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Problem 1. Let us consider a set of d lines in the plane in general position, that is, no two of
them are parallel and no three are concurrent. Let also A be the free abelian group of formal
linear combinations with integer coefficients of d(d−1)

2 points of line intersection. For each line
l we consider the alternating sum of the intersection points of l with the other lines (ordered
as one meets them going along l, and so it is defined up to sign). The complement of the

lines in the plane has (d−1)(d−2)
2 bounded polygons and to each of them we consider the sum of

the vertices. Show that the subgroup of A generated by these elements attached to lines and
bounded polygons has the full rank d(d−1)

2 and the quotient is annihilated by d.

We consider a larger abelian group G generated by the elements of A as above and B, where
B is a free abelian group of formal linear combinations with integer coefficients of (d−1)(d−2)

2
bounded polygons of the complement of lines. Therefore, in G we have two types of elements
attached to a bounded polygon: the sum of vertices as above and an element in B. Let us divide
the set of bounded polygons as above in two positive and negative sets so that a positive polygon
has no common edge with no negative polygon, see Figure 1. In G we define an antisymmetric
bilinear map �·, ·� as follows: �δ, δ�� = 1 if δ ∈ B is a bounded polygon and δ� ∈ A is its vertex
or if δ is a positive bounded polygon and δ� is a negative adjacent bounded polygon. We have
�δ, δ�� = −1 if �δ�, δ� = 1, and in all other cases �δ, δ�� = 0.

Problem 2. Prove that the group

(1) C :=
�
δ ∈ G

����δ, δ�� = 0, ∀δ� ∈ G
�

is generated by the elements of A associated to the lines.
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Figure 1: An arrangement of lines
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