2,0) — (C2,0) such that the pulled backed of X by h is the linear part
of X, that is, ax% + bya%.

Proof. See [Arn80].

It is natural to define the sets:

SD :={(a,b) € C*|¢ e R}
SD :={(a,b) € SD|(a,b)of type(c,v) forsome(c,v),c,v > 0}

Exercise 4.4 Is SD dense in SD? Give examples of elements of SD and SD\LS/’IV). See
[CS87|] and the references therein.
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4.6 Singularities with resonance

Recall the definition of a germ of holomorphic foliation .%(X) with resonance

in Definition (T9). In the resonance case note that if we write § = —= (m,n) =

1 ,n,m € N then we have

{a—a(m—i—l)—br)lig n+m+12>2

b—am—>b(n+1
In this case, the coefficients { 1(m+1,n)s C27<m+17,1) cannot be determined in the recur-
sion given in the proof of Theorem 4.2}
Theorem 4.5 Let #(X) X := ax% + bya% + ... be a germ of holomorphic fo-

liation in (C?,0) and assume that 5 € Q7 (the resonance case). Then there is a
biholomorphism h := (C2,0) — (C2,0) such that the pull-back of X by h is of the
format

N d 0
X = (anyA(xvy))a + (by+xyB(x7y))a*y

where A, B € O\ o) with A(0) = B(0) = 0.

In the above theorem the foliation .7 (X ) has at least two separatrices because .% (X)
has two Separatrics {x = 0}and{y = 0}.

Proof. Proceeding as in theorem 4.2 we write X as
u'/-:?Ljuj—l—(Pj(ul,uz) 4.13)
where
uj=x;+&;(x1,x) (4.14)

We need to find §;(x1,x) such that A*X is of the form x; = Ajx; + y;(x1,x2) where
V(x1,x2) € (x1 -x2). Here, (x1 -x2) denotes the ideal of analytic functions generated
by x1x>. Making the same substitutions we get that

dE&; 0&;
Z (mA+n2d2 —24;)jnx" + Z ‘I’j,n"n:‘f’j(xl+§1,x2+§2)*£ll/1*£lllz
In[>2 n>2 dx| ox;
4.15)
We define

o if x" ¢ (x1 ~)C2) take Yin= 0
o ifx" € (x1 -XQ) take f,j’n =0

If x" ¢ (x1-x2) then the coefficient n1A; +nyAy — A; # 0. It follows that we can
calculate &1, &, formally. To see that they are convergent we claim that if x" ¢ (x; -x;)
then 38 > 0 such that |nA; +n2A> — Aj| > §. From this the calculation of &, is
done by

Y (mAr+n2ds —A))8;nx" = 9(x1 + E1,x2 + &) mod(x; - x2)

[n|>2
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and so 651 < (ﬁj(X] + é] , X2 +$2), which imply

5(51-1-52) < él(x+él+<§2)+‘ﬁ2(x+§1+§2)

and so we proceed as in theorem [4.6]



Chapter 5
Camacho-Sad theorem

In this chapter we explain one of the main index theorems is holomorphic foliations,
namely the Camacho-Sad index theorem. This together with Baum-Bott index the-
orem and a a local analysis of holomorphic foliations around singularities, are our
main tools in order to study the non-existence of invariant algebraic curves for holo-
morphic foliations.

5.1 Camacho-Sad index

Let #(w), ®:=Pdy— Qdx,P,Q € ﬁ(cz.o) be a germ of holomorphic foliation
in (C2,0) and assume that 0 € C? is an isolated singularity of .7, that is, P(0) =
Q(0) =0 and P and Q do not have common factors. Let also f € (2 o) and { f =0}
is a separatrix of .% , that is,

df Ao = f.1 wheren € Qs ).

1

Proposition 5.1 There exist holomorphic functions g,h € ﬁ((CZ,O) andn € Q((CAO)

such that h is not divisable by f and
gw=h-df+fn.

Proof. Since f = 0 1is a separatrix, we have df A@ = f.n and so f,.P+ f,.0 = fS
for some S € &2 ). Then

f-® = fy(Pdy— Qdx) = (f,.P)dy — (f.S— fu.P)dx = Pdf — f(Sdx)

The same statement is true if one replaces &2 () with k[x,y] and “separatrix” with
“invariant algebraic curve”.

51
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\

O] — @

Fig. 5.1 A singular separatrix

Theorem 5.1 (Puiseux parametrization) Let C = {f(x,y) = 0},f € 025 be a

germ of a curve in (C?,0) . There is a holomorphic map ¥ : (C,0) — (C2,0) such
that f(7y(r)) = 0 and 7 is a bijection between (C,0) and {f(x,y) = 0}.

We will prove this theorem later when we introduce the notion of a blow-up. For

now, we only mention that the above theorem is trivial for smooth curves. If { f =0}
is smooth at 0 , that is ((Z.f: (0), 3—5(0)) # (0,0) then one can find ¥ using implicit
function theorem. Another example is the singular curve given by f = y> —x>. It
has the parametrization given by y(¢) = (£2,¢3). From now on let ¥ be a path in
C = {f =0} which is the image of a path in (C,0) turning around 0 anti-clockwise
and under the map 7. Recall the definition of %" from %

Definition 5.1 The Camacho-Sad index of (.#,C,0) is

n
I(F,C,0): 27U/

Note that A = ¢27(F:¢) is the multiplier of the holonomy & of .7 (@) along the path
Y.

We can reinterpret Proposition[I8]in the following way. There is a meromorphic
1-form  in (C?,0) which induces the foliation .% and

n: —0-Y

f

has no poles along f = 0. Actually, this 1-form 7} is unique restricted to f = 0.
With the notation of Proposition |18 we write gw = h-df 4 f -1 and we have Q =
ih 7] = ;. Note also that if we define @ = fQ = df + f1) then

=1, restrictedto f=0.

SE
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This follows from

do _ddf+fn) _d(fn) _ (@dfAn)+f.dn)
® @ e @

W @dfan) _df+fman _

e e "

For (1) we restrict to f = 0. Note that it makes sense to say that the restriction of
dn —0V; 7 —
[ to {f =0} is zero, becuase 7] has no poles along f = 0.
If we take @ = Pdy — Qdx then we have

do _ F+F S5
x y x y

- _ dx = — d 5.1

(0] P * 0 Y SR

The second equality is valid when it is restricted to the leaves of . (®). Note that
the residue of ‘%’ in a separatrix differes from the Camacho-Sad index by an integer.
Howeyver, if we take the differential 1-form

.1 0
=—-w=dy—= 2
(0] Pa) dy de (5.2)
then we have we have ( )

N J(€

dd P
=— d 5.3
0] dy . (5-3)

and

Proposition 5.2 If the curve f = 0 is smooth and it is not tangent to the y axis at 0
then the Camacho-Sad index can be computed using ‘%’, that is,

-1 rdo
I(F,C,O) :% K
Y

Proof. From the hypothesis it follows that f, has not zeros in (C2,0). From an-
other side we have @ = f,® which follows from the explicit construction of 71 in
Proposition 18] Therefore,

dd dfy n do

) 5 e

and the proof follows.

Exercise 5.1 Let @ = Pdy —yQdx and so y =0 is a separatrix of F (®) calculate
I(F,0).

Sometimes we write I(F,C) = I(F,C,0), being clear in the context which singularity
we are dealing with.
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Fig. 5.2 Tangency

5.2 Residue formula

The notion of a residue is purely algebraic and we can avoid integrals in it definition,
see for instance [Tat68]] and Serre’s book in this article. Therefore, the Camacho-Sad
index can be defined for foliations in P? for arbitrary field k.

The residue formula for smooth curves.

Theorem 5.2 LetC C Pﬁ be a smooth curve and let @ be a meromorphic differential
1-form in C. We have

Y residue, (@) = 0.

peC

Proof. We prove this for k = C. The curve C over C is naturally a Riemann surface.

By definition residuep (@) = %m $, @. Since d® = o, by the Stokes theorem

27{(0:// . do=0
Di i X\.L:JlDi

5.3 Camacho-Sad theorem

Theorem 5.3 Let % be a holomorphic foliation in IP’E and let C be a smooth alge-
braic F -invariant curve of degree d in IP’& , then

Y 1(F.cp=d.
peSing(F)NC

Proof. First of all note that can we choose a line P} C P2 and we can write the
foliation .# (@), ® = P(x,y)dy — Q(x,y)dx, in the coordinates (x,y) of the affine
chart A2 = P2\P} such that

1. The smooth algebraic curve C C P? intersects P} transversely in d points.
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Fig. 5.3 Tangency

2. In the affine chart Ai, the vertical lines x = c are either transversal or have tangen-
cis of order two with the curve C. In addition, all the tangenct points are regular
points of the foliation .%. By the Bezout theorem the number of such tangency
points is d(d — 1).

Now consider the differential form (5.2)) which induces the foliation .# and let n
be the differential 1-form in multiplied with —1. The poles of the 1—form
1N restricted to C are divided in three groups: 1. Singularities of .% in C 2. The
tangency points of the curve with vertical lines 3. The intersections of C with the
line at infinity. We compute the residue of 1 around all these points and use the
residue formula in Theorem [5.2]and we get the proof.
For a singular point p € C of .%#, by definition we have Residue(n, p) =I(.#,C, p).

Therefore, we do not need to compute it. For tangency points, we can locally pa-

rameterized a leaf tangent to a vertical line by L: x = g(y) =t.y* + ---. For sim-
plicity we assume that such a tangency point is at (0,0). Since ggi ; = Z—;‘,, we have

% = g'(y). Therefore,

From this we get

This has residue —1 at the tangecy point p and so in total we get —d(d — 1).
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Now let us calculate the residue of 1) for a point p € C in the third group. The
differential form (5.2)) has a pole order —1 at infinity. Using the formula (3.6), we

conclude that the residue of d(g’ = —n at p is +1 and so in total we get —d for
residues of 1 for the third group. Finally, by residue formula we have

Y (#,C.p)—d(d—1)—d=0.

Exercise 5.2 Discuss the Camacho-Sad index and theorem for arbitrary field k in-
stead of C.

9P, 90

Exercise 5.3 If we use %" = —@d}c in the definition of Camacho-Sad index

what would be the corresponding Camacho-Sad theorem. Repeat the same proof as
in Theorem



Chapter 6
Baum-Bott index and Theorem

In this chapter we introduce the Baum-Bott index of holomorphic vector fields. The
original articles [?] deals with vector fields in arbitrary dimensions, however, in the
present chapter we focus on dimension two.

6.1 Baum-Bott index

Let .#(w), ® = Pdy— Qdx be a holomorphic foliation in U := (C?,0) with a sin-
gularity at 0 € C2. The differential form %’) that we defined in is well-defined
in the leaves of .7, however, any realization of it in (C?,0) might be meromorphic.
There is a way to avoid meromorphicity, allowing complex conjugate of holomor-
phic functions (real analytic functions). This is as follows.

We define a C* differential (1,0)-form 1 in U\{0}:

Pdx + Qdy

6.1)
P|*+ IQ\Z)

n= (Px'i'Q)*)(

Proposition 6.1 The differential form 1 satisfies the following properties:

1. nNo=do.

2. N Adn is a closed form, that is, d(n Adn) = 0.

3. If ® = Rw and 1) is defined as in (6.1) using @ then () Ndfy —n Adn) is an
exact form.

Proof. The first and second item are easy and are left to the reader. For the third
item we proceed as follows. We have

ﬁfn:%RHw

where f is given by

57
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e R.Q—R,P
" OR(PP+0P)

and so
dR dR
R
:d(ie/\n_fw/\ﬁ> (6.2)

The second and third item in Proposition [20] as above are equivalent to say that 1
induces an element in Hjp (U\{0}) which depends only on the foliation .# and not
the differential 1-form . where o = f®

Definition 6.1 The Baum-Bott index of a foliation .% defined in (C?,0) is defined
to be |
BB(#,0) :=Residue(n Adn,0) = — / nAdn
472 Js

Here, S=§S3 (0, r) is the sphere of dimension three, radius r and the center 0 € C?,
for a small positive number r.

It is an easy exercise to show that if 1);, i = 1,2 are two C* differential (1,0)-
forms in U\ {0} such that they satisfy the item 1 and 2 of Proposition 20]then 1, A
dmny — M1 Adny is exact and so in the definition of the Baum-Bott index we can use
any C* differential (1,0)-form in U\{0} satisfying item 1 and 2 of Proposition 20]
In particular, this implies that the Baum-Bott index is invariant under coordinates
change. This fact is going to be used in the next proposition.

Proposition 6.2 Let .F be a foliation in an open subset U of C? and let A be an
open sub set of U such that the topological closure of A in C? is inside U and the
boundary of A is compact and smooth. Further, assume that there is no singularity
of F in the boundary of A. Then

)y BB(F,p>=4%/ nAdn
pEAN Sing(F) = Joa

Proof. This follows from Stokes’ theorem and the fact that n Adn is closed:
/n/\dan/n/\dn :/d(n/\dn):o
9A 3S; A

where S? are small spheres around the singularity p; of .% in A.

Proposition 6.3 Let X = P% + Q% be avector field in U = (C?,0) with an isolated
singular point at 0 € C? and let F = 7 (X) be the induced foliation. Assume that



6.1 Baum-Bott index 59

2.png
Fig. 6.1 U

A=DX, = (PX(O) Py(O)) .

has a non-zero determinant. We have

trace(A)?

1
BB(F,p) = 4771:2/8377/\6177 = “det(A)

Proof. An explicit calculation shows that

(P+0))°

PP+ 0P (QdP — PdQ) Ndx Ndy

nAdn =
Let D :=det(A) and T := trace(A). We consider two cases.
1-X is a linear vector field. By our hypothesis, ¢(x,y) = (P,Q) = (u,v) is a bi-
homeomorphism (a coordinate change). We have

2

(dundv))

o 1
(—udv—i—vdu)/\(B

O =e mndn) = mee

We integrate 8 over S® = (|U|*> + [V|*> = 1) and use the stokes theorem. We have

T2 T2
/Gz3/(ﬁd\7—17d12)/\du/\d1/:B/Zdu/\dﬁAdv/\d\?
s? s3 B

where B = B(0, 1) is the unit ball with the center 0. Since du Adia AdvAdv =4dV,
where dV is the Euclidean volume form of C2, we get

1 T2
S3

2-The general case. Let us write P = P; +R and Q = Q; + S, where P,Q; are
linear and the vanishing order of R and S at 0 is > 2. Consider the function
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H, :C* - C2%, H(p)=
1 :C* = C%, H(p)=tp

For 0 <t < 1 we have S* C H; '(B(0,2)) = B(0, 2) where 6, = H; (1 Adn) and so

1
BB(F7O) = 477[1‘/8\3 9,
We have
(A1)

H'(nAdn) =
3 )<\PI+R,|2+\Q1+S,|2>

S[(O1+8)d(Pi+R,) — (P +R,)d(01 +5,)] Adx Ady

where At :==T +R,0H; +SyoH, and R, := t7'(SoH,),S =t"'(SoH,). We take
the limit # — 0 and we see that At uniformly converges to T and R, S; uniformly
converges to zero. Therefore, 6, converges uniformely to 8y which is derived from
the linear part of X. Using the first case we get the result.

Theorem 6.1. (Baum-Bott in Pé ). Let .F be a foliation of degree k in IP% with iso-
lated singularities. Then

Y BB(F.p)=(k+2) (6.3)
peSing(F)

Proof. After taking a proper affine chart Ey = {[1;x;]|x,y € C} C PA and a multi-
lication of X with a constant, we can assume that Sing(.%#) C Py, where

Po = {[Lxy[]x] <1,y < 1}.

Let us consider the other affine charts £y = {[u; 1;v]|u,v € C} and E; = {[z;w; 1]|z,w €
C} and the corresponding polydisces

Pr={[u, 1,V Ju| < 1,p| <1}, Py={[ V' 1]||z| < 1,|w] < 1}.
We notice that

]P’(z: ZP() UPI Upz, 0P = ]L?Jé(f_’,ﬂpj)

Let X; be a polynomial vector field which induces the foliation .% in E;, i =0,1,2
and let @; be the polynomial 1-form such that @;(X;) = 0. Let also ¢;; : E; — E; be
the change of coordinates between E; and E;. We have

k+2)w17 ¢2*0(a)0) _ (M/)f(k+2)a)2

9io(@) =u
In other words in the intersection E; N E; we have o; = fi;®;, where fi; = fL and
: : 1= T

k+2
2 k+2 y
Jorlgy =X, foalg, =72, feley =

We have f;; firfri = 1 which implies that
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dﬁj+df/k+dfki

=0, Vi, j,ke{1,2,3}.

fij fjk fki
Now let us consider 7n; such that d@w; = n; A @;. We have
niANw;=dw; = d(fl'j(l)j) = dﬁjwj+ﬁ,~da)j = ( f],(lj +le) N @; (6.4)

and in a similar way as in the proof of the third part of Proposition 20} there are C™
functions g;; in E;NE; \ Sing(.#) such that

dfij
i = 1j + gij;
n nj+ fz/ 8ij
Let oj := g;;; and so o;j + ot + 0y; = 0. Using (6.2) we get
df:
@,-—@j:d<ﬁ’/\nj+n,~/\a,-j> (6.5)
ij

where ©; := 1; Adn);. Using these and the fact that Sing(.%) C Py we have that

47? BB(Z,p) = @:/ 0+ 6+ 6
L (F.p) aPOO P, : :

peSing(F) P ap;
[ e+ [ 6+ @1+/ o+ &+ o
J Py Py Py P J Py J Py
= (@0—@1)+/ (@1—@2)+/ (®, —6p)
Poi P Py
T
where
d d
=—nl/\ﬁ+no/\0601 712/\&+711/\a12—770/\ﬂ+712/\0620 (6.6)
fo1 fi2 f20

and P;j = P,NP;j and T is the two dimensional torus which is the boundary of all
P;j’s. For the last equality we have used the Stokes’s theorem. We substitute 1); =

Mo+ df’" + g in the expression of o and we have

dfio d for d f20 dfi2
0+ T @) AT o Ao = (Mo B o) A R

dfi
(Mo +L+am)Aa12—noAﬂ+(n +ﬂ+a20)Aa20
fio S0 o

. d d d d d
dfo  dfa f017 oA f12+ f1o

d f20
1 +—=—AN0y
fo  fi2

fo fiz  fio o2 o
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Now, we just note that

d d d d
o1 A Joi oA fi2 flo/\au— fzo/\O‘20
o1 Siz fio 20
dfiz dfzo) dfor  dfio
=(X20/\(+ + oo\ ——————AN\0y3
fiz o fo for  fio
df01> dfor  dfio
— oA [ =22 ) oA =2 -0 A g
20 ( for T fo 2
d
= ﬂA(aOl‘Falz‘FaZO):O
fot
Hence o = f% A dffl—lzz = (k+2)2% A %. Using the parametrization (x,y) =

(¢, e'¥) with 6,y € (0,27) we obtain that

dx d
dx dy _

ar* Y BB(F,p) = / o= (k+2)? an? (k +2)?

pESing(F) T T X

6.2 Applications of Baum-Bott and Camacho-Sad index
theorems

Let .# be a foliation of degree k in P2 with finite singularities , let X be a vector field
respect to % and for each singularity P; of .# then DX), has non zero eigenvalues
aj,bjand £ ¢ QT . We say that F € Ay.
J
Let X be a vector field and define a foliation .%# and p; is singularity of .% such
that DX),, has two non zero eigenvalues such that% ¢ Q™ then at this point there is
J

exactly two separatrix .?

Proposition 6.4 Let .7 be a non degenerate foliation of degree k over P? then
|Sing(F)| =1+ k+k*

this means the number of singularities of F is k* +k+1.

Suppose that o, B; are separatrix of .# at p;, let X be a vector field respect to .7
and at neighborhood of p; ,DX),, has two eigenvalues a;, b; such that

b; aj;
I(ﬁ,aj):a—{ and I(y,ﬁj):bf{
J J

Definition 6.2 A configuration associated to % is a subset of all separatrix of F

sep(F) ={aj,bjlj=1,..,N}
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Fig. 6.2 separatrix

We say a configuration C is proper if C # sep(.F)
Given a configuration C & sep(F) then we use the notation

I(F,C) = 82 1(F,8).
cC

Observe that [(.#,C) is a

I(#,C)= Zcf(fvajHﬁZ 1(Z,B))
o€ €C

If V = {f =0} is a #-invariant , we can define a configuration associated to .% and
\Y

C(#,V)={0€sep(F):SCV}

Proposition 6.5 Let # € Ay, k > 2 . suppose that I(% ,C) ,for all proper config-
uration C G sep(F) is not positive integer then .F has not .7 -invariant (algebraic
solution ).

Proof. Proof by contradiction , let V be .%-invariant by the Comacho-Sad in-
dex we have I(%#,V) = I(%#,C(F,V)) is a positive integer so by the hypothesis
C(%#,S) = sep(F). let us compute I(.Z,sep(.%)) use the Baum-Bott theorem on
IP? , according to this theorem we have :

=

Y, BB(F.p)=Y BB(Z.pj)=(k+2)
pESing(F) Jj=1

. o - 7}
since .# at each its singularity is non-degenerate then BB(.%, p;) = 5-(by the ex-
J

ample)
(aj + bj)2 aj b

BB(F.pj) =Lt =T 4 T2 = 1(F ) +1(F ) +2
aj.bj i 4y
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then

(k+2)* =
I(F ,sep(

(I(F,B;) +1(F,0)) +2) =1(F,sep(F))+2(k* +k+1)
)= —k*+k+1

—_

N
L
j=
)

If k > 3 then (—k*> +k+2 < 0) ,sep(.#) can not be a configuration of a algebraic
curve(.Z -invariant) . for k = 2 then (—? +k+ 2 = 2) then so by Comacho-Sad
index sep(.#) can not be a configuration of a algebraic curve .

Proposition 6.6 For k > 2 the Jouanulou J(2,k) foliation has not algebraic solution
( J —invariant) curve .

Proof. Suppose that X = (y* xk“) +(1—xky) 2 5y and J(2,k) =% (X).For every
singularities p; of & , % at p; is non degenerate (‘7) and

DX(1,1) = (_(k_*k‘l) _kl>

Therefor, the quotients of eigenvalue of DX at p; are the roots of the equation
Z+ 1 7= Tz = (k+1) where N = k% + k+ 1 then the roots are

—k2+2k+z+k k+2)V/3i

7k2+2k+2 k(k+2)f i
2= N

=

In particular o, are separattrixes of % at (1,1) , we have I(J(2,k),0q) =
21,1(J(2,k),B1) = z2 if C a proper configuration then

—k2 42k +2 k(k+2)/3i
TH‘(’"—”)(T)

? where 0 < m+n < 2N, note that I(J(2,k),C) is real , so m=n then I(J(2,k),C) =
(m)(%) . if k > 3 then I1(J(2,k),C) ¢ R or I(J(2,k),C) < 0, for k = 2

J(J(2,k),C) € R or I(J(2,k),C) = 27’” can not be positive integer while m < 7.
by the last proposition J(2, k) has not algebraic solution .

I1(J(2,k),C) =m.zi +n.zo = (m+n)(



Chapter 7
Blow up

Similar to the case of singularities of algebraic varieties, the notion of blow-up is
essential in order to understand how complicated is the singularities of holomorphic
foliations. The final result is a Theorem of Seidenberg which says that after a finite
number of blow-ups any singularity of a holomorphic foliation, we get the so-called
reduced singularities. As in the case of previous chapters, we work in the algebraic
context of foliations in A,%, however, the whole discussion can be done for germs of
foliations in (C2,0).

7.1 Blow-up of a point

Let us consider the affine variety A? with coordinates (x,y). Let also fix a point
p € AZ. For simplicity we take p = (0,0). The blow-up of A? at p is the variety A?
obtained by glueing

Uy = Spec(k[x,?]), U; := Spec(k|u,y])

up 1.png

Fig. 7.1 blowing up

65
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via
ut =1, y=tx.
we have the following well-defined map
¢: A} - A2,
which is obtained by gluing the maps

o : Uy — A%, (x,1) — (x,xt)

@1 UL — A7, (u,y) = (uy,y)

We will frequently use Figure[/|to visualize a blow-up.

7.2 Blow-up and foliations

Let consider a foliation .# (®), @ = Pdx+ Qdy in A}. Let p be an isolated singular
point of .%. For simplicity we assume that p = (0,0) € A7. We write the homoge-
neous decomposition of ®

o= Za)u W; = x y)dx"" Qt(x y)d% (Pk7Qk) 7& (070)

where P;, Q; are homogeneous polynomials of degree i and the sum is finite. In the
local context of holomorphic foliations in (C2,0) the above sum can be inifinte.

Definition 7.1 The natural number m,(F ) := k is called the algebraic multiplicity
of F at p.

Let us now analyze the foliation .7 after a blow-up at p. In the chart Uy with (x,7)
coordinates we have

Q0 = ZP x,tx)dx + Q;(x,tx)(xdt + tdx)

= fo (1,0) +1Q;(1,1))dx +x 71 Q;(1.1)dt

In a similar way in the chart U; with the coordinates (u,y) we have

oo =Y Pi(uy,y)(udy+ ydu) + Q;(uy,y)(dy)
i=k

= Zyj+1Pj(u7 l)du+y](Q](u7 1) +MQ]'(M7 1))dy
Jj=k

Let
Ci == xP(x,y) +yQi(x,y), C:=C;
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We consider two cases:
1-dicritical case C(x,y) = 0. In this case ¢j® and @;® are divisible by x**!

and y**!, respectively. In other words, ¢* @ has a zero divisor of order k + 1 along
¢~ 1(0). Let us define
R r .,
O=T7%0
. |
O=T700
We write .
0= [(Pk+1(17t) +tQk-&—l(lat))dx<i>Qk(lat)dt} +xo (7.1
@ = [Pe(u, 1) du~+ (Qer1 (u, 1) + uPeyy (u, 1)dy] +yP ’
where « and 8 are 1-forms in A2 and so
d=u""o (7.2)

Now, we analyze the foliation ¢*.% near ¢~!(0). For simplicity, we work in the
chart Uy with (x,f) coordinates. Since Pi(1,¢) +1Qx(1,t) = 0, the polynomial Qy
is not identically zero. For points ¢ := (0,¢) with Q;(0,#) # 0O the leaf of .% pass-
ing through ¢ is transversal to x = 0. For a point ¢ = (0,#) with Q(1,¢) = 0 and
Cr+1(1,7) # 0, we still have a regular point of .%, however, the leaf of % through ¢
is tangent to x = 0. The singularities of .% in x = 0 are given by (0,7)’s where 7 is a
solution of
Ok(1,1) =0, Cey1(1,1)=0

The point (u,y) = (0,0) in the chart U; must be treated separately. The foliation
Z is transversal to ¢~ !(0) at this point if P;(0,1) # 0, that is, the homogeneous
polynomial Py (x,y) has y* term. In a similar way, .% is tangent to @' (0) at (u,y) =
(0,0) if P(0,1) = 0 and Cy41(0,1) = Qi11(0,1) # 0. If both P (0, 1) and Cyy (0,1
vanish then we have a singularity of .# at the point (u,y) = (0,0).

2-Non-dicritical case C(x,y) # 0. In this case @;® and @} are divisible by x*
and y*, respectively. We define

D= xikfpé‘w = [(P(1,1) + 10k (1,1))dx +xQ (1,1 )dt] + xot

N
o= y7<P1 ® = [(Ox(u, 1)+ uPi(u, 1)dy + yPr (u, 1)du] +yp

where o are 1-forms. These are related by the equality @ = u*@®. In this case the
Projective line ¢ ~'(0) is invariant by the foliation .. The singularities of .% in
{x =0} = ¢~ 1(0) N Uy are given by (0,z) with C(1,¢) = 0. It has a singularity at
(u,y) = (0,0) in the chart U if Qx(0,1) = 0.

Now, we consider some examples.

Example 7.1 Let

o = (Y + 29 2)dx — x**dy, k>2.



68 7 Blow up

up 2.png

Fig. 7.2 blowing up

We have mg(.F) = k and C(x,y) = xy* # 0. In the chart U the foliation ¢*.% is
given by @ = (t* +tx*~1)dx — x*dt, and so, it has a singularity of multiplicity k at
(x,t) = (0,0). In U; we have
@ = (u+u®* YNy + (5 + 29 u** %) du
and so @*.Z has a singularity of multilicity 1 at (u,y) = (0,0). We do one more
blow-up at (x,¢) = 0. For simplicity we redefine (x,y) := (x,t), reuse ¢,u as before
and redefine
o = (Y* +yx*Ndx — xray

Given y = tx then we have ) (x,t) = t*dx — xdt , it shows that at x = 0 and t = 0
has algebraic multiplicity 1. Finally , when x = uy , then A (u,y) = udy — u*~'ydu
again we found the algebraic multiplicity atu =0,y=0is 1.

Example 7.2 Determination of typical leaf @ = d(x* —y?> = 3x?dx — 2ydy = 0) .
The point p = (0,0) is singularity of . () with algebraic multiplicity one(m,(.#) =
1). Since C; = —2y> # 0,0~ '(0) is F-invariant and @ = (3x — 2¢*)dx — (2xt)dt
has singularity at (x,#) = (0,0).We redefine (x,y) := (x,¢) so will be @ = (3x —
2y?)dx — 2xydy and .% = .7 (),it has algebraic multiplicity one at the new point
p=1(0,0) ,i.e,m,(.#) = 1 and again since c; = 3x% # 0 so ¢! (0) is .Z-invariant and
@ = (3u® —4yu)dy + (3uy — 2y*)du, it has singularity at p = (0,0) , so by again we
redefine (x,y) := (u,y) then ® = (3xy+2y)dx+ (3x* +4x)dy and given . = .7 (@)
it has a singularity at p = (0,0) with m,(.%) = 2. note that C; = 6x%y — 6xy? # 0 so
¢~ 1(0) is .# -invariant and after the pulled back of @ we have that

® = (6t — 6t>)dx + (3x — dxt)dt
@ = (6u* — 6u)dy + (3uy —2y)du
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y=xt 4 —tw
w=st

t=zw

up 3.png

Fig. 7.3 blowing up

7.3 Multiplicity along an invariant curve

Let .% be a foliation in A2 with an isolated singularity at 0 € A,%. Let us assume that
S:= {y =0} is Z-invariant, and hence,

® =ya(x,y)dx+ B (x,y)dy, B(0,0)=0
The differential 1-form @ evaluated at (x,0) is of B(x,0)dy.

Definition 7.2 The multiplicity of .% along S at the singular point p = (0,0) € S is
defined to be the multiplicity of B (x,0) at x = 0. It will be denoted by the m,, (%, S).

Proposition 7.1 m,(.%) < m,(.#,S)
Proof. This follows immediately form the definitions of m,,(.%#) and m,(.#,S).

We would like to know how the number m,(.#,S) is bahaves after a blow-up. Recall
the notations of We have a transform §" of S by the blow-up map which is
uniquely determined by the fact that it is irreducible and

¢ () =0 (0)+S

The curve S intersects the exceptional divisor ¢ ~!(0) in a unique point ¢. Let .7
be the pull-back of the foliation % by the blow-up map ¢.

Proposition 7.2 We have
my(F1,8") =my(F,S) — (m,(F)—1)

Proof. We have
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*

o @
[txoc(x,2x)dx + B (x,tx) (tdx + xdt)]

[(zxou(x,1x) + 1B (x,2x) )dx + xP (x,1x)dt]

N = —

where k = m,,(F). The proposition folows immediately. Note that in the chart Uy, S’
is given by t = 0.

7.4 Sequences of blow-ups

We are going to apply a sequence of blow-ups in a point p = (0,0) € A%. We fix the
notations as follows. In the (m — 1)-th step we have a surface M,,,_; with a divisor
1 (e 1. . . T
pim=1) — n‘lUl PJ( "1 such that each P;m Dis isomorphic to the projective line IP’ll(.
j=

We have also a point p,,—| € Dm=1) The variety M, is obtained by a blow-up at
Pm—1- Let @1 : My, — M,,,_1 be the blow-up map. For the new divisor D™ we
have

and

In other words, the weight of P,S,m) is the sum of the weights of the projective lines
containing p;,—1.

Now, let us consider a foliation .% in My = A%. We denote by .%,, the pull-back
of .% by the the blow-up map @po @ o--- o @,_1. We will choose the point p,, from
the singular set of the foliation .%,,,.

In the discussion below we will assume that all P(m> are .Z,,-invariant.

J

Definition 7.4 Let g € P;m) N Sing(.Z,). If ¢ is a smooth point of D™ then we
define
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otherwise

Proposition 7.3 We have

my(F)+1= y p(P" il (Fo, PI™). (1.3)
geSing(F)NDM)
j=1l,...m

Proof. We prove the proposition by induction on m. For m = 1 we have to show that

my(F)+1= Y my(#,P")

(1)

q€P, 'NSing#;

We know that the foliation .% in Uy is given by
A(x,1) = [(P(1,8) + 10k (1,8))dx + xQx (1,1)dt] + xar.

We can assume that Ok (0, 1) # 0, or equivalently Qk(1,7) is of degree k = m,(.#).
Therefore, all the singularities of .%] are in the Uy chart and so

Y mg(F, PV = deg(P(1,1) +10(1,1)) = my(F) + 1
q€Sing(.F)

Now, assume that (7.3) is true for after m blow-ups. We consider two cases:

(m)

1. pw € P is a regular point of D). By definition

m+1 m % m m
p(PIY = (P, it (T P = i (T, )

Let {¢} = Pk(mﬂ) ﬂPrE;iTI). We have

PPy (Fo ) = (P ) mg (Fonir, P 4, (F) — 1]+

m m+1 m m
p(B" ) mg( Tt BT =D+ p(BIN T m( P BISY) =
rEPI(nTII)
reSing(Fus1)

PP e (Ft B 4+ p (P (g (Fsn , PID) — 1)+

P ml T B

(m+1)
re Pm+l

reSing(Fm+1)\{q}

Now, in (7.3) for m we replace p(Pk(m))mpm (ﬁnth(m)) with the sum obtained in the
above equality and we get (7.3) for m+ 1.
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pm1)

py(m Prmea(™)

up 4.png

Fig. 7.4 blowing up

up 5.png

Fig. 7.5 blowing up

2-pm € Pk(lm> N Pk(;") and so it is not a smooth point of D). In this case we will

replace the terms

p(B s (Fs B 4 p (B s, (Fo L)

of (7.3) for m with apropriate sums and we will get (7.3) for m+ 1. Let {¢;} =

Pk(imH) ﬂng{l), i=1,2. We have
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PP s (Fo, B) 4 p (B (Fo BE) =

PP Yy (Tt PI) 4y, (F) — 1)+

PP iy (Pt B oy, (Fi) — 1) =

m+1 * m+1 m+1 % m+1
p(Pk(l * >)mq| (ym+lapk(l * ))+p(Pk(2 - ))qu(daszrlaP]Sz * >)+

(B mp, (Fon) = 1).
We have also

1
Mo (Fu)—=1= Y m(Fpyr, P =2
repmi!)
reSing(F 1)

— Z mr(ym+17p(m+l))+mql(ym+1,P(,n+l))+mq2(§m+la

m+1 m+1
rGan'Tl'l)
reSing(F 1)
r#q1,92
* (m+1)
= Z mr(%n+lapm+] )
reP(m“)

m+1
reSing(Fp+1)

7.5 Milnor number

For a holomorphic foliation .7 (®), ® = Pdy — Qdx in AZ with an isolated singu-
larity at p = 0 we define he Milnor number

ﬁAﬁ» »
1Y
we also define /,(.#) to be the zero order of ¢*(w) along the exceptional divisor

¢~ 1(0). According to our discussion in 1,(F) =m,(F) if ¢71(0) in F-
invariant and [,,(#) = m, (%) + 1 otherwise.

Up(F) 1= dimy

(7.4)

—~
~~

Theorem 7.1 If p is a dicritical singular point of F then

1p(F) =1,(FP+1,(F) -1+ Y p(F) (7.5)
q€9~1(p)

and if p is a non-dicritical point of ¥ then

-2
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1 (F) = (PP ~1(F)~ 1+ Y py(F) (7.6)
q€9~1(p)

For a proof see Mattei-Moussu or Soares-Mol

7.6 Seidenberg’s theorem

Let .7 be a foliation in AZ.

Definition 7.5 We say that p is a reduced singularity of .% (X) if its linear part is
not zero and it is of the form )L]x% + /'Lzya%, where

1. 21 #0and A, # 0 and % ZQ7T or
2. One of the A;’s is zero and the other is not.

We will use the following proposition in Theorem

Proposition 7.4 If a singularity 0 of a foliation in Aﬁ is reduced and has a mero-
morphic first integral f then f is actually holomorphic at 0.

Proof. If 0 is an indeterminacy point of f then we have a singularity of .%# with
infinintely many separatrix, and so it is not reduced.

In this section we prove the following.

Theorem 7.2 There is finite sequence of blow-ups such that pull-back foliation has
only reduced singularities.

Proof. We first prove that after a sequence of blow-ups all the singularities of the
pull-back foliation have multiplicity m,, equal to 1. We use the fact that if /, (resp.
Up) equals to 1 then m,, equals to 1. If [,(.#) = 1 then m,(.#) = 1 and we are
done. Otherwise, we perform a blow-up at p and use and and we conlude
that p,(F1) < 1,p(Z). This means that after a finite number of blow-ups we have
singularities with either /,, or u, equal to 1.

Now, assume that p is a singularity of .% (X) with a non-zero linear part. Using
Proposition (16| we can consider only the following cases:

1. y%Jr...
2. (ax+y)%+aya%+...witha7é0.
3. ax g +by g + ... with (a,b) # (0,0)



Chapter 8
Center conditions

One of the most simple singularties of holomorphic foliations in dimension two is
the center singularity. In the real plane it appears as two topologically different sin-
gularity: circles of different radius centered at the origin and families of hyperbola
converging to the union of x and y axes, see Figure Despite such a simplic-
ity, its presence for a holomorphic foliation in C? induces an algebraic set in any
parameter space of holomorphic foliations, and the classification of the irreducible
components of such an algebraic set is still far from being understood. This has
fruitful applications in Hilbert’s 16-th problem and in the literature of planar dif-
ferential equations is known as “Center conditions”. For further discussion of this
topic in the context of holomorphic foliations in surfaces see [Mov04a], and for its
application for codimension one foliations in higher dimensions see [NetO7]]

8.1 Foliations with a center

Let .Z be a foliation in C? given by @ = P(x,y)dy — Q(x,y)dx. The points in
Sing(.%) := {P(x,y) = Q(x,y) = 0} are called the singularities of .. We assume
that P and Q have no common factor and so Sing(.%) is a finite set of points on CZ.

Definition 8.1 A singularity p of .% is called a center singularity, or center for
simplicity, if
1. The linear part of @ at p has non-zero determinant. In other words, (Pny —

P)’Qx)(p) 7é 0.

2. There exists a germ of holomorphic function f € ﬁ(CZ, ) which has non-degenerate

critical point at p € C? and
oNdf=0.

that is, the leaves of .% near p are given by the level curves of f.

75
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76 8 Center conditions

Exercise 8.1 (Morse Lemma in dimension two) Let f be as in Definition[29] There
is a holomorphic coordinate system (%,¥) around p with %(p) = (p) = 0 and such
that in this coordinate system, we have f = &> + 7.

A center is also called a Morse singularity. Near the center the leaves of .# are
homeomorphic to a cylinder, therefore each leaf has a nontrivial closed cycle. Note
that the two curves x> +y> = 1 and xy = 1 are different in the real plane R? but
isomorphic in the complex plane C?, see Figure In Deﬁnitionwe can replace
f with a formal power series.

Theorem 8.1 (Mattei-Moussu, [MM80], Theorem A, page 472) Let .7 be a foli-
ation in C?, p be a singularity of & with a formal power series first integral, that is,
thereis f € ﬁcz psuchthat @ \d f = 0. Then there is a formal power series g € ﬁ@ 0
in one variable and with g'(0) # 0 such that go f is convergent, and hence, F has
a convergent first integral go f.

Proof.

Let .7 (d) be the space of foliations of degree d. For this one can can take any
definition of degree: affine degree, projective degree or weighted degree. This is
a Zariski open subset in some affine space CV and it is defined over Q. We write
t = (tq, 0 €I) € CN and t4’s are coefficients of monomials used in the expressin of
®. We denote by .# (d) the closure of the subset of .% (d) containing foliations with
a center. We have learned the statement and proof of the following proposition from
A. Lins Neto in [NetO7]]. This must go back to Poincaré and Dulac.

Proposition 8.1 . (d) is an algebraic subset of .7 (d) defined over Q, that is, it is
given by the zero set of polynomials in t and with rational coefficients.

Proof. Let .#y(d) be the set of all foliations in .# (d) with a center at the origin
(0,0) € C? and with a local first integral of the type

f=xy+f+fat-+fot-- (8.1)

where f; is homogeneous polynomials of degree i and - - - means higher order terms.
Let us prove that .#(d) is an algebraic subset of % (d). Let # () € .#y(d) and
O =0+ 0+ w3+ ...+ wy. be the homogeneous decomposition of @. We have

oNdf=(o1+m+ a3+ +0z1)A(dxy)+dfs +dfs+---)=0.
Putting the homogeneous parts of the above equation equal to zero, we obtain

oy ANd(xy) =0= o, =k-d(xy), kis constant,
oy Ndfy = —(1&/\d()€y>7

(8.2)
o Ndfy=—mNdfy—1 — - — @1 /\d(xy).
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Dividing the 1-form @ by k, we can assume that k = 1. Let C[x,y],, denote the set of
homogeneous polynomials of degree n. Define the operator

Sp: (C[x7)’]n — (C[xa)’]ndX/\dYa
Su(g) = o1 Nd(g).

We have

Sitj (xiyj) =d(xy) A d(xiyj)
= (xdy + ydx) A (x"* ly/=1 (jxdy +iydx))
= (j—i)x'y/dx ndy.

This implies that when 7 is odd S,, is bijective and so in (8.2)), f, is uniquely defined
by the terms f,, ®,,’s m < n, and when rn is even

Image(S,) = A,dx Ady,

where A, is the subspace generated by the monomials x'y/, i # j. When n is even
the existence of f, implies that the coefficient of (xy)? in

— @y /\dfnfl — =Wy /\d(xy)
which is a polynomial, say P,, with variables
coefficients of @, ... W,—1, f2,..., fu—1

is zero. The coefficients of f;,i < n— 1 is recursively given as polynomials in coef-
ficients of w;,i < n— 1 and so the algebraic set

Myd) Py=Ps=--=P,=---=0 ...

consists of all foliations . in .%(d) which have a formal first integral of the type
at (0,0). It follows from Mattei-Moussu theorem, see Theorem (8.1} that % has
a holomorphic first integral of the type (8.I). This implies that .#(d) is algebraic.
Note that by Hilbert nullstellensatz theorem, a finite number of P;’s defines .#(d).
The set ./ is obtained by the action of the group of automorphisms of C? on .#(d).

Remark 8.1 For n even f, is not unique as we can replace it with f, +a- (xy) 2 ,a€
k. One may put further constrain on f, by assuming that f,, does not conatin the
monomial (xy)%. In this way, f, and hence the formal power series f, is uniquely
dteremined. Is this f convergent?
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8.2 Dulac’s classification

Let .7 (d) is the space of holomorphic foliation of degree d in PZ. Let also . (d)
be the closure of the subset of .% (d) containing .% (®)’s with at least one center.

Theorem 8.2 (Lins Neto, Cerveaux [[CLN96] Theorem E’) Let .% be a foliation
of projective degree 2 in ]P’,% which has a center singularity p. Then there exists a
line L in ]P’E which is invariant by % and such that p & L.

Exercise 8.2 Prove Theorem for degree one foliations in P7. Put such a line
at infinity and write a degree 1 foliation .7 (®) in an affine chart A? in the format
® = (too +t10x + fo1)dy — (00 + s10% + s01y)dx. Write down the equation of . (1)
int;; and s;; variables and conclude that it is irreducible.

Theorem 8.3 (H. Dulac, [Dul08]], [CLN91]) The algebraic set .# (2) has four ir-
reducible components: £ (1,1,1,1), £(3,1), £(2,1,1) and an exceptional com-
ponent.
Proposition 8.2 We have

2(2,2) C ZL(1,1,1,1).

Proof. For any family of quadriacs F —tG =0, t € P}, there are exactly three
values of ¢ that it becomes a product of two lines. O
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Chapter 10
Ilyashenko’s theorem

Let .7%(d) be the space of foliations of affine degree d in A? and let .#“(d) be the
closure of space of foliation of affine degree d and with a center. In this chapter, we
aim to prove the following theorem. Letus writed+1=d|+dr +...+d;, d;i €N
and define .£%(dy,d,, ... ,d;) be the space of logarithmic foliations as in Definition
6

Theorem 10.1 (H. Movasati [Mov04b]l) For d > 2 £ (dy,d>,...,dy) is a compo-
nent of M (d), whered =dy+dy+ ... +d; — 1.

For s = 1 we can set 4; = 1 and .Zd) is the space of Hamiltonian foliations in A7
and it is the founding stone of the topic of this chapter.

Theorem 10.2 (Yu. Ilyashenko [Ily69],) The space of Hamiltonian foliations .% (df), f €
k[x,y] <d+1 is an irreducible component of .Z(d).

The variety £%(d,,- - ,dy) is parameterized by
TIALX Py XX Py — F(d)

N
r(/ll,...,ls,fl,...,fs):flu-fsz% (10.1)
i=1 Ji

and so it is irreducible. Let J be an equivalence relation in / = {0,1,...,d} with s
equivalence classes, namely Ji,...,J;. Let also f = lpl; ...l; € Q[x,y], where [;” are
lines in AZ in general position, %) = . (df). In a neighborhood of .% in .#%(d),
£*(dy,- -+ ,ds) has many irreducible components (branches) corresponding to the
J’s as follows: The above parameterization near (1,...,1, Iy 1, . .., ITicy,1;) deter-
mines an irreducible component, namely £%(d,--- ,ds);, of (L(dy,--- ,ds) ,F)
corresponding to J. Theorem [I0.1]follows from

Theorem 10.3 The local analytic variety £*(dy,--- ,dy); is smooth at the point
Z (df) and the tangent cone of #*(d) at & (df) is the union of tangent spaces of
L(dy,- - ,dy); where J runs through all equivalence relations as above.
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10.1 The projective case

It is natural to ask whether Theorem|[T0.1]is valid using the projective degree instead
of affine degree. Let us redfine .%#%(d) to be the space of foliations of projective de-
gree d in ]P’ﬁ and with an invariant line. Its subvariety .#“(d) parametrizes foliations
with a center which does not lie on the invariant line. According to Exercise 28 we
can only talk about .£*(dy,ds, . ..,ds) C F“(d) if one of d;’s is equal to 1.

Exercise 10.1 The only algebraic leaves of a generic logarithmic foliation

dfi
Y
inP are {f;=0},i=1,2,...,
Leta+1,b+ 1 be natural numbers, ¢ = ged(a+1,b+1), g := andp = hil
We take lines 1,1, -+ , 1441 ,lvl ,lvz, e ,lVbH in general position in Pz. Let also

F .= 1112--~la+1, G .= iliz . --ia+1.
We consider the foliation .% given by

atl g bl gl GdF — gFdG
wfpzi, ):7 i FGq ). (10.2)

which is of degree d := a + b.

Exercise 10.2 The space of logarithmic foliations 27 (d,,da,...,ds), d:=d;+
dy + - +d; — 2 constains the point .% given by (10.2)) with d = a + b. Determine
the number of branches of £?(d;,d,, . ..,d;) near .

The following conjecture seems to be quite accessible following the same line of
arguments as in Theorem [I0.1]

Conjecture 10.1 For d > 2 £P(dy,dy,...,dy) is a component of AMP(d), where
d=d+dr+...+d;—2.

For s = 2 this conjecture has been proved in [Mov04a, MovO00].



Chapter 11
Picard-Lefschetz theory

The most simple foliations are fibrations. These foliations lack dynamics, as all the
leaves are algebraic. However, they enjoy a beautifull topological theory which is
known as Picard-Lefschetz theory. In this chapter we deal with fibrations by curves
in P2, however, the theory can be developed for fibrations on projective varieties
of arbitrary dimension. Our main reference for this Chapter are Arnold, Gusein-
Zade and Varchenko’s book [AGZV8E|| which is mainly suitable for local study
of fibrations. An adptation for fibrations in C? has been done in the author’s book
[Mov19, Chapter 6].

11.1 Fibration

Let f € k(x,y) be rational function in x,y. In homogeneous coordinates [x:y : z] we

can write [ = gg; é;, where F and G are two homogeneous polynomial of the same

degree and with no common factor.

Definition 11.1 The indeterminacy set % of f is the set of points in P? in which f
has the form 8. This is namely

#:={F=0,G=0}.

Let X = IP’& we have a map f: X\Z — IP’& and we sometimes write it f: X --» IP’&
knowing that it is not defined in Z.

Theorem 11.1 There is a smooth algebraic variety X, regular maps f : X — P! and
n:X—X, all defined over k, such that

X—"-x (11.1)
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84 11 Picard-Lefschetz theory
commutes, that is, fon = f.

Proof. We use the desingularization theorem for the holomorphic foliation .% =
Z (df) in X. The indeterminacy points of f are singular points of .%. We perform
a sequence of blow-ups at % and obtain 7 : X — X such that the singularities of
ZF = n" ! (F) over # are reduced singularities. Let f := fom. We claim that f
induces a morphism f : X — P| such that the diagram (TT.1) is commutative. For
this we have to prove that f is regular, that is, it has no indeterminacy points. This
follwos from Proposition ad

11.2 Ehresmann’s fibration theorem

In this section we need the following version of Ehresmann’s fibration theorem.

Theorem 11.2 (Ehresmann’s Fibration Theorem [Ehrd47|]). Let f : Y — B be a
proper submersion between the C” manifolds Y and B. Then f fibers Y locally
trivially, that is, for every point b € B there are a neighborhood U of b and a C*-
diffeomorphism ¢ : U x f~1(b) — f~1(U) such that

fo@ =m = the first projection.

Moreover, if N C Y is a closed submanifold (not necessarily connected) such that
S | is still a submersion then f fibers Y locally trivially over N, that is, the diffeo-
morphism ¢ above can be chosen to carry U x (f 1 (b)N\N) onto f~'(U)NN.

The map ¢ is called the fiber bundle trivialization map.

Let f be a rational function in P? = IP%. In this section we work over complex
numbers and we deal with the toplogy of fibers of f. The indeterminacy set % is
discrete and the following holomorphic function is well-defined: f : X — % — P!.
We use the following notations

Ly =f"(K), Xk =Lg, K C P

For any point ¢ € P! by L. and X. we mean the set Ly and Xy, respectively.
Throughout the text by a compact f-fiber we mean X; and by a f-fiber only we
mean L,. We cannot use Ehresmann’s fibration theorem directly to f, as it is not
proper map.

Theorem 11.3 (Ehresmann’s fibration theorem for rational functions) There ex-
ists a finite subset C = {c1,ca,...,c,} of P! such that f fibers X — % locally trivially
over B=P! —C, that is, for every point b € B there is a neighborhood U of b and a
C=-diffeomorphism ¢ : U x f~'(c) — f~1(U) such that

fom = m = the projection on the first coordinate .
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-J"h

Fig. 11.1 Atypical fibers due to their behaviour at infinity

Proof. The main ingredients of the proof are Ehresmann’s fibration theorem and
Seidenberg’s desingularization theorem. We use Theorem [TT.1]and we have a com-
mutative diagram (TT.1). The surface X is compact and f is regular. Therefore f is
is a proper map. Let Py, P, ..., P, all isomorphic to P!, be the set of all blow-up
divisors such that f restricted to P; is not a constant map. The set C is the union of
the crtical values of f and f|p, where P = Ui Ps. We apply Theorem m to the
pair (X\ f~1(C),P\(f|p) " (C) and get the result. O

Remark 11.1 In general the set C in Theorem [T1.3]is larger than the set of critical
values of f: X — 2% — P!. This is also clear in the proof of this theorem. Fibers of
f which become tangent to a blow-up divisor P, must be also excluded in order to
state Ehresmann’s fibration theorem.






Chapter 12
Coronavirus and differential equations

The main objective of the present chapter is to find a possible differential equation of
the function of number of infected people, let us say x(¢), in a virus outbreak. The
idea is to insert all the possible parameters, such as closing schools, using masks
etc, as mathematical parameters (numbers) into this differential equation, and to see
whether it can be of some use to the society. It is written by the author in a self-
quarantine at home and during a coronavirus outbreak. We will start with the most
simple model/differential equation, and by inserting new parameters and variables,
we will try to make it as near to reality as possible.

12.1 Exponential growths

It is already part of our daily language that a virus expands exponentially. The
mathematical formulation of this is as follows. The unit of time is a day and x(¢)
is the number of infected people in the day . We assume that each infected per-
son transmits the virus each day to another c¢; persons (for the moment a con-
stant/independent of time). The variation of infected people after € days is hence

x(t+€)—x(t) = crex(r)
After letting € goes to zero it becomes
X=c1-X,

which implies x(z) = x(0) - e°!’. Therefore, the number of infected people growth
exponentially.
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88 12 Coronavirus and differential equations

12.2 When the number of infected people increases new
transmissions decrease

Since a population of a country is limited, it is better to take x(¢) the percentage of
the infected people in a country and hence

0<x(r)<l1.
If all the population is infected then there will be no new transmission of the virus.
Therefore, it is reasonable to define a new variable 0 < y(¢) < x(¢) which is the

number of infected people who can actually transmit the virus. The variation of x()
is therefore ¢ y(#) and the variation of y(¢) must decrese as x(z) gets near 1. The first

suggestion is
X=cyy
. 12.1
{y =y(1—-x) (12D

Remark 12.1 We have used the multiplication of two variables in an ingenuine
way: For a bounded quantity y, the quantity y(1 —x) goes to zero when 1 — x goes
to zero.

Exercise 12.1 Show that for some constant ¢ we have

In other words the foliation .7 has the first integral f :=cj(x — %) —y.

12.3 After ¢, days an infected person is cured

Under this hypothesis we are looking for the variation of infected people after c, €
days. We have cjcp€y(r) new infected individuals and €x(¢) cured individuals. The
differential equation becomes:

X=ciey—x
12.2
{y'—y(l—X) (122

Exercise 12.2 The foliation .% has two singularities (0,0) and (1,a) in the affine
chart C2, where a = 1 /c1c. Find the other singularities at infinity and determine
whether they are reduced or not. If a singularity is not reduced apply the Seidenberg
resolution of singularities!

Remark 12.2 There are many meaningful and meaningless features of Figure[I2.1]
First, it tells us no mather the initial values (xg,yo) with yo < xp < 1, at the end
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everybody will get infected. The spiral behaviour near the singularity (1,a) means
that once almost everybody is infected then there will be infection-and-getting-cured
oscilation: once an epsilon number of people are cured they will be infected again,
and on and on. Hopefully this is not the differential equation representing the reality
and we still have to insert a lot of parameters into our differential equation. The
fact that the number of infected people surpasses the population ( x(z) > 1) and
the number of infected people who can transmit the virus becomes bigger than the
number of infected people (y(f) > x(¢)) do not match to reality.

Remark 12.3 The unit of time, one day, and the unit of person inside a fixed pop-
ulation, in infinitesimal levels suggest that the constants ¢; and ¢, must be small
numbers. Recall that the total population is assume to be 1. Therefore, the number
a=1/cjcy is big, and so, the singularity (1,a) is much above the x-axis. Having a
look at Figure [T2.1] one observes that even in the early stages of outbreak we must
have y(t) > x(¢). This does not combine with our initial assumption. If we want to
make sense out of this we might consider a scenario in which we have to assume that
there are people who are not infected but transmit the virus. One has to rewrite the
differential equation once again! If ¢; = 0 or ¢, = 0 then Figure [2.2] says that the
number of infected people will decrease even in the first stages of the virus outbrek,
however, those who transmit will increase.
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12.4 yis low at the eraly stages of the outbreak

We have assumed that the varuiation of y, is low when x is near to 1. The same must
be true for x near to zero. This gives us the contradictory fact that variation of the
number of people who infectes others at the begining is low. Anyway, we are leaded

to the differential equation in Figure[12.3]

Remark 12.4 Multiplication of a quantity with x so that it goes to zero when x goes
to zero, can be also done by x". The same is also true for (1 — x). This means that in
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general we must consider

X=ay—x
{y:y(l—x)"xm , n,m e N. (12.3)






Chapter 13
Discussions with Camacho

13.1 Poincaré theorem II

We need to discuss the Poincaré theorem for vector fields defined over a field k
which is not necessarily algebraically closed such as the field of rational numbers.
Therefore, we might no be able to diagonalize it in k. We take

d d
F(X): (allxl '|‘6112)62-|-"')87x1 + (az21x1 +a22x2+-“)87xz

The equality and X; = (aj1x1 +ajox2) imply that

2E; 0&;
(a1 +a12x2)£ + (a21x1 Jr‘122%2)£ —aj&—apé = ¢i(x1 +&,xn+8&)
oxy ox)

(13.1)
This is a recursion in the coefficients of &, &,.
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13.2 An example of Poincaré’s linearization

Let F := (F,F) : C*> — C? with F|,F, € Clx,y] and F;(0,0) = F>(0,0) = 0. Let
also .71,.%, be foliations in C? given by respectively d (%) and d (%) The foliation
7 is mapped to .7, under F. Let

~(BFi g, — FiFa) 30+ (BoFiy — FiFo) 3
X:= (13.2)
Fl,xl Fl,xz

FZJC] F2,x2

and

N
7XI(9X1 xzaXQ'

Proposition 13.1 We have
DF(X(x)) =Y(F(x)), Vxe C%.
Proof. This is a direct computation. O

Proposition [32|is our first example of Poincaré’s linearization. For this we have to
assume that the linear parts of F; and F; are linearly independent. In other words,
the derivation of F at 0 has non-zero determinant. This implies that O is not the pole
locus of X. In this way F turns out to be the composition of a linear transformation
in C? with the linearization of X around 0.

Remark 13.1 It is easy to show that

{ £ € Biho(C2,0)

1Y = Y} =GL(2,0).

Therefore, if in Proposition[32]the map F is tangent to identity at O then it is unique,
in the sense, that any two such linearizations tangent to identity are equal.

13.3 Space of foliations with a radial singularity

Proposition 13.2 The space F (d);agia1 C F(d) of foliations with a radial singu-
larity is an ireeducible algebraic subset of F (d).

Proof. Without loss of generality we only consider foliations with a radial singular-
ity at (0,0). If the foliation is given by @ := P(x,y)dy — Q(x,y)dx then the condition
of having a radial singularity at (0,0) is that the linear part of ® is l(x% + ya%)
O
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13.4 Deformation of a linearization

Let us consider the linearization in Proposition We consider deformations
Xe=X+eXij+-, Fe=F+eFh+-, Ye=Y+er+--

such that
DFg(Xe(x)) = Ye (Fe(x)). (13.3)

where x = (x1,x2). We further assume that the singularity pe of .%¢ near to py =
(0,0) is radial.
The equality corresponding to the coefficient of &' is

DF](X)+DF(X1)=Y1(F(x))+Y(F1(X)). (13.4)
We write this in the following format
DFi(X) —Y(Fi(x)) = Yi(F(x)) - DF (X,). (13.5)

The right hand side of this equality consists of known data, and F; is unknown.
Restricting to a leaf of .%| we arrive at the following type of phenomena.

Let S be a Riemann surface and v and p be respectively a vector field and a
meromorphic function on S. We are interested on the solution f of the following
non-linear differential equations

df(v)—f=p.

Let us analyze this differential equations in a local chart z for S such that

p) o o
v=2'o f=) fid, p= ) p
z i=b i=c
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Chapter 14
Holonomy IT

14.1 Second derivative of the holonomy map

We know that for a holonomy map 4 : (C,0) — (C,0) the number #'(0) is inde-
pendent of the choice of coordinates in (C,0). Even if we did not know the formula
, based on this observation we may suspect about its existence. Now if #'(0) = 1
we may suspect in a similar way that there is a formula for 4”(0). In this section we
find such a formula.

Recall that ? is closed and so there is a holomorphic function Fg, such that

o =Idf.

Let also write
_daoy do

= — | = —

)

Proposition 14.1 Consider the situation of corollary (??). Then

h”(z) — / (O]} (0]
B W(z) :n(2) o th (Z)(E |5,)(h(z)) - o 5, (2) (14.1)

Proof. By Corollary (??) we have

h”(Z) B i
_ h/(Z) - dZ (/ﬁzﬁ(:) wl)

(15:+£711(z+£) - fﬁsz(z) )0)1

= lim
£—0 €
o fAs d(Dl + fsh(z).h(ﬁe) o — f‘sz‘ere o

€
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Here O, ; 1, resp. 5h(z +e),h(z) 1s @ straight path in X, resp. X5, which connects z to
Z+ h, resp. h(z+h) to h(z), and A is a two dimensional embedded disk with the
boundary

5z+8 h(zte) — 6h( ).h(z+€) — 6z,h(z) + 6z.,z+h-

Now we write
doy =wmINdf

d
878/4\8(021/\df /h( ] = / W, M

2.h(z)
In the formula (14.1) if 5, is a closed path and /’(p) = 1 we have

and we use

W (p / o (14.2)

Remark 14.1 Note that w; = ‘”‘“ and so if |, 5, 01 = 0 then the analytic continua-
tion of I in the leaf L, and along the cycle 6 leads to the same value of I, in a
neighborhood of p.

The formula @]) remains invariant if we substitute ®; with @ = 0 + fo,
where f is a holomorphic function in U:

/cozwl /wz+fw1 df)o; = /wzw1+f /an /wzwl

Exercise 14.1 Consider the holonomy with #/(0) = 1, #"(z) = - = h")(0) = 0. Ex-
press the number 2"*1) in terms of iterated integrals.

Exercise 14.2 Another way to prove the Poincaré formula is as follows: We use
Stokes formula for A, and @ and divide the equality by € and let € go to 0. The
obtained formula is equivalent to the Poincaré formula after using some well-known
properties of iterated integrals.

14.2 Unstable limit cycles

In my opinion an effective solution to the hilbert 16th problem would need a sys-
tematic study of the loci of unstable limit cycles. Bellow I explain this.

Let %) = .% (w) be an algebraic foliation with an unstable limit cycle &, i.e.
s %" = 0. We consider a perturbation .%, € € (C",0) of Fy.

Proposition 14.2 The loci of parameters € with an unstable limit cycle near & is a
germ of an analytic variety in (C",0).

Proof. Let mbe the multiplicity of . The foliation .%, has m limit cylces Jy, . . ., &,
counting with multiplicity, around &. The function
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" do,
Ay Zngign/ —

.5,' a)8

is holomorphic function in (C",0) and its zero set is the loci of unstable limit cycles
around 8. Note that the function

doe . & dwg ., _,

Ay = (ngign/ Y )

51' (08 i=1 5,‘ a)é‘

18 zero restricted to the zero set of Aj.

Now consider X (d) the topological closure of the set of foliations .# € .7 (d) with
an unstable limit cycles. The set .% (d) is a projective space and hence by GAGA
principle if X(d) were locally an analytic variety, it would be an algebraic subset.
The main point is that X(d) is not an analytic set around foliations with a first
integral.

Consider a family of cycles &,¢ € U in the Hamiltonian foliation .%. The closure
of the loci X of parameters € such that %, has a limit cycle near the family & is an
analytic set given by the zeros of h¢(z) —z,(z,€) € U x (C*,0). Now the loci of
unstable limit cycles is given by the projection of Sing(X) on € coordiante. It is not
a germ of an analytic variety because under projection U x {0} maps to 0 and in fact
we have sectors of analytic varieties which can be extended analytically according
to the Picard-Lefschetz theory of .Zy.

14.1. Is X (d) tangent to some polynomial 1-form in .% (d)? In order to investigate
this question, one must have some techniques for taking differential of integrals with
respect to a deformation parameter. For example if we have a family of limit cycles
O¢ arising from a zero of an abelian integral in d f + €® then find a formula for

i/a
de Js,

e=0

14.3 Generic conditions

Theorem 14.1 The projective variety P" is complete, that is, for all algebraic va-
rieties V, the projection map T : P" xV — V is closed. This means that any closed
subset W of P" XV, m(W) is a closed subset of V. In particular, any closed subver-
iety of P" is complete

For a proof of the above theorem see for instance [Mill]. Since V\7(W) is a Zariski
open set, if we prove that it is non-empty then a generic point of V is not in the image
of 7. Sometimes, it is hard to find points in V\ (W) despite the fact that we are sure
that is is a non-empty Zariski open set. In these sitations, we take an arbitrary point
of x € P" x V and compute the map induced in the tangent spaces (TP" x V), —
(TV)z(x) and prove that it is not surjective. For instance, if dim(W) < dim(V) this
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is always the case. This also prove that V\7(W) is non-empty. In some sitations
W = Uj_ W, is a union of some closed varieties, and it is easier to find points in
each V\7m(W;). This implies that V\7x(W) is non-empty and so we do not need to
give explicit examples of its elements.

In the space of fibration Z—Z the following conditions are generic:

1. {F =0} and {G = 0} are smooth varieties;

2. {F =0} and {G = 0} intersect each other transversally;

3. The restriction of f to P"\({F = 0} U{G = 0}) has nondegenerate critical points,
namely p1,p2,...,DPr

4. The images ¢; = f(p1),c2 = f(p2),...,c = f(p,) are distincts.

For the proof we first take V' the parameter space of Z—Z ThesetW; CP*xV, i=1,2

is the algebraic closure of the set of (Z—Z ,p) such that for i = 1 (T)) fails, and for i =2
either (2) or (3) fails. Let also W3 C P" x P" x V the closure of the set of (2—27 D,q)
such that either (4)) fails, thatis, f(p) = f(q). In this case we use the fact that P" x P"
is complete.

It remains to find an explicit example of Z—Z which satisfies the above generic
conditions. This might get hard. That is why we have introduced many W;’s. Finding
apoint in V\ (W) is trivial. For instance, we take F = 0 and G = 0 Fermat varieties.
An example of a point in both V\7(W;) i = 2,3 is as follows. We take F and G a
product of lines in general position. This example satisfies the condition (2)), or
@), see Exercise (14.2).

14.2. Show that the rational function
FP (x(x—1)(x—2)---(x—a))’
G (Yo-1)—-2)--(y—b)

has (a — 1)(b — 1) non-degenerated critical points with distinct images. Show also
that

ap =bq

F=x gy (@4 1)x—(d+1)y:C* = C.

has d” non-degenerated critical points with distinct images.

14.4 Tame polynomials

Our main example for Picard-Lefschetz theory is the fibration of tame polynomials
which has been extensively studied in [Mov11]], Chapter 6.

Definition 14.1 We say that a polynomial f € C[x,y] of degree d is tame if there
are positive integers o and o such that the last homogeneous part g of f in the
weighted ring Clx,y], weight(x) = a; and weight(y) = o, has an isolated singular-
ity at the origin.

Note that For oy = a; = 1, g has an isolate singularity at the origin if and only if
g=(x—a1y)(x—ay) - (x—ayy) and a;’s are distict.
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Proposition 14.3 Let C := {c1,c2,... ¢} be the set of critical values of f. Then f
is a C* fibration over C\C

Proof. A proof can be found in [Mov11]]. Theorem 6.1. We have to verify that there
is no atypical fibers due to their behaviour at the indeterminacy points. If f is a tame
polynomial with weight(x) = a; and weight(y) = o then the same is true replacing

o; with %, and so, we can assume that (o, 0) = 1.
For oy = ap = 1 we only need to do just one blow-up at each indeterminacy
point.
O

Example 14.1 Fibrations with multiple fibers Let us consider the fibration in [P?

given by the rational function g—f,, where F and G are two relatively prime irreducible
deg(F)

polynomials in an affine chart C> of P2, eg(G)

= % and g.c.d.(p,q) = 1.

14.5 Monodromy and vanishing cycles

For this section we use the notation of the book [Mov19].

Theorem 14.2 Suppose that Hj (X — X..,Q) = 0. Then a distinguished set of van-
ishing 1-cycles related to the critical points in the set C\{} = {c1,c2,...,c,} gen-
erates Hy (Lp, Q).

Note that in the above theorem o can be a critical value of f.

Definition 14.2 The cycle 6 in a regular fiber L;, is called simple if the action of
7 (B,b) on 8 generates Hy(Ly, Q).

Note that in the above definition we have considered the homology group with ra-
tional coefficients. Of course, not all cycles are simple. For instance if the mero-
morphic function in a local coordinate (x,y) around g € Z has the form 3> then
the cycle around ¢ in each leaf has this property that it is fixed under the action of
monodromy, therefore it cannot be simple.
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